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Y = XB + N (1.3.1)
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
y1

y2
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yn


n×1

X =


1 x11 x21 · · · xk1

1 x12 x22 · · · xk2
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...
...

...
1 x1n x2n · · · xkn


n×(k+1)
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
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
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n×1
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BY + ΓX = N (1.3.2)
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(BΓ)

(
Y
X

)
= N (1.3.3)
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Yg
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
X1

X2
...
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 N =


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...
Ng


YS)Cg�S)Cþ�ê8§X�kûCþ§k�kûCþ�ê8§N�
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 =


x11 x12 · · · x1n
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
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ëêÝ
�µ

B =


β11 β12 · · · β1g
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βg1 βg2 · · · βgg
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Γ =


γ11 γ12 · · · γ1k
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
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)²L1��<§´Ã{l¯Oþ²LÆïÄó��§´Ø�Uïáå�

�=ù´4Ù{ü�Oþ²LÆ�.�"¤±§Oþ²LÆ[ÄkAT´
��²LÆ["�'�e§<�éêâ§cÙ´êâ�þ¯K�­À�w

Øv"
8c�¢S�¹´§êâ®²¤���Oþ²LÆuÐ�­�¯

K"

1.4 ���ÙÙÙggg���KKK
î��o`Oþ²LÆ´²LnØ!êÆÚ²LÚOÆ�(Üº
ï��o`Oþ²LÆ´��²LÆ�º§3²LÆ�NX¥�/ 

´�oº§3²LïÄ¥��^´�oº
ðïá²;�5Oþ²LÆ�.�Ì�Ú½k=
º
ñOþ²LÆ�.k=
Ì�A^+�º�g��n´�oº
ò�²;�5Oþ²LÆ�.�'�§y�Oþ²LÆ�.nØ�{

©O3=
�¡�)
=
­��uÐº
ó�\Æ��Ö¿éy�Oþ²LÆ�.nØ�{k
��¡�
)

�§2@ýo(²;�5Oþ²LÆ�.nØ�{3Oþ²LÆnØþ�
d�Ú¢SA^d�§±@£§3Oþ²LÆSNNX¥�­�5"
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LLLÆÆÆ¯̄̄KKK

ò§1.3¥o(�Oþ²LÆ�.��²;�5Oþ²LÆ�.§3�

Ö��Ù¥ò©O0�§�*Ð"�ÙÌ�0�l�.(�/ªþ*Ð
�Oþ²LÆ�."X1�Ù¥¤ã§�Ö¤¢“²;Oþ²LÆ�.”�
(��Sº�)µCþ�ÀJ�6u²LnØ§�.¤�«�´²LCþ
�m�ÏJ'X§�.'X´²(�¿�´�5�§�.¥�ëê´ØC

�§��"�´�ù
����§Ñ¡��.(��²;�Oþ²LÆ¯
K"

�,��5�.—²;�5Oþ²LÆ�.��­��*Ð�.òü

Õ���Ù§�´�
�±SNNX���5§E,ò��DÚ���5
Oþ²LÆ�.�nØ�{�\�Ù§1ÊÙòÌ�0�y���5Oþ
²LÆ�.nØ�{"ÑuÓ��nd§�,��nØ´Ä�÷*Oþ²
L�.�Ä:§318Ù¥ò;��[0�§�E,ò��nØ�Ä��
nÚdd
5�Ø�?��.�{üVg�\�Ù"

2.1 DDDÚÚÚ���������555üüü���§§§OOOþþþ²²²LLLÆÆÆ���...
²;�Oþ²LÆ�.nØ��{´3�5�.�Ä:þuÐ!�õ

å5�§Ï
�5Oþ²LÆ�.+��nØ��{®²��¤Ù"�
´§y¢²L¹Ä¿ØÑUÄ���5�.§¤±��5Oþ²LÆ�.
3Oþ²LÆ�.¥Óâ­�� �§'u§�nØ��{�ïÄ´Oþ
²LÆnØ��{ïÄ¥���2��+�"cÙ370c��80c�Ð§
'u��5�.nØ��{�ïÄ¤���9:"��5�.nØ��{
®²/¤
����5�.�éA�NX§�)l���¦�nÑu��

�@�{Úl��½,�nÑu���@�{§��)�ÅØ����Ä
�b����5¯K��O�{"3�Ö1ÊÙò;�0���5�§O

þ²LÆ�.§3�!¥§��9�
�Ä��Vg§±9�{ü�DÚ
�ü�§��5�.��O�{§�Öö?�ÚÆS1ÊÙSN�ïá�
�5�.�e��Ä:"

���!!!������555üüü���§§§OOOþþþ²²²LLLÆÆÆ���...VVVããã
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î)ºCþ��5¯K
3�5Oþ²LÆ�.¥·�Q²J9§y¢²Ly�¥Cþ�m 

 ¥y��5'X§�3Nõ�¹e§q�±ÏL{ü�C�§¦�C¤
�5")ºCþ��5¯KÒáuù«�¹"~XI¦¼ê�.¥I¦þ
�d��m�'X�µ

1

Q
= α+ β

1

p
+ µ

ÏLCþ��Ò�±z��5�."²�L²§)ºCþ��5¯K
��Ñ�±z��5�."

ï�±z��5��¹ëê��5�¯K
Oþ²LÆ�.§���¹ëê��5§���¹eÏL{ü�C�

J±z��5¯K"�´§du��5�.��O�'�5�.E,§¤

±�AT¦�U/ò§�z��5¯K"~XÍ¶�Cobb-Dauglass)�¼
ê�.

Q = AKαLβ

ÚØCO��5(CES))�¼ê�.

Q = A(δ1K
−ρ + δ2L

−ρ)
−1

ρ

3b��ÅØ���éê/ªÑl��©Ù��¹e§=Ú\�ÅØ
����±�¤µ

Q = AKαLβµ

Ú

Q = A(δ1K
−ρ + δ2L

−ρ)
−1

ρµ

¦+�¹ëê��5§E,�±Äkz��5¯K"écöü>�é
ê��µ

lnQ = lnA+ α lnK + β lnL+ lnµ

é�öü>�éê��µ

lnQ = lnA− 1
ρ
ln(δ1K

−ρ + δ2L
−ρ) + lnµ

òª¥ln(δ1K
−ρ + δ2L

−ρ)3ρ = 0?Ðm�N?ê,�'uρ��5�§
=�����5Cqªµ
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lnQ ≈ lnA+ δ1 lnK + δ2 lnL− 1

2
ρδ1δ2(ln(

K

L
))2 + lnµ

,�?1�.��O"
Ø�±z��5��¹ëê��5�¯K
Ø�±z��5��¹ëê��5�¯K´e¡�?Ø�ý���5

�."§���L�ª�µ
yi = f(Xi,B) + µii=1,2,. . . ,n (2.1.1)
Ù ¥f´ � � 5 ¼ ê §Xi = (x1i, x2i, · · · , xki)§B =

(β1, β2, · · · , βk)
′§n�� � N þ " ~ X § þã)� ¼ê� . § X J �

ÅØ����Ñl��©Ù§3Ú\�ÅØ����.�¤µ

Q = AKαLβ + µ

Ú

Q = A(δ1K
−ρ + δ2L

−ρ)
−1

ρ + µ

Ò´;.���5�."
éuùa�.§1�Ù¥0���.�O�{Ø2·^§7LuÐ#

��{�O�.§Ì�k��5���¦{Ú��5��½,{"��5
��½,{31ÊÙ¥´Ì��{§ùp�0���5���¦{"

���!!!������555ÊÊÊÏÏÏ���������¦¦¦{{{
îÊÏ���¦�n
�.(2.1.1)¥§XJ�ÅØ��Ñl0þ�!Ó�����©Ù§�Ã

S��'§K�±lÊÏ���¦�nÑu§�E�.��O�{"
éu�k��ëê���5�.§(2.1.1)�¤µ
yi = f(xi, β ) + µii=1,2,. . . ,n (2.1.2)
XJëê�O�®²��§KA¦�í�²�Ú��"=

S(β̂ ) =
n∑

i=1

(yi − f(xi, β̂ ))2 (2.1.1)

��"(6.5.1)�4�����^��µ

dS

dβ̂
= −2

n∑
i=1

(yi − f(xi, β̂ )(
−df(xi, β̂ )

dβ̂
) = 0

=

n∑
i=1

(yi − f(xi, β̂ )(
df(xi, β̂ )

dβ̂
) = 0 (2.1.2)
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y3�¯K3uXÛ¦)��5�§(6.4.2)"
éuõëê��5�.§^Ý
/ªL«(2.1.1)�µ

Y = f(X,B) + N (2.1.3)

Ù¥��ÎÒ�¿Â��5�.�Ó"�þB�ÊÏ��²��O

�B̂AT¦�í�²�Ú

S(B̂) = (Y − f(X, B̂))′(Y − f(X, B̂))

�����"=B̂AT÷ve�^�µ

∂

∂ B̂
(S(B̂)) = −2

∂

∂ B̂
(f(X, B̂)′) · (Y − f(X, B̂)) = 0

=

∂

∂ B̂
(f(X, B̂)′) · (Y − f(X, B̂)) = 0 (2.1.4)

Ù ¥ ∂

∂ B̂
(f(X, B̂)′)´� � £k×n¤ �  �© Ý 
 § Ù 1(j,i)� � �

� ∂
∂βj

(f(Xi, B̂)′)"¦)(6.4.5)��nÚ�{�¦)(6.4.2)�Ó§�´êÆ
£ã��E,"3e¡'u¦)�{�?Ø¥§·��±(6.4.2)�~§=

±üëê��5�.�~"
ïpd¨Úî(Gauss-Newton)S�{
éu��5�§|(6.4.2)§��){®Ø·^§�Uæ^S�){§

pd¨ÚîS�{Ò´��¢^��«"
�pd¨ÚîS�{��n
S�´l£2.1.3)Ñu�"
�â²��Ñëê�O�β̂�Ð�β̂(0)§ò(6.5.1)¥�f(xi, β̂)3β̂(0)?

Ðm�N?ê§���Cq�"=kµ

f(xi, β̂ ) ≈ f(xi, β̂(0)) +
df(xi, β̂ )

dβ̂

∣∣∣β̂(0)
(β̂ − β̂(0)) (2.1.5)

-zi(β̂ ) = df(xi,β̂ )

dβ̂

u´zi(β̂(0)) = df(xi,β̂ )

dβ̂

∣∣∣β̂(0)

�\(6.5.1)§��µ

S(β̂ ) =
n∑

i=1

(yi − f(xi, β̂(0))− zi(β̂(0))(β̂ − β̂(0)))
2
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=
n∑

i=1

(yi − f(xi, β̂(0)) + zi(β̂(0))β̂(0) − zi(β̂(0))β̂ )2

=
n∑

i=1

(ỹi(β̂(0))−zi(β̂(0))β̂ )2 (2.1.6)

Ù¥ỹi(β̂(0)) = yi − f(xi, β̂(0)) + zi(β̂(0))β̂(0) §��§���Ñëê�O

�β̂�Ð�β̂(0)§�±O�Ñ(6.4.7)¥�ỹi(β̂(0))Úzi(β̂(0))�(½�*ÿ�"
u´§ò(6.5.1)�4��C¤é(6.4.7)�4��"

XJk���5�.µ

ỹi(β̂(0)) = zi(β̂(0))β + εi (2.1.7)

éN´¦�Ùëêβ�ÊÏ���¦�O�β̂(1)§T�O�¦�í�²

�Ú

S(β̂(1)) =
n∑

i=1

(ỹi(β̂(0))−zi(β̂(0))β̂(1))
2 (2.1.8)

� � " ' �(6.4.7)�(6.4.9)� u y § ÷ v¦(6.4.9)� � � � � � O

�β̂(1)Ó��´¦(6.4.7)�����β̂"�é{`§�5�.(6.4.8)�ÊÏ
���¦�O�Ò´�.(2.1.2)���Cq�O�"Ï�§´3�½ëê
�O�β̂�Ð�β̂(0)��¹e���§ò§P��ëê�O�β̂�1�gS
��β̂(1)"§´ÏLé�5�.(6.4.8)?1ÊÏ���¦�O
���§

�5�.(6.4.8)¢Sþ¿Ø�3§�¡���5��."

òβ̂(1)��β̂�#��½�§ò(6.5.1)¥�f(xi, β̂) 3β̂(1)?Ðm�N?

ê§���Cq�§q�±�E��#��5��.§éÙ?1ÊÏ��
�¦�O§��β̂�1�gS��β̂(2)". . . XdS�e�§��Âñ£ë
Yüg���ëê�O���÷v(½�IO¤"�d�¤
��5�
.(2.1.2)�ÊÏ���¦�O"

�pd¨ÚîS�{�Ú½

3éþãæ^pd¨ÚîS�{¢y��5�.ëê���¦�O�
�n
)��§�±òpd¨ÚîS�{�Ú½{'/8BXeµ

1�Úµ�Ñëê�O�β̂�Ð�β̂(0)§òf(xi, β̂)3β̂(0)?Ðm�N?

ê§���Cq�¶
1�ÚµO�zi = df(xi,β̂)

dβ̂

∣∣∣β̂(0)
Úỹi = yi − f(xi, β̂(0)) + zi · β̂(0)���*

ÿ�¶
1nÚµæ^ÊÏ���¦{�O�.ỹi = ziβ + εi§��β��O

�β̂(1)¶
1oÚµ^β̂(1)�O1�Ú¥�β̂(0)§­Eù�L§§��Âñ"
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ðÚî¨.ÅÜ(Newton-Raphson)S�{
Úî¨.ÅÜS�{��pd¨ÚîS�{�U?§��Ñëê�O

�β̂�Ð�β̂(0)§ò(6.5.1)ª3β̂(0)?Ðm�N?ê§���Cq�"=

S(β̂ ) ≈ S(β̂(0)) +
dS(β̂ )

dβ̂

∣∣∣β̂(0)
(β̂ − β̂(0)) +

1

2

d2S(β̂ )

dβ̂2

∣∣∣β̂(0)
(β̂ − β̂(0))

2 (2.1.9)

ùp�pd¨ÚîS�{kü:ØÓµ�´��éS(β̂ )Ðm�N?

ê§
Ø´éÙ¥�f(xi, β̂ )Ðm¶�´���Cq�§
Ø´���Cq

�"
¦(6.4.10)��4��^�´µ

dS(β̂ )

dβ̂
= 0

5¿§ùp�S(β̂ )®²^(6.4.10)�Cqª�\§
Ø´(6.5.1)"2
édS(β̂ )

dβ̂
���Cq§Kkµ

dS(β̂ )

dβ̂
≈ dS(β̂ )

dβ̂

∣∣∣β̂(0)
+
d2S(β̂ )

dβ̂2

∣∣∣β̂(0)
· (β̂ − β̂(0)) = 0

u´��

β̂ = β̂(0) − (
d2S(β̂ )

dβ̂2

∣∣∣β̂(0)
)−1 · dS(β̂ )

dβ̂

∣∣∣β̂(0)
(2.1.10)

d(6.4.11)���β̂¿Ø´���ëê�O�§ò§��1�gS�

�β̂(1)§2?1þãL§§��Âñ"
ÃØ´pd¨ÚîS�{�´Úî¨.ÅÜS�{§Ñ�3��¯

K§=XÛ�yS�¤%C�´oN4��£=���¤
Ø´ÛÜ4�
�ºùÒI�ÀJØÓ�Ð�§?1õgS�¦)"

��5ÊÏ���¦{@®²Ñy3Oþ²LÆA^^�¥§=¦´
8c¦^��ÊH!��{ü�TSP6.5¥�k��5ÊÏ���¦{�O

�{"3ÀJ
T�O�{!�½ëêÐ©��§��ò��5�§�/
ªÑ\§~XòCobb-Dauglass)�¼ê�.Ñ\�µ

Q=c(1)*K c(2)*L c(3)
Ò�±��ëêA,α, β��Oþc(1)!c(2)Úc(3)"
nnn!!!???ØØØµµµ������~~~fff
e¡©O^�5z��ÊÏ���¦{Ú��5ÊÏ���¦{?1

��¢S�.��O"�.�8�´©Ûà¬Â\�O�´d=
Ï�û
½�§±9��Ï���z§?1ïÄJpà¬Â\���"
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~2.1.1 ²L�E�[§GØl�*þw�Uéà¬Â\�)K��¢
Sþ¿ØwÍ�Cþ�§��Xe(ØµU�m�±5§K�·Ià¬Â
\oþY²�Ì�Ï�´l¯�à���à~NÄö<ê!àB�¬Â	
d�Úà�)��uÐ5�"^IL«à¬XÂ\oþY²!QL«à�)
��uÐ5�!PL«àB�¬Â	d�!LL«l¯�à���à~NÄ
ö<ê"Â\æ^�cd�¶à�)��uÐ5�±U�'d�O��!
�)«��!��!:�!B�Ú���à�o���ê���êâ¶à
B�¬Â	d�±d��ê���êâ"¤k��êâ�uL2.1.1¥"

L2.1.1 à¬Â\9�'Cþêâ

c° I£10·�¤ Q
(1978=100)

P
(1978=100)

L£100�
<¤

1978 62.45 100.0 100.0 31.52
1979 79.30 107.5 122.1 31.90
1980 96.50 109.0 130.8 35.02
1981 107.65 115.3 138.5 36.92
1982 120.80 128.4 141.5 38.05
1983 142.40 138.4 147.8 43.40
1984 185.85 155.4 153.7 58.88
1985 238.70 160.7 166.9 67.13
1986 285.52 166.1 177.6 75.22
1987 343.80 175.8 198.9 81.30
1988 442.60 182.6 244.6 86.11
1989 495.30 188.3 281.3 84.98
1990 524.66 202.6 274.0 86.74
1991 559.30 210.1 268.4 89.06
1992 613.66 223.5 277.5 97.65
1993 743.49 241.0 314.7 109.98
1994 979.39 261.7 440.3 119.64
1995 1271.16 290.2 527.9 127.07
1996 1567.33 317.5 550.1 130.28
1997 1721.71 333.7 525.3 135.27

©O±�«/ª��.é��êâ?1[Ü§²u�!'��§ÀJ
Xe'uà¬Â\O�Ï�©Û�.�ên/ªµ

I = AQα1Pα2Lα3

ò�.�5z�^2Â�©{£�
�ÑS��'¯K¤?1�O§
��
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LnÎ = −4.7410 + 0.5224LnQ+ 0.7819LnP + 0.8511LnL+ 0.8254µ̂t−1 − 0.6555µ̂t−2

(−8.38) (1.64) (5.17) (6.06) (3.31) (−2.78)
R2 = 0.9984 D.W. = 2.30 F = 1516.6

l�.¥ØJ��§à¬Â\�à�o���5�α1 = 0.5224§à¬

Â\�àB�¬Â	d��5�α2 = 0.7819§à¬Â\��à���à~

NÄö<ê�5�α3 = 0.8511"iL«à¬Â\cþO�Ç!qL«à�o
��cþO�Ç!pL«àB�¬Â	d�cþO�Ç!lL«�à���
à~NÄö<êcþO�Ç§u´ATkµ

i = α+ α1q + α2p+ α3l

Ù¥α�vk�)3�.¥�Ï�éà¬Â\O���z"d��

êâ O � Ñ1980-1997c m §i=18.47%!q=6.80%!p=8.52%!l=8.27%¶
?�ÚO���§3à¬Â\�O�¥§à�o��O�!àB�¬Â
	d�Jp!�à���à~NÄö<êO\ÚÙ§Ï���zÇ©O

�µ

α1q

i
= 19.23%

α2p

i
= 36.07%

α3l

i
= 38.11%

α

i
= 5.59%

Uì²;�5Oþ²LÆ�.nØ�{��¦§ù�~fAT´��
¤õ
"�´§XJ^��5ÊÏ���¦{���O�.§�½S�Ð
�0.01!0.5!0.8Ú0.9§S����ëê�Oþ�µ

A = 0.00153 α1 = 1.77640 α2 = 0.26547 α3 = 0.39543

UCS�Ð�0.5!1!1Ú1§S�gêO\
§����ëê�Oþ
´�Ó�"

l~¥w�§^ü«�{�O��.ëê�Oþ��$�"��oº
3�Öög��?Ø"

2.2 CCCëëëêêê���555OOOþþþ²²²LLLÆÆÆ���...
3²;�5Oþ²LÆ�.¥§±���5�.�~§3�.
yt = α+ β xt + µtt=1,2,. . . ,n (2.2.1)
¥§@�ëêα, β3��ÏS´~ê§=@��)��*ÿ��²L

(��±ØC§)ºCþé�)ºCþ�K��±ØC"·�¡��~ë

ê�."�´§3¢Sþ§ý��~ëê�.��3ub��¥§Cëê
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��¹´²~u)�"XJòëêα, β��Cþ§(2.2.1)Ò´��Cëê�
."�âëêCza.ØÓ§Cëê�.±9�O�{�ØÓ"e¡=0
�Aa�{ü,
�~^�Cëê�."

���!!!(((½½½555CCCëëëêêê���...
ò(2.2.1)�¤Cëê�./ªµ
yt = αt + βtxt + µtt=1,2,. . . ,n (2.2.2)
XJëêαt, βt´Cþ§�Ø´�ÅCþ§
´(½5Cþ§@o

¡(2.2.2)�(½5Cëê�."²~Ñy�(½5Cëê�.k±eA«

a."
îëê�,��Cþ¥5Æ5Cz
XJk

αt = α0 + α1pt

βt = β0 + β1pt
(2.2.1)

Ù¥ëêα0, β0, α1, β1´~ê"L«(2.2.2)¥�ëê�X,��CþC

z"3¢S²L¯K¥§p  ´���üCþ§L«du�ü�CzUC


)ºCþé�)ºCþ�K�§Ý"~X§XJ(2.2.1)´�¤�.§£

ã�¤´XÛû½uÂ\�"l²LÆ¿Âþù§ëêβL«>S�¤�

�§>S�¤���>S;O���Ú�u1§
>S;O������|
Çk'§¤±>S�¤����|Ç
Cz§ù�pL«|Ç"2X§X

J(2.2.1)´��)�¼ê�.§´dCobb-Dauglass)�¼ê²Léêz�
���§@o§l²LÆ¿Âþù§ëêβL«,�«Ý\����Ñ�
5§�â��5Æ§Ý\����Ñ�5�´��Cê§~X§¬�XØ

ÓÝ\���m�'~
Cz§ù�pL«ØÓÝ\���'~"
ò(6.5.1)�\(2.2.2)��

yt = α0 + α1pt + β0xt + β1ptxt + µt t = 1, 2, . . . , n (2.2.2)

Ï�p�( ½ 5 C þ § � � ÅØ� � Ø � ' § � ± ^OLS� { �
O(2.2.4)§��ëê�Oþα̂0, β̂0, α̂1, β̂1"�±ÏLu�α̂1, β̂1´Ä�05u

�Cþp´Äéα, βkK�"
ïëê�mä5Cz
XJk

αt = α0 + α1pt

βt = β0 + β1pt
�
{

1 ≤ t ≤ n0 pt = 0
n0 < t ≤ n pt = 1

(2.2.3)

L«(2.2.2)¥�ëê3n0?u)
âu5Cz"3¢S²L¯K¥§  
L«,��ü�¢�¤�)�K�"~X§XJ(2.2.1)´,«û¬�Ñ�
�.§£ãÑ�þ´XÛû½uISo�þ�"�´éuù«û¬�Ñ�
�ü3,�cu)
��Cz§�c´��Ñ��ü§��´�yÑ��

ü§u´ÒÑy
(2.2.5)£ã��¹"
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'uùaCëê�.��O§q©3«ØÓ�¹"
(1)n0®�

XJn0®�§K�±©ãïá�.§©ã�O�."ò(2.2.2)U�
�µ

yt = α0 + β0xt + µ1tt=1,2,. . . , n0

yt = (α0 + α1) + (β0 + β1)xt + µ2tt=n0+1,. . . ,n (2.2.6)
©O�OTü��§§��ëê�Oþα̂0, β̂0, α̂1, β̂1"
��±ïá��Ú���.µ
yt = (α0 + α1Dt) + (β0 + β1Dt)xt + µtt=1,2,. . . ,n
=

yt = α0 + α1Dt + β0xt + β1Dtxt + µtt=1,2,. . . ,n (2.2.7)
Ù¥D�JCþ§Ù��*ÿ��µ{

1 ≤ t ≤ n0 D = 0
n0 < t ≤ n D = 1

���O(2.2.7)§��ëê�Oþα̂0, β̂0, α̂1, β̂1"
c�«�{´dG.C. Chowu1960cJÑ§�¡�Chow�{¶��«

�{´dGujaratiu1970cJÑ§�¡�Gujarati�{"�
¢~L²§ü
«�{���ëê�OþäkéÐ���5"

��©^1964-1981c���<Â\Ú;O��êâ§éü«�{?1

�y"

L2.2.1 ���<Â\Ú;O��êâü µz�#�1

c° Â\(X) ;O(Y) c° Â\(X) ;O(Y)
1964 8.8 0.36 1973 15.5 0.59
1965 9.4 0.21 1974 16.7 0.90
1966 10.0 0.08 1975 17.7 0.95
1967 10.6 0.20 1976 18.6 0.82
1968 11.0 0.10 1977 19.7 1.04
1969 11.9 0.12 1978 21.1 1.53
1970 12.7 0.41 1979 22.8 1.94
1971 13.5 0.50 1980 23.9 1.75
1972 14.3 0.43 1981 25.2 1.99

æ^Chow�{§©O±1964-1972cÚ1973-1981cêâ���§�O

���5�."��

Ŷ1 = −0.2645 + 0.0474X1 (1964− 1972)

Ŷ2 = −1.75017 + 0.15045X2 (1973− 1981)

æ^Gujarati�{§±1964–1981cêâ���§�O���5�.
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Y = α1 + α2X + α3D + α4(DX) + µ

Ù¥D���*ÿ��µ

D =

{
1 (1964− 1972)
0 (1973− 1981)

��µ

Ŷ = −1.7502 + 0.1505X + 1.4843D − 0.1034(DX)

N´O���µ

Ŷ1 = −0.2659 + 0.0471X1 (1964− 1972)

Ŷ2 = −1.7502 + 0.1505X2 (1973− 1981)

�Chow�{��O(JA����Ó"
Ta�.�±éN´í2�õ�ãÚõ)ºCþ��¹.
(2)n0��§�V ar(µ1t) = V ar(µ2t)
ù�§���±ÀJØÓ�n0§Uì���{?1Á�O§,�lõ

gÁ�O¥ÀJ�`ö"ÀJ�IO´¦�(2.2.6)¥üã�§�í�²�
Ú�Ú��"

(3)n0��§�V ar(µ1t) 6= V ar(µ2t)
d�§òn0w���ëê"�.æ^(2.2.6)�/ª§b�

µ1t ∼ N(0, σ2
1)

µ2t ∼ N(0, σ2
2)

�Ø�3g�'"GoldfeldÚQuandtu1973cïÄ¿JÑ^��½,

{?1�O"�E'un0�éê½,¼ê�µ

lnL(β, σ2 |n0 ) = −n
2

ln(2π)− n0 lnσ1 − (n− n0) lnσ2

− 1

2σ2
1

n0∑
t=1

(yt − α0 − β0xt)
2 − 1

2σ2
2

n∑
t=n0+1

(yt − (α0 + α1)− (β0 + β1)xt)
2

H�1,2,. . . ,n��n0��U�§�\éê½,¼ê§ÀJ¦�éê½
,¼ê���n0���âC:��O�"

���!!!���ÅÅÅCCCëëëêêê���...
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éu�.(2.2.2)§XJëêαt, βtØ=´Cþ§
�´�ÅCþ§@o

¡(2.2.2)��ÅCëê�."²~Ñy��ÅCëê�.k±eA«a
."

îëê3�~êNC�ÅCz
XJ�.ëê�3�~êNC�ÅCz§=

αt = α+ εt βt = β + ηt

Ù¥εt, ηt�äk0þ���Å�"u´kµ

yt = α+ βxt + ωt (2.2.4)

Ù¥

ωt = εt + µt + ηtxt

Eωt = 0
E(xtωt) = E(εtxt + µtxt + ηtx

2
t ) = 0

var(ωt) = E(εt + µt + ηtωt)
2 = E(µ2

t ) + E(ε2
t ) + E(ηtxt)

2

= 2σ2 + x2
tσ

2 = (2 + x2
t )σ

2

w,§�.(6.4.2)äkÉ��5§
�®²í�Ñ�ÅØ�����
�)ºCþ�m�¼ê'X§¤±�±æ^²;�5Oþ²LÆ�.¥0
���O�{§~X\����¦{��{é�B/�Oëê"

dHildrethÚHoucku1968cJÑ
Xe�Cëê�.µ
yt = β0t + β1tx1t + β2tx2t + · · ·+ βktxkt + µtt=1,2,. . . ,n
βjt = βj + εjt V ar(εjt) = σ2

j j=0,1,2,. . . ,k
� ¡�Hildreth-Houck� . " � .(6.4.2)´§ � AÏ� ¹ § � �

.(6.4.2)�©Û��O�{��·^uHildreth-Houck�."
ïëê�,�Cþ�5Æ5Cz§Ó�É�ÅÏ�K�

3ù«�¹e§ëê�±L«�µ

αt = α+ θ pt + εt βt = β + δ pt + ηt

�.(2.2.2)L«�µ
yt = α+ θ pt + β xt + δ ptxt + µt + εt + ηt + ηtxtt=1,2,. . . ,n (2.2.9)
N´�Ñ(2.2.9)´�äkÉ��5�õ��5�.§��±æ^²;

�5Oþ²LÆ�.¥0���O�{§~X\����¦{��{é�
B/�Oëê"

ðg·A£8�.
XJ�.(2.2.2)
yt = αt + βtxt + µtt=1,2,. . . ,n
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¥�ëêαt�±L«�µ

αt = αt−1 + εt−1

E(εt) = 0
V ar(εt) = σ2

βt = β

K¡T�.�g·A£8�."§´dK�αt�Cþäk��g�'
5¤Úå�"~X

αt = α0 + δ pt

pt = ρ pt−1 + εt

K

αt = α0 + δρ pt−1 + δεt

XJρ ≈ 1§=äk�p§Ýg�'§u´kµ

αt = αt−1 + δεt

ÒÚÑ
g·A£8�."
K�αt�Cþäk��g�'5´¢S

²L¹Ä¥~��y�"~X§XJ(2.2.2)´���¤�§§αtL«gu
5�¤£=3Â\�u0���¤Y²¤§I[��¤�ü£e-!�y!
��½³���ü¤¦�gu5�¤´���ÅCþ§
I[��¤�ü

  äk��g�'5§Úågu5�¤�äk��g�'5"¤±g·
A£8�.3¢S²LïÄ¥´²~Ñy�"

òαt = αt−1 + εt−1�\(2.2.2)��µ

yt = αt−1 + β xt + µt + εt−1 (2.2.5)

ÀJαn+1 = α§Kk

αn = α− εn

αn−1 = α− εn − εn−1

· · ·
α1 = α− εn − εn−1 − · · · − ε1

u´(6.4.4)��µ
yt = α+ β xt + µt − εn − εn−1 − · · · − εt−1t=2,3,. . . ,n
��u

yt = α+ β xt + ωt
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V ar(µt) = σ2
µ

V ar(εt) = σ2
ε

Cov(ω) =


1 + nλ (n− 1)λ · · · 3λ 2λ λ
(n− 1)λ 1 + (n− 1)λ · · · 3λ 2λ λ
...
2λ 2λ · · · 2λ 1 + 2λ λ
λ λ · · · λ λ 1 + λ

σ2
µ

Ù¥

λ = σ2
ε

/
σ2

µ

�λ®��§N´æ^2Â���¦{£GLS¤�O�.ëê¶X

Jλ��§�±ÀJØÓ�λ�Á�O§ÀJ[Ü�Ðö"
g·A£8�.�,�«/ª´(2.2.2)¥αØC§βäk��g�'"

=

yt = α+ βtxt + µt

βt = βt−1 + εt−1

ùa�.�´äk�L5�"~X§3�¤�§¥βtL«>S�¤�

�§3)��§¥βtL«,«Ý\����Ñ�5§
c¡J��K�>

S�¤���|Ç!K�Ý\���Ñ�5�Ý\���'~§Ñäk�

�g�'5§Úåβt���g�'5"
b�

V ar(µt) = (1− θ)σ2Σµ

V ar(εt) = θσ2Σε

Ù¥§0 < θ < 1§�
{ü�q����5§�±b�Σµ,Σε�ü 


"�

βn+1 = β

aquþ¡�.�í�Ú�OL§§�¤T�.��O"
CëêOþ²LÆ�.´Oþ²LÆ�.ïÄ+����­���§

3ÙnØ!�{�A^�¡Ñk2��SN§±þ�0�Ù¥�{ü!,


´�~��A«�.§��VØ�\�"
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2.3 OOO���­­­������...
¤¢²;Oþ²LÆ�.§;�@
3êÆþæ^£8©Û��{§

3²L¿Âþ�«ÏJ'X�²LêÆ�."3�!Úe�!¥§��“*
Ð�”Oþ²LÆ�.§ò{ü0���ÊHA^�O�­��.Ú�Å
�5�mS��.§§���ÓA:´æ^£8©Û��{�O�.�ë

ê§�«²LCþ�,«Cz5Æ§�¿Ø�N²L¹Ä¥�ÏJ'X"
���!!!OOO���­­­������...VVVããã
O�­��.£ã²LCþ��mCz�5Æ5§l®²u)�²L

¹Ä¥Ïéù«5Æ5§¿^u�5�²Lýÿ"�´§�m¿Ø´²L

¹ÄCz��Ï§¤±O�­��.ØáuÏJ'X�."
~^�O�­��.Ì��)±e�
/ª"
îõ�ªO�­��.
õ�ªO�­��.���êÆ/ª�µ

yt = α0 + α1t+ α2t
2 + · · ·+ αkt

k (2.3.1)

ª¥yt´1t��mü �,�²L�I�§t´�m§α0, α1, · · · , αk�

�.ëê"XJk=0§O�­���^��m¶²1���¶XJk=1§
O�­���^�å�α0!�Ç�α1���¶XJk=2§O�­���^
�Ô�"'�~��´ù3«"

(6.5.1)¥�ëê�±æ^£8©Û�{?1�O§�I?1{ü�C

þ��§Ò�±ò(6.5.1)z��5�."
ï{ü�ê.O�­��.
{ü�ê.O�­��.L«�µ

yt = abt (2.3.2)

w , § �a¿0!b¿1� §y� Xt� O \ Ã � � � O � ¶
�a¿0!0¡b¡1�§y�Xt�O\ª�u0"ù´üa~��²L�I"

ÏLü>�éê�Cþ��§ò��.z¤�5�.§�±æ^£8
©Û�{�OÙëêaÚb"

ð?��ê.O�­��.
3�ê.O�­��.¥O\��~ê�§=ò�ê.O�­�

÷y¶²£"ÙêÆL��µ

yt = k + abt (2.3.3)

Ù¥k´y�%C�"�a¿0!b¿1�§y�Xt�~���¨∞
%C
uk¶�a¿0!0¡b¡1�§y�Xt�O\��+∞
ª�uk"

du�.¥O\��~ê�§¦�ëê�O��(J§Ï�J±ÏL
{ü�C�
¦�.�5z"�O�{��´ò�.C��µ
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yt − k = abt

�½k��§ÏLü>�éê�Cþ��§ò�.z¤�5�.§
æ^£8©Û�{�OëêaÚb"�EÁ�§ÀJ¦y��O��*ÿ

�[Ü�Ð�k±93Tk�e�O���aÚb��O�§����.ë

êk!aÚb��O(J"
ñÜ6(Logistic)O�­��.
Ü6O�­��.´�«Í¶�O�­��.§3²Lýÿ¥k2�

�A^"e¡ò;�u±0�"
ò÷][(Gompertz)O�­��.
÷][O�­��.�´�«Í¶�O�­��.§e¡�ò;�0

�"
�!ÜÜÜ666(Logistic)OOO���­­­������...
Ü6O�­��.§�¡“S­�”§dVerhulstu1845cJÑ§��Ì

�8�´�[<��O�"Ù��/ª�µ

yt =
K

1 + eϕ(t)

Ù¥ϕ(t) = α0 + α1t + α2t
2 + · · · + αkt

k"�5²LÅÚ{z§8c�
~��/ª´µ

yt =
K

1 + ae−bt
(2.3.4)

�¡dÂ�Ü6O�­��."
d(6.4.5)L«� O � ­ � k ü � ­ � A � " �´y� Xt� O \ �

�+∞
ª�uK§K=´y��Ú�¶�L5§�t→ −∞�§y → 0"�
´O�­�äk��$:§3$:�c§y�O��Ý�5�¯¶3$:
��§y�O��Ý�5�ú§ÅìªCu0"3y¢²L)¹¥§Nõ�

I�O�L§äkùü�A�"~X§�«#�¬!#Eâ�Ê9Ç§�

«F^¬��þ§§��O�L§Ñ�ÌÜ6O�­��."¤±§Ü6

O�­��.3²Lýÿ¥k2��A^§´�«­��ýÿ�."
3(6.4.5)¥§K!aÚb´��ëê§����5�.��O�{®Ø

2·^"<�ïÄ¿JÑ
õ«ëê�O�{§Ù¥�õA^�Xeü
«"

îÜ6O�­��.��5z�O

�{ò(6.4.5)ª�5z§,�^�5�.�ëê�O�{�OÙë

ê"ò(6.4.5)�¤µ

1

y
=

1

K
+

a

K
e−bt (2.3.5)
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XJ�½K§(6.4.6)=��¤µ

1

y
− 1

K
=

a

K
e−bt

ln(
1

y
− 1

K
) = ln(

a

K
)− bt (2.3.6)

�±^Ù§CþL«�µ

zt = α+ β · t

w,�±é�B/�O�.�ëê"
'�3uXÛ�½K"Äk�â�.�²L�µ�ÑK�þe�"~

X�«#�¬!#Eâ�Ê9Ç�þ��100%§e�´®²¢y�Ê9

Ç§'X60%",�©O±þ!e���K��½�§�O�.§O�í

�²�Ú"�e5�±�â`À{Jø�g´�½#�K�§�EÁ�§
����í�²�Ú����K�Úa!b��O�"

ïÜ6O�­��.�“nÚ{”�O

¤¢“nÚ{”§´O�­��.ëê��«�ê�O�{"
�t = 1, 2, · · · , n�§�±ò��©¤3ã§©O�t = 1, 2, · · · , r!t =

r + 1, r + 2, · · · , 2r!t = 2r + 1, 2r + 2, · · · , n"©OO�zã¥(6.4.6)ª�
Úµ

S1 =
r∑

t=1

1

yt

=
r

K
+

a

K

e−b(1− e−rb)

1− e−b

S2 =
2r∑

t=r+1

1

yt

=
r

K
+

a

K

e−(r+1)b(1− e−rb)

1− e−b

S3 =
3r∑

t=2r+1

1

yt

=
r

K
+

a

K

e−(2r+1)b(1− e−rb)

1− e−b

�D1 = S1 − S2, D2 = S2 − S3

��

D1 =
a

K

e−b(1− e−rb)2

1− e−b
D2 =

a

K

e−(r+1)b(1− e−rb)2

1− e−b

u´D1/D2 = erb, b = 1
r
(lnD1 − lnD2)"���y���êâ�§Ò�

±ddªO���b��"
qÏ�µ
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D1 −D2 =
a

K

e−b

1− e−b
(1− e−rb)3

D2
1 =

a2

K2

e−2b

(1− e−b)2
(1− e−rb)4

D2
1
/
(D1 −D2) =

a

K
· e−b

1− e−b
(1− e−rb) = S1 −

r

K

¤±k

K =
r

S1 −D2
1/(D1 −D2)

a = K
D2

1

D1 −D2

· eb − 1

1− e−rb

dT�ª�±O���KÚa��"�d§�.�¤këê�O�Ñ®

¦�"
ðÜ6O�­��.���5�O

ò(6.4.6)ª�¤µ

z = α+ β γ t

éT�.��A^��5���¦{§��α, β, γ��O�§,�O

�K, a, b��O�"3���^�¥éN´¢yù��OL§"
ñ��Ü6O�­��.¢~
~2.3.1 ,¢½<þ^>þêâXL2.3.1¤«"ÙO�­���Ü6­

�§Xã2.3.1"
,¢½<þ^>þêâLü µKWH

c°t <þ^>
þy

c°t <þ^>
þy

c°t <þ^>
þy

1(1971) 330 10(1980) 764 19(1989) 1468
2(1972) 359 11(1981) 848 20(1990) 1513
3(1973) 405 12(1982) 930 21(1991) 1548
4(1974) 456 13(1983) 1035 22(1992) 1601
5(1975) 484 14(1984) 1113 23(1993) 1609
6(1976) 522 15(1985) 1150 24(1994) 1641
7(1977) 554 16(1986) 1227 25(1995) 1672
8(1978) 586 17(1987) 1341 26(1996) 1695
9(1979) 652 18(1988) 1376 27(1997) 1710
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ã2.3.1 ,¢½<þ^>þO�­�

ïáÜ6O�­��.µ

yt =
K

1 + ae−bt

Ù¥t�*ÿ��1!2!. . . !27"|^“nÚ{”�O�.ëê§(J
�µ

K̂ = 1995 â = 6.4006 b̂ = 0.1447

|^��5���¦{£TSP6.5¤�O�.ëê§(J�µ

K̂ = 2479 â = 7.4236 b̂ = 0.1054

Öö�±^ü«(JO�<þ^>þ��[�§±é�O�{?1'

�"
nnn!!!÷÷÷]]][[[£££Gompertz¤¤¤OOO���­­­������...
÷][O�­�dB.Gompertzu1825cJÑ§ÙêÆ/ª�µ

yt = Kabt (2.3.7)

Ù¥KÚa!b���ëê§K�y�þ�%C�§0�y�e�%C�"
��÷][O�­��Ü6O�­��q§�´�ö�$:� �ØÓ"
¤±§�k2��·^5"

aquÜ6O�­�§÷][O�­�ëê�O�{�kNõ"�
±é(6.4.8)�.��A^��5���¦{"��±æ^�5�O�{§
ò(6.4.8)C��

yt

K
= abt

Kk

ln(ln
yt

K
) = ln(ln a) + t ln b (2.3.8)
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XJ�½K��§(6.4.9)Ò´��{ü�5�.§�±�B/?1�
O"'uK��ÀJ§E,aquÜ6O�­�ëê�OL§§Ø2­

E"
Ó��±^“nÚ{”�O÷][O�­��."ò(6.4.8)�¤µ

ln yt = lnK + bt ln a

Ò�±?1aquÜ6O�­��.æ^“nÚ{”�Oëê��OL
§§ùp�Ø2­E"

2.4 ���555���mmmSSS���©©©ÛÛÛ���...
�mS�©Û�.�¹2��SN§3²Lýÿ¥��2��A^"

3Nõp���¥ò§����;��§§k'�mS�©Û���Ö�

Ø�Ùê"3�!Ö¥§�éAa~^�!3êÆþæ^£8©Û��{
�Oëê��5�mS�©Û�.��0�§��²;Oþ²LÆ�.�
�a*Ð§¦Ööïá��Ä��Vg�µe§�?�Ú;�ÆS�A^
�mS�©Û�.ïá��Ä:"

���!!!���mmmSSS���©©©ÛÛÛ���...VVVããã
¤¢�mS�§Ò´�«�¬!²L!g,y��êþ�IUì�m

gSü�å5�ÚOêâ"¤¢�mS�©Û�.§Ò´�«�mS�g
��Cz5ÆÚ�péX�êÆL�ª"
�mS�©Û�.©(½5�.Ú�Å�.ü�a"
î(½5�mS�©Û�.
éu���mS�

y1, y2, y3, · · · , yn

(½5�.Ì�k±eA«"
�wÄ²þ�.
òe�²þê

ŷt =
yt + yt−1 + · · ·+ yt−N+1

N
t ≥ N (2.4.1)

¡��mS�yt�wÄ²þêS�"TªL���.¡�wÄ²þ�
."wÄ²þ�.�Ì��^´�ØZ6§w«S��ª³5Cz§¿^
uª³ýÿ"

�\�wÄ²þ�.
òe�²þê

ŷtw =
a0yt + a1yt−1 + · · ·+ aN−1yt−N+1

N
t ≥ N (2.4.2)
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¡��mS�yt�\�wÄ²þêS�"a0, a1, · · · , aN−1�\�Ï

f§÷v

N−1∑
i=0

ai

N
= 1

d(6.4.2)ªL���.¡�\�wÄ²þ�."\�wÄ²þ�.�
Ì��^Ø
�ØZ6§w«S��ª³5Cz	§��±ÏL\�Ïf
�À�§O\#êâ��­§¦ª³ýÿ�\O("

��gwÄ²þ�.
¤¢�gwÄ²þ´é²L�gwÄ²þ�)�S�2?1wÄ²

þ"=

ˆ̂yt =
ŷt + ŷt−1 + · · ·+ ŷt−N+1

N
t ≥ N (2.4.3)

dd�¤�S�¡��mS�yt��gwÄ²þêS�§TªL��
�.¡��gwÄ²þ�."

��ê²w�.
XJæ^eª¦�S��²wýÿ�

ŷt = ŷt−1 + α(yt−1 − ŷt−1) (2.4.4)

K¡dýÿ�.��ê²w�.§Ù¥α¡�²w~ê§0 < α <
1"(6.4.5)��±�¤µ

ŷt = αyt−1 + (1− α)ŷt−1 (2.4.5)

=ýÿ�´cÏ¢S��ýÿ��\�Ú"
XÛÀJαº�«�{´`À{"Uì`À{�5K§ÀJØÓ�α§

�\�.§O�ýÿ�S�"±¢S��ýÿ����²�Ú���O
K§(½α�"

��g�ê²w�.
3�g�ê²w�.�Ä:þ2?1�ê²wO�§=�¤�g�ê

²w�."Ó�§��±�¤ng�ê²w�."Ø2Kã"
ï�Å�mS�©Û�.
�Å�mS�©Û�.©�3«a.µg£8�.£Auto-regressive

Model, AR¤!wÄ²þ�.(Moving Average Model,MA) Úg£8wÄ²

þ�.£Auto-regressive Moving Average Model, ARMA)"
�g£8�.
e�mS�yt�§�cÏ�Ú�Å���5¼ê§�±L«�µ

yt = ϕ1yt−1 + ϕ2yt−2 + · · ·+ ϕpyt−p + µt (2.4.6)
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K ¡ T�m S �yt�g £ 8 S � § T � .�p� g £ 8 � . § P

�AR(p)"ëêϕ1, ϕ2, · · · , ϕp�g£8ëê§´�.���ëê"�Å
�µt�Ñl0þ�!���σ2

µ���©Ù§�p�Õá�xD(S�"
�

�Å�µt�yt−1, yt−2, · · · , yt−pØ�'"
Ú\¢��fB§�.(6.4.7)�±L«�µ

yt = ϕ1Byt + ϕ2B
2yt + · · ·+ ϕpB

pyt + µt (2.4.7)

Ù¥

Byt = yt−1, B
2yt = yt−2, · · · , Bpyt = yt−p

?�Úk

(1− ϕ1B − ϕ2B
2 − · · · − ϕpB

p)yt = µt (2.4.8)

-ϕ(B) = (1− ϕ1B − ϕ2B
2 − · · · − ϕpB

p)
K�.��¤µ

ϕ(B)yt = µt

�wÄ²þ�.
e�mS�yt�§��c�cÏ�Ø�Ú�Å���5¼ê§�±L

«�µ

yt = µt − θ1µt−1 − θ2µt−2 − · · · − θqµt−q (2.4.9)

K¡T�mS�yt�wÄ²þS�§T�.�q�wÄ²þ�.§P

�MA(q)"ëêθ1, θ2, · · · , θq�wÄ²þëê§´�.���ëê"
Ó�§(6.4.10)�±�¤µ

(1− θ1B − θ2B
2 − · · · − θqB

q)µt = yt (2.4.10)

-θ(B) = (1− θ1B − θ2B
2 − · · · − θqB

q)
K�.��¤µ

yt = θ(B)µt

�g£8wÄ²þ�.
e�mS�yt�§��c�cÏ�Ø�Ú�Å�§±9§�cÏ��

�5¼ê§�±L«�µ

yt = ϕ1yt−1+ϕ2yt−2+· · ·+ϕpyt−p+µt−θ1µt−1−θ2µt−2−· · ·−θqµt−q (2.4.11)
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K ¡ T�m S �yt�g £ 8 w Ä ² þ S � § T � .�(p,q)� g
£ 8 w Ä ² þ � . § P�ARMA(p,q)" ëêϕ1, ϕ2, · · · , ϕp�g £ 8 ë

ê§θ1, θ2, · · · , θq �wÄ²þëê§´�.���ëê"Ú\Ú\¢�
�fB§(6.4.12)�±L«�µ

ϕ(B)yt = θ(B)µt

���!!!���ÅÅÅ���mmmSSS���©©©ÛÛÛ���...£££AR!!!MA!!!ARMA¤¤¤���£££OOO

g£8wÄ²þ�.£ARMA¤´�Å�mS�©Û�.�ÊH/
ª§g£8�.(AR)ÚwÄ²þ�.(MA)´§�AÏ�¹"'uùAa
�.�ïÄ§´�mS�©Û�­:SN§Ì��)�.�²­5©Û!
�.�£OÚ�.��O"

îg�'¼êÚ g�'¼ê
éuARMA�.§3?1ëê�O�c§I�?1�.�£O"£

O�Ä�?Ö´éÑARMA(p,q)!AR(p)!MA(q)�.�äNA�§�Ì

��§´(½�.��§=ARMA(p,q)¥�pÚq!AR(p)¥�p!MA(q)¥
�q"£O��{´|^�mS����g�'¼êÚ g�'¼ê"

�MA(q)�g�'¼ê
�.(6.4.10)

yt = µt − θ1µt−1 − θ2µt−2 − · · · − θqµt−q

�g���¼ê�µ

rk = E(yt+kyt) =


σ2

µ(1 + θ2
1 + θ2

2 + · · ·+ θ2
q) �k = 0

σ2
µ(−θk + θ1θk+1 + · · ·+ θq−kθq) �1 ≤ k ≤ q

0 �k > q

Ù¥|^


Eµt = 0

E(µt+jµt) =

{
0 �j 6= 0
σ2

µ �j = 0

l
�âg�'¼ê�½Â§kg�'¼êµ

ρk =
rk

r0
=


1 �k = 0
(−θk + θ1θk+1 + · · ·+ θq−kθq)/(1 + θ2

1 + · · ·+ θ2
q) �1 ≤ k ≤ q

0 �k > q
6.4.12

(2.4.12)
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dd��§�k > q�§yt�yt+kØ�'§ù«y�¡���§Ïd§
�k > q�§ρk = 0´MA(q)���A�"�é{`§�±�âg�'Xê
´Äl,�:m©���05�äMA(q)�.��"

�AR(p)�g�'¼ê
�.(6.4.8)

yt = ϕ1yt−1 + ϕ2yt−2 + · · ·+ ϕpyt−p + µt

�g���¼ê�µ

rk = E(yt+kyt) = E(ϕ1yt+k−1 + ϕ2yt+k−2 + · · ·+ ϕpyt+k−p + µt+k)yt

= ϕ1rk−1 + ϕ2rk−2 + · · ·+ ϕprk−p

l
kg�'¼êµ

ρk =
rk

r0
= ϕ1ρk−1 + ϕ2ρk−2 + · · ·+ ϕpρk−p (2.4.13)

dd��§AR(p)S��g�'¼ê´���S�§¡�ö�S�"
Ïdg�'¼êö�§´AR(p)S����A�"

d(6.4.13)§|^ρk = ρ−k§��Xe�§|µ

ρ1 = ϕ1 + ϕ2ρ1 + · · ·+ ϕpρp−1

ρ2 = ϕ1ρ1 + ϕ2 + · · ·+ ϕpρp−2

. . . ρp = ϕ1ρp−1 + ϕ2ρp−1 + · · ·+ ϕpρp−k

(2.4.14)

d�§|�¡�Yule Walker�§|"e®��.ëêϕ1, ϕ2, · · · , ϕp§
�¦ρ1, ρ2, · · · , ρp§,�4íe�§�¦¤k�ρk, k > p¶�L5§e®

�ρ1, ρ2, · · · , ρp§�¦�.ëêϕ1, ϕ2, · · · , ϕp±9σ2
µ"�.ëêÏL¦)�

§|��§σ2
µÏLeªO�µ

σ2
µ = Eµ2

t = · · · = r0 −
p∑

i,j=1

ϕiϕjrj−i

�ARMA(p,q)�g�'¼ê
ARMA(p,q)�g�'¼ê§�±w�MA(q)�g�'¼êÚAR(p)�

g � ' ¼ê� · ÜÔ" �p=0�§ § ä k ��5 � ¶ �q=0�§ §

ä k ö�5 � ¶ �p!qÑ Ø�0�§ § ä k ö�5 � " ² L í � �
�§ARMA(p,q)�g���¼ê�µ

rk = E(yt+kyt) = ϕ1rk−1 + ϕ2rk−2 + · · ·+ ϕprk−p

+ryµ(k)− θ1ryµ(k − 1)− · · · θqryµ(k − q)
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Ù¥

ryµ(k) = E(ytµt+k) =

{
0 �k > 0
σ2

µψ−k �k < 0

¤±§�k > q�§

rk = ϕ1rk−1 + ϕ2rk−2 + · · ·+ ϕprk−p

ARMA(p,q)�g�'¼ê�µ

ρk =
rk

r0
= ϕ1ρk−1 + ϕ2ρk−2 + · · ·+ ϕpρk−p (2.4.15)

��§ARMA(p,q)�g�'¼êρk§�k > q�§=�6u�.ë

êϕ1, ϕ2, · · · , ϕp±9ρk−1, ρk−2, · · · , ρk−p"
�ARMA(p,q) g�'¼ê
¤¢ g�'¼ê§´ARMA(p,q)�.�,��ÚOA�§§´3®

�S��yt−1, yt−2, · · · , yt−k−1�^�e§yt, yt−k�m�'X�Ýþ"
e¡±AR(p)�~§@£ g�'¼ê�¹Â"b½k±AR(k-1)�

[Ü��S�§,�q^AR(k)�[Ü§�ö'cöO\
��¢�C

þyt−k"XJϕkjL«�ö�g£8Xê§@o�Au¢�Cþyt−k�Xê
Ò´ϕkk§¡� g�'Xê"�âAR(p)�ö�5�±9 g�'Xê�
¹Â§�±æ^������K5¦� g�'Xêµ

ϕkj =

{
ϕj �1 ≤ j ≤ p, k = p, p+ 1, · · ·
0 �j > p

dd��AR(p)�Ì�A�´k > p�§ϕkk = 0§=´ϕkk3p±��
�"

éuARMA(p,q)�MA(q)�.§�±y²§�� g�'¼ê´ö�
�"

ï�.�£O

�AR(p)�.�£O

eyt� g�'¼êϕkk3p±���§=k¿p�§ϕkk = 0§
�§�
g�'¼êρk´ö��§KdS�´g£8AR(p)S�"

�MA(q)�.�£O

e�ÅS��g�'¼ê��§=gq±�ρk = 0, k > q§
§� g
�'¼ê´ö��§KdS�´AR(p)S�´wÄ²þMA(q)S�"

�ARMA(p,q)�£O

e�ÅS��g�'¼êÚ g�'¼êÑ´ö��§KdS�´g
£8wÄ²þS�"�u�.¥pÚq�£O§K�l$�m©ÅÚÁ&§
��½ÑÜ·��.��"

|^�mS�©Û^��¥�g�'! �'¼ê�O�õU§�
±�B/£O��S�´Û«S�§±9AR(p)!MA(q)S���ê"~
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X§¥IIS)�o�GDPS�£±�cd�O�§1978-1987c¤§�â
g�'! �'¼ê�O�(J§�k = 4�§ϕkk=0¶
��k > 4�§
¤kϕkk ≈ 0¶Ó�§�g�'¼êρk´ö��"¤±§TS�´g£
8AR(4)S�"

nnn!!!���ÅÅÅ���mmmSSS���©©©ÛÛÛ���...£££AR!!!MA!!!ARMA¤¤¤������OOO

²L�.£O§(½
�mS�©Û�.��.(�Ú�ê§�XÒ
�±é�.?1ëê�O"AR(p)!MA(q)!ARMA(p,q)�.��O�{
�õ§�Nþ©�3aµ���¦�O!Ý�OÚ|^g�'¼ê����
O"e¡kÀJ/\±0�"

îAR(p)�.�Yule Walker�§�O

Yule Walker� § |(6.4.14)ï á 
AR(p)� . � � . ë

êϕ1, ϕ2, · · · , ϕp� g � ' ¼êρ1, ρ2, · · · , ρp� ' X § | ^¢S�m S
�Jø�&E§Äk¦�g�'¼ê��O�ρ̂1, ρ̂2, · · · , ρ̂p§,�|^Yule
Walker�§|§¦)�.ëê��O�ϕ̂1, ϕ̂2, · · · , ϕ̂p±9σ̂2

µ"(JXeµ
ϕ̂1

ϕ̂2
...
ϕ̂p

 =


ρ̂0 ρ̂1 · · · ρ̂p−1

ρ̂1 ρ̂0 · · · ρ̂p−2
...
ρ̂p−1 ρ̂p−2 · · · ρ̂0


−1 

ρ̂1

ρ̂2
...
ρ̂p

 (2.4.16)

σ̂2
µ = r̂0 −

p∑
j=1

ϕ̂j r̂j = r̂0 −
p∑

i,j=1

ϕ̂iϕ̂ir̂j−i (2.4.17)

~X§éuþãGDPS�§kµ

 ϕ̂1

ϕ̂2

ϕ̂3

 =

 1 0.809 0.604
0.809 1 0.809
0.604 0.809 1

−1 0.809
0.604
0.410

 =

 0.574
0.432
0.210


ïMA(q)�.�Ý�O

òMA(q)�.�g���¼ê¥���þ^�Oþ�O§��µ

r̂k =


σ̂2

µ(1 + θ̂2
1 + θ̂2

2 + · · ·+ θ̂2
q) �k = 0

σ̂2
µ(−θ̂k + θ̂1θ̂k+1 + · · ·+ θ̂q−kθ̂q) �1 ≤ k ≤ q

0 �k > q

(2.4.18)

|^¢S�mS�Jø�&E§Äk¦�g���¼ê��O�§
u´(6.4.18)´���¹(q + 1)���ëêθ̂1, θ̂2 · · · θ̂q, σ̂

2
µ���5�§|§

�±^��{½S�{¦)"~^�S��{k�5S�{ÚNewton-
RaphsanS�{"äN�¦)L§Ø2Kã§Öö�ë��mS�©Û�
;���Ö"
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ðARMA(p,q)�.�Ý�O

3ARMA(p,q)¥ � k(p+q+1)� � � ë

êϕ1, ϕ2, · · · , ϕp�θ1, θ2, · · · , θq± 9σ2
µ§ Ù � O þ O � Ú ½ 9 úªX

eµ
��Oϕ1, ϕ2, · · · , ϕp

O�úª�µ
ϕ̂1

ϕ̂2
...
ϕ̂p

 =


ρ̂q ρ̂q−1 · · · ρ̂q−p+1

ρ̂q+1 ρ̂q · · · ρ̂q−p
...
ρ̂q+p−1 ρ̂q+p−2 · · · ρ̂q


−1 

ρ̂q+1

ρ̂q+2
...
ρ̂q+p


Ù¥ρ̂k´���IOg�'¼ê��O�§d*ÿêâO���"
�U��.§¦θ1, θ2, · · · , θq±9σ2

µ��O�

ò�.

yt = ϕ1yt−1 + ϕ2yt−2 + · · ·+ ϕpyt−p + µt − θ1µt−1 − θ2µt−2 − · · · − θqµt−q

U��µ

yt−ϕ1yt−1−ϕ2yt−2−· · ·−ϕpyt−p = µt−θ1µt−1−θ2µt−2−· · ·−θqµt−q (2.4.19)

-ỹt = yt − ϕ̂1yt−1 − ϕ̂2yt−2 − · · · − ϕ̂pyt−p

u´(6.4.19)�±�¤µ

ỹt = µt − θ1µt−1 − θ2µt−2 − · · · − θqµt−q

� ¤ � �MA� . " U ì � OMA� . ëê� � { § � ± �
�θ1, θ2, · · · , θq±9σ2

µ��O�"
ñAR(p)����¦�O

b��.(6.4.8)�ëê�O�ϕ̂1, ϕ̂2, · · · , ϕ̂p®²��§=k

yt = ϕ̂1yt−1 + ϕ̂2yt−2 + · · ·+ ϕ̂pyt−p + µ̂t

í��²�Ú�µ

S(ϕ̂) =
n∑

t=p+1

µ̂2
t =

n∑
t=p+1

(yt − ϕ̂1yt−1 − ϕ̂2yt−2 − · · · − ϕ̂pyt−p)
2 (2.4.20)

� â � � � ¦ � n § ¤ � ¦ � ëê� O �ϕ̂1, ϕ̂2, · · · , ϕ̂pA T¦
�(6.4.20)��4�"¤±§�AT´e��§|�)µ
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∂ S

∂ ϕ̂j

= 0

=

n∑
t=p+1

(yt − ϕ̂1yt−1 − ϕ̂2yt−2 − · · · − ϕ̂pyt−p)yt−j = 0 j = 1, 2, . . . , p(2.4.21)

)T�§|§Ò�����ëê��O�"
�
�AR(p)�.�Yule Walker�§�O?1'�§ò(2.4.20)U�

¤µ

ϕ̂1

n

n∑
t=p+1

yt−1yt−j +
ϕ̂2

n

n∑
t=p+1

yt−2yt−j + · · ·+ ϕ̂p

n

n∑
t=p+1

yt−pyt−j =
1

n

n∑
t=p+1

ytyt−j

j=1,2,. . . ,p

dg���¼ê�½Â§¿^g���¼ê��O�

r̂k =
1

n

n−k∑
t=p+1

yt+kyt

�\§þªL«��§|=�µ
ϕ̂1r̂j−1 + ϕ̂2r̂j−2 + · · ·+ ϕ̂pr̂j−p = r̂jj=1,2,. . . ,p

)ûT�§|§��µ
ϕ̂1

ϕ̂2
...
ϕ̂p

 =


r̂0 r̂1 · · · r̂p−1

r̂1 r̂0 · · · r̂p−2
...
r̂p−1 r̂p−2 · · · r̂0


−1 

r̂1
r̂2
...
r̂p


=�ëê����¦�O"�(6.4.16)��O�'�uy§�nv
�

�§�ö´�q�"σ2
µ��O��µ

σ̂2
µ =

1

n− p

n∑
t=p+1

µ̂2
t =

S

n− p

3¢SA^¥§���¦�OéJ�A^§Ï��3î­���5"
~X§éuþãGDPS�§|^OLS�{§�O(J�µ
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ϕ̂1 = 2.548 (t = 14.03)
ϕ̂2 = −2.780 (t = −7.19)
ϕ̂3 = 1.393 (t = 4.82)
R2 = 0.9976

ëê�O�w,ØÜn§
�w,´du�3î­���5¤��"

2.5 ������nnnØØØ���ØØØ���???������...
�NõDÚ�Oþ²LÆ�.370c��²LÄ�¡cýÿ�(�§

Ø�?��.%w«
§�­½5Ú��5"éÙ�Ï?1�\©Û�

�uy§Ø�?��.��­½�ü�Cþ�m�3�«�Ï­½'
X"C.J.Grangerrù«�Ï­½'X¡�“��'X”§u´§�«#�n
Ø—��nØ�)
"�,��nØ�)uØ�?��.��§�3�!
¥§�
Bun)§·�Äk0���nØ§,�ÚÑØ�?��."

ò��nØ�Ø�?��.��²;ü�§Oþ²LÆ�.�*Ð�
nd3u§²;�Oþ²LÆ�.´±,«²LnØ½é²L1��@£
5(á�.�nØ'X/ª§
3ùp§K´l²LCþ�êâ¥¤w«
�'XÑu§(½�.�¹�CþÚCþ�m�nØ'X"ù´80c�±

5Oþ²LÆ�.ï�nØ���­�uÐ"
���!!!üüü���(Integration)
î­½S�

XJ���mS�xt´­½�§Kµ
�Ùþ�E(xt)��mtÃ'¶
�Ù��V ar(xt)´k��§¿Ø�Xt�í£�)XÚ�Cz"
u´§�mS�xtòªu�£§�þ�§±�«�éØC��Ì�7

þ�ÅÄ"
XJ���mS�xt´�­½�§KÙþ�!��ò�t
UC"~

X§�ÅiÄS�

xt = xt−1 + εt εt ∼ N(0, δ2)

ex0 = 0

Kxt =
t∑

i=1

εi V ar(xt) = tδ2

�t → ∞�§V ar(xt) → ∞§þ�ÒÃ¿Â
§¢SþS�xt�£Q
²��L�,�:�Ï"�m´Ã¡�"

��­½S����±^��g£8£Ä²þL�ªARMA(p,q)L
«µ

xt = ϕ1xt−1 + · · ·+ ϕpxt−p + ξt + θξt−1 + · · ·+ θqξt−q
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ïü�

XJ��S�3¤�­½S��c7L²Ldg�©§KTS��¡
�d�ü�"P�I(d)"�é{`§XJS�xt´�­½S�§∆dxt´­½
S�§KS�xt´I(d)"Ù¥µ

∆xt = xt − xt−1,∆
2xt = ∆(∆xt), · · · ,∆dxt = ∆(∆d−1xt)

XJkü�S�©O�d�ü�Úe�ü�§=

xt ∼ I(d), yt ∼ I(e), e > d

K�S���5|Ü´e�ü�S�§=

zt = αxt + βyt ∼ I(max(d, e))

���!!!üüü������üüü   ���uuu���

îü��DFu�

éu�mS�xt§ïáe��§µ

xt = ρxt−1 + εt ∆xt = (ρ− 1)xt−1 + εt

XJρØwÍ�0§KS�xt�3ü �§���1�ü�I(1)"¯K3
uXÛ�äρ´ÄØwÍ�0"

� EtÚ O þ § � ù�tÚ O þ Ñ l dDickeyÚFulleru1976c J Ñ
�Dickey—Fuller©Ù§=DF©Ù"�3²;�5ü�§�.¥0��
CþwÍ5u�tÚOþ�O���§�Oþã�§¿O���tÚOþ�
�¶lDF©ÙL¥�Ñ�½wÍ5Y²e��.�¶XJtÚOþ�ýé
��u�.��ýé�§Káýρ = 0b�§S�xt���1�ü�I(1)"ù
Ò´Dickey—Fulleru�§�¡�ü �£unit root¤u�"

ÏL
1�ü�u��§2ïáXe�§µ

∆2xt = (ρ− 1)∆xt−1 + εt

? 1 Ó � L § � u � § X J Ï L u � § K S �xt���2� ü

�I(2)". . . ��ØUÏLu���"ÏLTu�§Ó��Ò(½
S
�xt�ü���ê"

��ù§3²Lêâ¥§L«6þ�S�§~X±ØCd�L«��

¤�!Â\�²~Ly�1�ü�¶L«�þ�S�§~X±ØCd�L«
�]�o�!;O{��²~Ly�2�ü�¶^�cd�L«�6þ�S
�§~X±�cd�L«��¤�!Â\�§dud��ê��^§�²
~Ly�2�ü�¶
�|Ç�S�§²~Ly�0�ü�"
)ù
§é
uÀJ�oCþ?\�.´�©­��"

ïü��ADFu�
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3DFu�¥§duØU�y�§¥�εt´xC(§¤±���ρ− 1�
�O�Ø´Ã �"u´DickeyÚFulleru1979!1980céDFu�?1


*¿§/¤
ADF(Augment Dickey-Fuller )u�§ù´8cÊHA^�ü

�u��{"
3ADFu�¥§�
�y�§¥�εt´xC(§3�§m>\
�


¢��"u´ü �u��£8�§�µ

∆xt = (ρ− 1)xt−1 +

p∑
i=1

θi∆xt−i + εt

T�§¡��.1"XJ�¹~ê�§K��.2µ

∆xt = α+ (ρ− 1)xt−1 +

p∑
i=1

θi∆xt−i + εt

XJ2\\�mª³�§K��.3µ

∆xt = α+ β t+ (ρ− 1)xt−1 +

p∑
i=1

θi∆xt−i + εt

¢Su��l�.3m©§,��.2!�.1§Û�u�áý"b�§
=�S�Ø�3ü �§�²­S�§Û�u�Ê�"5¿§ùp�"b

��µH0 : ρ = 1"ÄK§Ò�UYu�"�é{`§�ku����§
âU���S��3ü ��(Ø"u��n�DFu��Ó§�´é�
.1!2!3?1u��§k�g�A��.�L"

ðADFu��äNÚ½

��OÚu��.3

�O�.3§¿��ëê�tÚOþ"
1�Ú§u�H0 : ρ = 1"lADF©Ù�.�L¥���½wÍ5Y

²e�!^u�.3u��τρ��.�"XJëêρ − 1�tÚOþ�u�.
�£Ï�τρ��.��K�§ëêρ− 1��Oþ���K§ÙtÚOþ��

K"¤±tÚOþ�u�.��duÙýé��u�.��ýé�§�±c

�VgØgñ¤§Káý"b�§d�=�±�ÑS�Ø�3ü ��(
Ø§Ø2?\e¡�Ú½¶ÄK§?\e�Ú½"

1�Ú§�½ρ = 1§u�H0 : β = 0"lADF©Ù�.�L¥���
½�&Y²e�!^u�.3u��τβ��.�"XJëêβ�tÚOþ�u
�.�£Ï�τβ��.���§ëêβ��Oþ����§ÙtÚOþ��

�"¤±tÚOþ�u�.��duÙýé��u�.��ýé�¤§Ká
ý"b�§?\e�Ú½"ÄK§=`²�.Ø�¹�mª³�§ATæ

^�.2�/ª§K�UY�OÚu��.2"
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1nÚ§^���t©Ùu�H0 : ρ = 1"XJáý"b�§K�S�

Ø�3ü �§�²­S�¶ÄK§`²�S�´Ø²­�§7LéÙ�
©�?�Úu�Ùü �"

��OÚu��.2
�O�.2§¿��ëê�tÚOþ"
1�Ú§u�H0 : ρ = 1"lADF©Ù�.�L¥���½wÍ5Y

²e�!^u�.2u��τρ��.�"XJëêρ − 1�tÚOþ�u�.
�§Káý"b�§d�=�±�ÑS�Ø�3ü ��(Ø§Ø2?\

e¡�Ú½¶ÄK§?\e�Ú½"
1�Ú§�½ρ = 1§u�H0 : α = 0"lADF©Ù�.�L¥���

½�&Y²e�!^u�.2u��τα��.�"XJëêα�tÚOþ�

u�.�§Káý"b�§?\e�Ú½"ÄK§=`²�.Ø�¹~ê
�§ATæ^�.1�/ª§�UY�OÚu��.1"

1nÚ§^���t©Ùu�H0 : ρ = 1"XJáý"b�§K�S�

Ø�3ü �§�²­S�¶ÄK§`²�S�´Ø²­�§7LéÙ�
©�?�Úu�Ùü �"

��OÚu��.1
�O�.1§¿��ëê�tÚOþ"
u�H0 : ρ = 1"lADF©Ù�.�L¥���½wÍ5Y²e�!^

u�.1u��τρ��.�"XJëêρ − 1�tÚOþ�u�.�§Káý
"b�§�ÑS�Ø�3ü ��(Ø¶ÄK§`²�S�´Ø²­�§
7LéÙ�©�?�Úu�Ùü �"

nnn!!!������£££Cointegration¤¤¤
î½Â9¿Â

X J S �X1t, X2t, · · · , XktÑ ´d� ü � § � 3 � � � þα =
(α1, α2, · · · , αk)§¦�Zt = αX′

t ∼ I(d − b)§ Ù ¥ §b > 0,Xt =
(X1t, X2t, · · · , Xkt)

′§ K @ � S �X1t, X2t, · · · , Xkt´(d,b)� � � § P

�Xt ∼ CI(d, b), α����þ"
~X§Ø¬Â\�mS�Yt�1�ü�S�§Ø¬�¤�mS�Ct�

�1�ü�S�§XJ�ö��5|Üα1Yt + α2Ct�¤�#S��0�ü�

S�§u´@�S�Yt�Ct´(1,1)���"
dd��§XJü�CþÑ´ü�Cþ§�k�§��ü���Ó

�§â�U��§~Xþ¡�Ø¬Â\YtÚØ¬�¤Ct¶XJ§��ü�

�Ø�Ó�§ÒØ�U��§~XØ¬�¤CtÚØ¬;O{�St £��ù

���þ�Ø¬;O{�St�2�ü�¤"
n�±þ�Cþ§XJäkØÓ�ü��ê§k�U²L�5|Ü�

¤$�ü�Cþ"~X§XJ�3µ

Wt ∼ I(1), Vt ∼ I(2), Ut ∼ I(2)

¿�
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Pt = aVt + bUt ∼ I(1)
Qt = cWt + ePt ∼ I(0)

@o@�µ

Vt, Ut ∼ CI(2, 1)
Wt, Pt ∼ CI(1, 1)

l���½Â�±wÑ���²L¿Â3uµü�Cþ§�,§�ä
k�g��ÏÅÄ5Æ§�´XJ§�´���§K§��m�3X�

��Ï­½�'~'X"~XØ¬Â\YtÚØ¬�¤Ct§XJ§��gÑ
´1�ü�§¿�§�´(1,1)���§K`²§��m�3X���Ï­

½�'~'X§
ù�'~'XÒ´�¤��§�Ò´`�¤��´ØC

�"lOþ²LÆ�.�¿Âþù§ïáXe�¤¼ê�.

Ct = α0 + α1Yt + µt

CþÀJ´Ün�§�ÅØ���½´“xD(”£=þ��0§��Ø

C�­½�ÅS�¤§�.ëêkÜn�²L)º"
�L5§XJü�Cþ§äk�g��ÏÅÄ5Æ§�´§�Ø´

���§K§��mÒØ�3X���Ï­½�'~'X"~XØ¬�

¤CtÚØ¬;O{�St§du§�ü��êØÓ§¤±§�Ø´���§
K`²§��mØ�3X���Ï­½�'~'X"lOþ²LÆ�.�
¿Âþù§ïáXe�¤¼ê�.

Ct = α0 + α1St + µt

½ö

Ct = α0 + α1Yt + α2St + µt

CþÀJ´ØÜn�§�ÅØ���½Ø´“xD(”§�.ëêvk
Ün�²L)º"

lùp§·�®²ÐÚ@£§u�Cþ�m���'X§3ïáOþ
²LÆ�.¥�­�5"
�§lCþ�m´Ääk��'XÑuÀJ
�.�Cþ§ÙêâÄ:´O��§ÙÚO5�´`û�"l��nØÑ
u§3ïá�¤¼ê�.�§ÒØ¬ÀJØ¬;O{���Ø¬�¤�)
ºCþ¶�´§UìDÚ�Oþ²LÆï�nØ§l®²@£�²LnØ

ÑuÀJ�.�Cþ§@oÀJØ¬;O{�ÚØ¬Â\�Ó��Ø¬�

¤�)ºCþ§Ø=Øa�Û%§
��@�´��Ün�§Uì“)·±

Ï�¤nØ”ïá��¤¼ê�.�´ù��"
ï���u�

�üCþ�Engle-Grangeru�
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�
u�üCþYt, Xt´Ä���§EngleÚGrangeru1987cJÑüÚ

u�{§�¡�EGu�"
1�Ú§^OLS�{�Oe��§µ

Yt = αXt + εt

��

Ŷt = α̂Xt

êt = Yt − Ŷt

¡���£8"
1 � Ú § u �êt� ü � 5 " X Jêt�­½ S � § K @�C

þYt, Xt�(1,1)���¶XJêt�1�ü�§K@�CþYt, Xt�(2,1)��
�¶. . . u�êt�ü�5��{=´þã�DFu�½öADFu�"

�õCþ��'X�u�

þãEngle-Grangeru�Ï~^uu�üCþ�m���'X§éuõ
Cþ�m���'X§Johansenu1988c§±9�Juseliusu1990cJÑ


�«^�þg£8�.?1u���{§Ï~¡�Johansenu�§½JJu

�§ò3�Ö§6.4¥\±0�"
ooo!!!ØØØ���???������...£££ECM¤¤¤
Ø�?��.£Error Correction Model¤´�«äkA½/ª�Oþ

²LÆ�.§§�Ì�/ª´dDavidson!Hendry!SrbaÚYeou1978c
JÑ�§¡�DHSY�."�
Bun)§·�ÏL��äN��.50
�§�(�"

éu(1,1)�g£8©Ù¢��.

yt = β0 + β1zt + β2yt−1 + β3zt−1 + εt (2.5.1)

£����

∆yt = β0 + β1∆zt + (β2 − 1)yt−1 + β3zt−1 + β1zt−1 + εt

= β0 + β1∆zt + (β2 − 1)(y − β1 + β3

1− β2

z)t−1 + εt (2.5.2)

�§(6.4.2)=�Ø�?��."Ù¥y − β1+β3

1−β2
z�Ø�?��"

w,§(6.4.2)¢Sþ´��áÏ�.§�N
yt�áÏÅÄ∆yt´XÛ
�û½�"XJCþyÚz�m�3�Ïþï'X§=�3y = az§~X

3(6.5.1)¥§ez = z̄§@oy�þï��z̄ke�þï'X

ȳ =
β1 + β3

1− β2

z̄
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(6.4.2)¥�Ø�?���´�§����"¤±§�N�Ïþïéá
ÏÅÄ�K�¶(6.4.2)¥��©��NCþáÏÅÄ�K�"u´§�)
ºCþ�ÅÄ�©¤üÜ©µ�Ü©�áÏÅÄ§�Ü©��Ïþï"

�.(6.4.2)�±�¤µ

∆yt = β0 + β1∆zt + γ ecm+ εt (2.5.3)

Ù¥ecmL«Ø�?��"d(6.5.1)��§���¹e|β2| < 1§¤±

kγ = β2 − 1 < 0"·��±âd©Ûecm�?��^µe(t¨1)��y�u
Ù�Ïþï)β1+β3

1−β2
z§ecm��§γ × ecm�K§¦�∆yt~�¶e(t¨1)�

�y�uÙ�Ïþï)β1+β3

1−β2
z§ecm�K§γ × ecm��§¦�∆ytO�"N

y
�ÏþïØ�éyt���"
ïecm����'X

éuþã(1,1)�g£8©Ù¢��.§XJ

yt ∼ I(1), zt ∼ I(1)

@o§(3.4.2)ª�>

∆yt ∼ I(0)

m > �∆zt ∼ I(0)§ � ky�z� � § â U � y m > �´I(0)" d

�§β1+β3

1−β2
���Xê§yt − β1+β3

1−β2
zt=�þïØ�"

ðl��nØ�Ø�?��.
c¡J�§¢Sþ´kkØ�?��.§,�^��nØ�)ºØ�

?��."@o38U§·�Ò�±ÄkéCþ?1��©Û§±uyC

þ�m���'X§=�Ïþï'X§¦Ñ��Xê§¿±ù«'X�¤
Ø�?��",�ïááÏ�.§òØ�?��w���)ºCþ§ëÓ
Ù§�NáÏÅÄ�)ºCþ�å§ïááÏ�.§=Ø�?��."

ÊÊÊ!!!������ØØØ���???������...¢¢¢~~~µµµ¥¥¥IIIØØØ¬¬¬���¤¤¤���§§§
e¡(Ü¥IØ¬�¤�.�ïá§äN`²Ø�?��.�ïáL

§"êâÀg5¥IÚOc�6§��«m�1978-1997c"
îÐÚ©Û
3é�Ø¬�¤�'�CþS�?1���©Û�uy§^±L«¥

IØ¬�¤Y²�Ø¬�¤o�(C)�éê���m¥y�5Cz§²L�

��©�§Ùã/aqxD("u´�±ÐÚ�älnCt���I(1)Cþ"
Ó��±ÐÚ�äIS)�o��éêlnGt����I(1)Cþ"

ïlnCt�ü�u�

²L}Á§3^uADFu���.1!�.2!�.3¥À�¢��
êp=2"éu�.3§�µ
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∆ lnCt = α+ β t+ (ρ− 1) lnCt−1 +
2∑

i=1

θi∆ lnCt−i + εt

�OT�.§CþlnCt−1�tÚOþ�-1.6553§�uADF©ÙL¥��

.�-3.60£�½wÍ5Y²�5%§��Nþ�25¤§ØUáý�3ü 

��"b�"u´?\�.3u��1�Ú§Cþt�tÚOþ�1.8305§�
uADF©ÙL¥��.�2.85£�½wÍ5Y²�5%¤§�ÑØUáý"

b��(Ø"ù�K�?1�.2�u�"
�.2�µ

∆ lnCt = α+ (ρ− 1) lnCt−1 +
2∑

i=1

θi∆ lnCt−i + εt

�OT�.§CþlnCt−1�tÚOþ�1.3577§�uADF©ÙL¥��

.�-3.00£�½wÍ5Y²�5%§��Nþ�25¤§ØUáý�3ü �
�"b�"u´?\�.2u��1�Ú§~ê��tÚOþ�-0.7050§�
uADF©ÙL¥��.�2.61£�½wÍ5Y²�5%¤§Ó��ÑØUá
ý"b��(Ø"ù�K�?1�.1�u�"

�.1�µ

∆ lnCt = (ρ− 1) lnCt−1 +
2∑

i=1

θi∆ lnCt−i + εt

�OT�.§CþlnCt−1�tÚOþ�2.9528§�uADF©ÙL¥��

.�-1.95£�½wÍ5Y²�5%§��Nþ�25¤§ØUáý�3ü �
�"b�"

�d§��±ä½S�lnCt−1¥¹kü �"��5`§u�,��
mS�´Ä¹kü �§é�I�u���.1!2!3âU�Ñ(Ø"T~
´'�AÏ�"

�
�äS�lnCt−1�ü��ê§7Lu��©���S�´Ä¹k
ü �"Äku��.3µ

∆2 lnCt = α+ β t+ (ρ− 1)∆ lnCt−1 +
2∑

i=1

θi∆
2 lnCt−i + εt

�O�.§�ÑCþ∆ lnCt−1�tÚOþ�-3.2770§�uADF©ÙL¥

��.�-3.24£�½wÍ5Y²�10%§��Nþ�25¤§¤±310%�
wÍ5Y²e§áý�3ü ��"b�"=∆ lnCt−1�I(0)S�"@oS
�lnCt−1�1�ü�"

ðlnGt�ü�u�
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æ^Ó��Ú½§u���IS)�o�²Léêz��S���1�
ü�"

ñ�§�ÐÚ�½
3�Ö18Ù¥ò�[0�§Uì“l���{ü”�g�§�Ð�½

��§´�����g£8©Ù¢��."�.�m>�¹�)ºCþ�
¢�!)ºCþ9Ù¢�"Ð©��.7L�yv
��ê§±¦þ�¹
�)ºCþ�k�&E§¦í�¤�Ø�¹k�&E�xD("

éuØ¬�¤�.§Äk�½�µ

lnCt = α0 + α1 lnCt−1 + α2 lnCt−2 + α3 lnGt + α4 lnGt−1 + α5 lnGt−2 + εt(2.5.4)

ò�§��O�{z
�Og£8©Ù¢��.�~^^�´PC-Give"æ^Ù¥����

¦{�O(2.5.4)�ëê§ÅgGØØwÍ�CþlnGt−2ÚlnGt−1§��µ

ln Ĉt = −0.13905 + 0.48253 lnCt−1 − 0.21189 lnCt−2 + 0.69223 lnGt

d�§�CþXêÑwÍØ�0§[Ü`Ý�0.9995§í�CqxD
("'uéT�.�Ù§�¡�;�u�§ùpØ�0�"3PC-Give¥

�ù
u�Jø
�B�õU"XJ=l�O��Ý§���^��´·
^�"

ó¦�Ïþï�§
dulnCtÚlnGtÑ�I(1)Cþ§§��m�3�Ï­½�þï'X"

dPC-Give¦Ñ��Ïþï�§�µ

lnC = 0.9491 lnG− 0.1907

XJvkPC-Give§���^��´�±æ^�"
ô¦ÑØ�?�S�(ecm)
|^

ecm = lnC − 0.9491 lnG+ 0.1907

�\lnCtÚlnGt�¢S*ÿ�§¦ÑecmS�§��Ø�?��.¥

)ºCþ�*ÿ�"ÏLéTS��u�§�±��§´0�ü��(Ø§
y²
lnCtÚlnGt(¢�3��'X"

õïáØ�?��.
ée�Ø�?��.?1�Oµ

∆ lnCt = α∆ lnCt−1 + β∆ lnGt + γecm+ εt
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�O���µ

∆ ln Ĉt = 0.1830∆ lnCt−1 + 0.7451∆ lnGt − 0.5215ecm

��u�þÏL"
3�.¥§��©��N
CþáÏÅÄ�K�"�)ºCþ�ÅÄ

�±©�üÜ©µ�Ü©´áÏÅÄ§�Ü©´�Ïþï"�â�.�ë

ê�Oþ§áÏIS)�o��CzòÚåØ¬�¤��Ó���Cz§
XJIS)�o�Cz1%§ÚåØ¬�¤Cz0.7451%¶
þÏØ¬�¤
�Cz§�ÚåØ¬�¤��Ó���Cz§�5�0.183§�N�¤.5
�òY"ecm�Xê����N
é l�Ïþï�N�åÝ§lXê�
O�£-0.5215¤w§N�åÝ´'���"ù�©Û(J§Ò´Ø�?�

�.�`³¤3"

2.6 ÃÃÃëëëêêê£££888���...
²;Oþ²LÆ�.Äk�â²LnØÚ��êâ�½�.�¼ê'

X§,��O'Xëê¿u�¤�½�'X"XJ�.�¼ê'XÏLu

��y²´¤á�§@o£8(J�±	ò§Ùíäk�p�°Ý§�.
�ëê��äk²(�²L¿Â§�±�Bu��¡�A^"�'u�.
9ëê��
b½3y¢¥�7¤á"~XC-D)�¼ê�.b½Eâ?
Ú´¥5�!Eâ?ÚÕáu��Ý\þ�Cz!��O��5�1!äk
�gàg5=ØC5��Å�§ù
b½3y¢¥éJÓ�¤á"Ï
�
�.9ëê�b½�¢S�l£��)�.��ÅZ6����5b½�
¢S�l¤�§ÒN´E¤�.�½Ø�"d�§Äu²;b��.¤�
Ñ�íä�Ly�Ué�§ùÒr¦<�ÏéO�Ñ´§
Ãëê£8�
.K´�Xù�����«ãå"Ãëê£8�.�A:´µ£8¼ê�
/ª�±?¿,vk?Û�å§)ºCþÚ�)ºCþ�©Ù�é���§
Ï
k���·A5§�Ãëê£8(J	ò(J"ÃëêEâ�8�´
�t£8¼ê/ª���§�(½½ïÆ£8¼ê�ëêL�ªJøk^
�óä"ÃëêEâ¿ØU��ëêEâ§üö�(Üò¬��^ü��
{Ã{¼��(Ø"

���!!!ÃÃÃëëëêêê£££888���...���VVVggg
��ÅCþY´�)ºCþ§p��þX´)ºCþ§§Q�±´(½

5���±´�Å5�"3�!¥§�
Ö��B§¿Øò)ºCþ�¤
Ý
/ª"ÖöATò§��Ý
5n)"¡

m(x) = E(Y |X = x) (2.6.1)

�YéX�£8¼ê½^�£8¼ê§Ù¥x ∈ Rp"Ãëê£8�
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L 2.5.1: ADF©Ù�.�L
�. ÚOþ ��Nþ 1% 2.5% 5% 10%

1 τρ

25 -2.66 -2.26 -1.95 -1.60
50 -2.62 -2.25 -1.95 -1.61
100 -2.60 -2.24 -1.95 -1.61
250 -2.58 -2.23 -1.95 -1.61
500 -2.58 -2.23 -1.95 -1.61
¿500 -2.58 -2.23 -1.95 -1.61

2 τρ

25 -3.75 -3.33 -3.00 -2.62
50 -3.58 -3.22 -2.93 -2.60
100 -3.51 -3.17 -2.89 -2.58
250 -3.46 -3.14 -2.88 -2.57
500 -3.44 -3.13 -2.87 -2.57
¿500 -3.43 -3.12 -2.86 -2.57

3 τρ

25 -4.38 -3.95 -3.60 -3.24
50 -4.15 -3.80 -3.50 -3.18
100 -4.04 -3.73 -3.45 -3.15
250 -3.99 -3.69 -3.43 -3.13
500 -3.98 -3.68 -3.42 -3.13
¿500 -3.96 -3.66 -3.41 -3.12

2 τα

25 3.41 2.97 2.61 2.20
50 3.28 2.89 2.56 2.18
100 3.22 2.86 2.54 2.17
250 3.19 2.84 2.53 2.16
500 3.18 2.83 2.52 2.16
¿500 3.18 2.83 2.52 2.16

3 τα

25 4.05 3.59 3.20 2.77
50 3.87 3.47 3.14 2.75
100 3.78 3.42 3.11 2.73
250 3.74 3.39 3.09 2.73
500 3.72 3.38 3.08 2.72
¿500 3.71 3.38 3.08 2.72

3 τβ

25 3.74 3.25 2.85 2.39
50 3.60 3.18 2.81 2.38
100 3.53 3.14 2.79 2.38
250 3.49 3.12 2.79 2.38
500 3.48 3.11 2.78 2.38
¿500 3.46 3.11 2.78 2.38
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.Ò´�3�½��{(Xi, Yi)}n
i=1e§��^�£8¼êm(x)����

Om̂n(x)"
XJéÜ�Ý¼êf(x, y)�3§Km(x)�L¤

m(x) =

∫
yf(x, y)dy/f(x)

Ù¥f(x) =
∫
f(x, y)dy´X�>��Ý¼ê"d�§¡(2.6.1)��Å

�½�."
XJX´(½5Cþ§¡(2.6.1)��½�½�.§�±L«�µ

Yi = m(Xi) + εi, i = 1, · · · , n (2.6.2)

Ù¥{εi}n
i=1´�pÕá!þ��0!���σ2�S�"

Ãëê£8�.��O�{kn�a§�´�¼ê�{§�´���
¦�O§n´­è�O"

���!!!���¼¼¼êêê���OOO

�¼ê�{�XÚïÄ©uStone(1977)§�~^��¼ê�{´Ø�
OÚC��O"¦^Ãëê²wEâ�AT¿£�'u��£8­���
ª(½�3�½�Ì*5§Ï�=¦´ìC�`²w�¹k��Ü©�D
Ñ§3�<�Ì*ÀJ�{/"

1. �¼ê�O

� ½ � �{(Xi, Yi)}n
i=1§ � ¼ê� O Ò´^ � £ 8 ¼êm(x)� �

Om̂n(x)§�L«¤eã/ªµ

m̂n(x) =
n∑

i=1

Wni(x)Yi (2.6.3)

Ù ¥ � ¼êWni(x) = Wni(x;X1, · · · , Xn)§i = 1, · · · , n§ ÷

vWni(x) ≥ 0§
n∑

i=1

Wni(x) = 1"

l(6.4.2)�wÑ§^�£8¼ê��O´Yi��5|Ü§éAx ∈
Rp¤����)º

Cþ��Om̂n(x)´Yi�\�²þ§�ê|^
)ºCþ�&E�d)
ºCþ�ê�5(½z�Yi��ê���"

2. Ø�O

Ø�O´�¼ê�O��«�{§3ué�Ø�¼ê��(6.4.2)¥�
�¼ê"Ø�¼ê´�­���«�¼ê§dd�)��O§=Ø�O®

k2��A^"
(1) Nadaraya-WatsonØ�O

Nadaraya(1964)9Watson (1964)JÑ
�«Q·Ü)ºCþ´(½5
Cþ§�·Ü)ºCþ´�ÅCþ�Ø�O§Ùg´XeµÀ½VÇ�

ÝK(·)
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∫
K(u)du = 1 (2.6.4)

�Ø¼ê9I°h > 0§½ÂØ�¼ê�µ

Wni(x) = Kh(x−Xi)/
n∑

j=1

Kh(x−Xj) (2.6.5)

Ù¥Kh(u) = h−1K(uh−1)�´��VÇ�Ý"u´Nadaraya-Watson
Ø�O�µ

m̂n(x) =
n∑

i=1

Kh(x−Xi)Yi/

n∑
j=1

Kh(x−Xj) (2.6.6)

N´í�µ

min
θ
n−1

n∑
i=1

Wni(x)(Yi − θ)2 = n−1

n∑
i=1

Wni(x)(Yi − m̂n(x))2 (2.6.7)

¤±§Ø�O�duÛÜ\����¦�O"'uÛÜ\����¦
�O§ò3§3.4¥0�"

�h→ 0�,k

m̂n(Xi) → K(0)Yi/K(0) = Yi

m̂n(x) → 0, (x 6= Xi, i = 1, · · · , n) (2.6.8)

��§���I°��Ø
êâ:	Ù§:�¼ê�Ñ�0�¼ê"
�h→∞�,K(x−Xi

h
) → K(0)§¤±

m̂n(x) → n−1

n∑
i=1

K(0)Yi/n
−1

n∑
i=1

K(0) = n−1

n∑
i=1

Yi (2.6.9)

��§���I°��L©1w�­�§�Cu��"
dþã��§I°´��Ø�O°Ý�­�ëê"
(2) �ÝØ�O

�Ý�O��ØáuÃëê£8SN§��Å�½�.�£8�{
p²~^�§§�3I¦ÚþïnØ¥§[ÌÂ\��Ý¼ê�O´�

�­��A^SN",	§3^�£8¼ê��êÏ"�OADE(Average
derivative estimation)¥��^��Ý¼ê��O"
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a)���Ý¼ê�O

�l²�©Ù¼ê�Ñ�ÝØ�O§²�©Ù¼ê�µ

Fn(x) =
1

n
(X1, · · · , Xn¥�uX��ê) (2.6.10)

�Ø¼ê�þ!Øµ

K0(x) =

{
1
2

�− 1 ≤ x < 1
0 Ù¦

(2.6.11)

K�Ý�O�

f̂n(x) = [Fn(x+h)−Fn(x−h)]/2h =
1

2h

∫ x+h

x−h

dFn(t) =

∫ +∞

−∞

1

h
K0(

x− t

h
)dFn(t)

=
1

nh

n∑
i=1

K0(
x−Xi

h
) (2.6.12)

òØ¼ê�°Ò������ÝØ�O

f̂n(x) =
1

nh

n∑
i=1

K(
x−Xi

h
) (2.6.13)

�¦�n→ +∞�§h→ 0,nh→ +∞"
e¡´Ø
þ!Ø	�Ù§Ø¼ê�~fµ

K1(x) =

{
1− |x| |x| ≤ 1
0 |x| > 1

(2.6.14)

K2(x) = [π(1 + x2)]−1 (2.6.15)

K3(x) =

{
(2π)−1

[
sin(x/2)

x/2

]2
x 6= 0

(2π)−1 x = 0
(2.6.16)

K4(x) =

{
0.75λ−3(λ2 − x2) x2 ≤ λ2

0 x2 > λ2 (2.6.17)

Ù¥λ > 0"
d	§�kpdØÚEpanechnikovØ�"

b) õ��Ý¼ê�O
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�p� � Å � þX� � Ý ¼ êf(x) = f(x1, · · · , xn)�
� §X1, X2, · · · , Xn´§ � � � Õ á Ó © Ù � � � § Kf(x)� Ø � O

�¶

f̂n(x) =
1

nhp

n∑
i=1

K(
x−Xi

h
) (2.6.18)

Ù¥K(·)´õ�Ø¼ê"éI°��¦�µ�n → +∞�§h →
0§nhp → +∞"

d	§ � Ý ¼ê� O � { � k C �(Nearest Neighbors)! � � S
�(Orthogonal Series)! ¨ v ¼ê(Penalty Functions)! G p � _ C �
£Fourier Inversion¤!δS�(Delta Sequences)!�Å�O!��d�{
�"

(3) Ù§/ª�Ø�¼ê
3 � Å�½ � . ¥ § X Jf(x)® � § � � Ø � ¼ê£Greblicki

1974;Johnston 1979,1982;GreblickiÚKrzyzak 1980; Georgiev 1984a,1984b¤
�µ

W
(1)
ni (x) = Kh(x−Xi)/[nf(x)] (2.6.19)

b �{Xi}n
i=13[0,1]þ � � § Ø � �X1 ≤ X2 ≤ · · · ≤

Xn§PriestleyÚChao(1972)ÚBenedetti(1977)æ^
e¡�Ø�µ

W
(2)
ni (x) = (Xi −Xi−1)Kh(x−Xi) X0 = 0 (2.6.20)

ù � Ø � � )º´f(x)� � O�f̂(x) = [n(Xi − Xi−1)]
−1,x ∈

(Xi−1, Xi)"
GasserÚMüller(1979)½Â
XeØ�µ

W
(3)
ni (x) =

∫ Si

Si−1

Kh(x− u)du (2.6.21)

Ù¥Xi−1 ≤ Si−1 ≤ Xi"
£2.6.20¤Ú(6.4.21) Ì�^u�½�½�."
£8¼ê�O����XI°~�
O�§ �XI°~�
~�"

¤±§Ãëê�OÒ´3�O� Ú��¥Ï¦²ï§¦�þ�Ø���
�"

(4)�ê�Ø�O

a)�½�½�.
£8¼ê��ê�Ø�Oæ^Priestley-ChaoØ�½Â�µ

m̂(k)
n (x) = h−(k+1)

n∑
i=1

(Xi −Xi−1)K
(k)(

x−Xi

h
)Yi (2.6.22)
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=£8¼ê�k��ê^£8¼ê�Ø�O�k��ê5�O"
b)�Å�½�.

éu�Å�½�.§E�|^Ø�¼ê��ê��^�£8¼ê�ê
��Oµ

m̂(k)
n (x) =

n∑
i=1

W
(k)
ni (x)Yi

�d���ê�L�ªéE,"~Xµ

W
(1)
ni (x) =

K
(1)
h (x−Xi)

f̂n(x)
− Kh(x−Xi)f̂

′
n(x)

(f̂ ′n(x))2

Ù¥K
(1)
h (u) = h−2K(1)(u/h)§f̂ ′n(x) = n−1

n∑
i=1

K
(1)
h (x−Xi)

£5¤I°�ÀJ
�p = 1§K(·)�[-1,1]þ é ¡ ! ü ¸ � V Ç � Ý�§m̂n(x)´8 ¥

3xNC��������\�²þ§
h�Ð´ù����°Ý"�h�

�§ë\²þ���Òõ§¬Jp�O°Ý§��U¬O� �"�
�§h�K�Ð��"¤±§I°h´��Ø�O°Ý��Ì��ëê"

Ï�²�[ÜØ�

p(h) = n−1

n∑
i=1

(Yi − m̂n(X
)
i )

2w(Xi) (2.6.23)

(w(x) ≥ 0�,�ê)�XhO\
O\(ë�(6.4.8)Ú£2.6.9¤)"¤

±§¦�p(h)����h�0"Ï
§�ZI°ÀJ�Ä�g�´¦�²

þ²�Ø�µ

dA(h) = n−1

n∑
i=1

(m̂n(Xi)−m(Xi))
2w(Xi) (2.6.24)

����"·�F"ÏLp(h)N�
��dA(h)��Oþ"�d§
òp(h)Ðmµ

p(h) = n−1

n∑
j=1

ε2
jw(Xj) + dA(h)− 2n−1

n∑
j=1

εj(m̂n(Xj)−m(Xj))w(Xj)(2.6.25)

�����­��µ

C1n(h) = −2n−1

n∑
j=1

εj

[
n−1

n∑
i=1

Wni(Xj)Yi −m(Xj)

]
w(Xj) (2.6.26)
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Ù3�½{X1, · · · , Xn}e�^�Ï"�µ

− 2n−1

n∑
j=1

[n−1Wnj(Xj)σ
2(Xj)]w(Xj) (2.6.27)

��kn«�U�å»��dA(h)�Ã �Oµ

• A^GØEâ¦�6.2.24)�Ï"�0"

• ép(h)?1?�§�Ø(6.2.24)� "

• |^�\{§òdA(h)¥��þ^ÙÃ �Oþ�\"

éAuùn«ØÓ�å»�)
ÀJI°����½�{!¨v¼ê
{Ú�\{"

���½�{£Cross-validation method¤´Stone£1977¤JÑ�§
3�½Ø�¼êWni(x)e§ÀJ�°h���~^�{"ÙÄ�g´´µ
3z�ÛÜ*	:x = Xi§Äk3��¥GØT*	:(Xi, Yi)¶Ùgò�
e�n¨1�*	:3x = Xi??1Ø�Oµ

m̂n,−i(Xi) =
∑
j 6=i

Wnj(Xi)Yj

��§ÏL'�²�[ÜØ�

CV (h) = n−1

n∑
i=1

(Yi − m̂n,−i(Xi))
2w(Xi)

(w(x) ≥ 0�,�ê)���§ÀJ¦²�[ÜØ������°h"T
�{�'�´3��¥GØ*	:(Xi, Yi)"XJØù��{§duØ�¼
êWni(x)3*	:x = Xi����§Ò¬¦�x = Xi�­�§ÝL°§�

�Ù§*	:êâ�­�§Ýü$"¤±æ^���½�{Ò;�
Ïv

GØ*	:(Xi, Yi)§
òk^�êâüØ3	��¹"òCV (h)Ðm§a
qu£2.6.26¤���µ

C2n(h) = −2n−1

n∑
j=1

εj

n−1

n∑
i 6= j
i = 1

Whi(Xj)Yi −m(Xj)

w(Xj)

ÙÏ"�0"
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���½�{Ú¨v¼ê{k�3¢�¥Ø���§cÙ´3p��

¹"�\{£The plug-in method¤§=r��¼ê��O�\�ìCúª
p±ÀJ�ZI°"�\{�g��ÐdWoodroofe(1970)3?1�Ý�O

�Ú\§�dScoott,TapiaÚThompson(1977)JÑ�\{ÀJI°�S�

O�Ú½§SheatherÚJones(1991)§Gasser£1991¤U?
ù��{§U
?��\{kÐ�nØ©Û5��Ð�¢S�J§¿��@�'���½
�{Ú¨v¼ê{�Ð"

(5)~^Ø¼ê
Ø�O�Ø%¯KÒ´Ø�¼ê�ÀJÚI°�ÀJ"Ø�¼ê3Ø

�O¥å1w��^§=�Ø6Ä��ÅÏ�§¦¤�­��NCþ�m

�¢S²L'X"~^�Ø�¼êkpd£Gaussian¤ÚEpanechnikovØ
�¼ê"
a) pdØ¼ê(Gaussian Kernel )

µ =
1

n

n∑
i=1

Xi

Σ =
1

n

n∑
i=1

(Xi − µ)′(Xi − µ) (2.6.28)

�X´���, Σ�¤σ2 = 1
n

n∑
i=1

(Xi − µ)2"pdØ�¶

K(u) =
1

(2π)p/2(| det(Σ)|)1/2
exp(−1

2
uΣ−1u′) (2.6.29)

Kh(x−Xi) =
1

(2π)p/2(| det(h2Σ)|)1/2
exp(− 1

2h2
(x−Xi)Σ

−1(x−Xi)
′)

(2.6.30)

�X´���,Kh(x−Xi) = 1
(2π)1/2(hσ)

exp(− 1
2h2

(x−Xi)
2

σ2 )"
½ÂpdØ�¼ê�µ

Wni(x) = Kh(x−Xi)/
n∑

j=1

Kh(x−Xj)

b) Epanechnikov Ø
EpanechnikovØ�µ

K(u) =
p(p+ 2)

2Sp

(1− u2
1 − · · · − u2

p)+ (2.6.30)

Ù¥Sp = 2πp/2/Γ(p/2)"�p = 1�,K(u) = 0.75(1− u2)I(|u| ≤ 1)
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Kh(x−Xi) =
p(p+ 2)

2hSp

[1− (
x1 −Xi1

h
)2 − · · · − (

xp −Xip

h
)2)+ (2.6.31)

EpanechnikovØ�¼ê�µ

Wni(x) = Kh(x−Xi)/
n∑

j=1

Kh(x−Xj)

õ��Ø¼ê��d���Ø¼ê5�Eµ

K(u1, · · · , up) =

p∏
i=1

Ki(ui) (2.6.32)

Ù¥Ki(t), i = 1, · · · , p����Ø¼ê"

Kh(x−Xi) =

p∏
j=1

h−1
j Kj(

xj −Xij

hj

) (2.6.33)

Ù¥h = (h1, · · · , hp)�I°�þ"
õ�Ø�¼ê�

Wni(x) =

p∏
j=1

Kj(
xj −Xij

hj

)/
n∑

k=1

p∏
j=1

Kj(
xj −Xkj

hj

) (2.6.34)

I°$��±�I°Ý
§�K(u)�õ�Ø¼ê§

KB(u) = |B|−1K(uB−1) (2.6.35)

Ù¥B´p× p�½Ý
,¡��I°Ý
"
õ�Ø�¼ê�

Wni(x) = KB(x−Xi)/
n∑

j=1

KB(x−Xj) (2.6.36)

(6)Ø¼ê�ÀJ

m̂n(x)œffL

CV cKn
−1h−1 + C2

Bd
2
Kh

4 (2.6.37)

Ù¥CV ÚCB´�Ø¼êKÃ'�þ"��z(5.8.35)��I°�µ
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ho =

(
CV

4C2
B

)1/5(
cK
d2

K

)1/5

n−1/5 (2.6.38)

�\(5.8.35),��µ

MSEopt = n−4/5(CV )4/5(CB)2/5(41/5 + 4−4/5)c
4/5
K d

2/5
K (2.6.39)

¤±§�`�Ø¼ê´¦

c2KdK =

(∫
K2(u)du

)2 ∫
u2K(u)du (2.6.40)

����Ø¼ê"
���/§·��Ä�Opg���m�k��êm(k)"¦�m̂(k)�þ

�Ø�����Ø¼ê�¦�

V (K)B(K) =

[∫ 1

−1

(K(k)(u))2du

]p−k ∣∣∣∣∫ 1

−1

K(k)(u)updu

∣∣∣∣2k+1

(2.6.41)

����Ø¼ê"
Ï�Ø¼ê'uºÝC�E�Ø¼ê§

K(k)(u) → s−(k+1)K(k)(u/s) (2.6.42)

¤±§·��éØ¼ê\±�åµk| [-1,1]"~X§Ø¼ê

K(u) = Cα(1− u2)αI(|u| ≤ 1) (2.6.43)

L 2.6.1: ��zV (K)B(K)�Ø¼ê

k p K(u)
0 2 (3/4)(−u2 + 1)I(|u| ≤ 1)
0 4 (15/32)(7u4 − 10u2 + 3)I(|u| ≤ 1)
1 3 (15/4)(u3 − u)I(|u| ≤ 1)
1 5 (105/32)(−9u5 + 14u3 − 5u)I(|u| ≤ 1)
2 4 (105/16)(−5u4 + 6u2 − 1)I(|u| ≤ 1)
2 6 (315/64)(77u6 − 135u4 + 63u2 − 5)I(|u| ≤ 1)
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lL2.6.1�wÑ§�`Ø��ê¿Ø´^�£8¼ê�ê�O��`
Ø"~X§(k, p) = (1, 3)�Ø¿Ø´(k, p) = (0, 4)�Ø¼ê"

(7) >.Ø
3�C*	«m�>.§du���*	:^u²þ§¤±?ÛÃë

ê£8�{�°(ÝÑk¤eü§d��O� Ú��ÑòO�"
�Ä�½�½�.§Ø¼êk[-1,1]| §^�£8¼ê�Ø�O�µ

m̂n(x) = n−1

n∑
i=1

Kh(x−Xi)Yi

K§�Ï"�L¤µ∫ x/h

(x−1)/h

K(u)m(x− uh)du+O(n−1h−1) (2.6.44)

�x = ρh ≤ 1− h,|^�N?êÐm§(5.8.42)�deªCq

m(x)

∫ ρ

−1

K(u)du− hm′(x)

∫ ρ

−1

uK(u)du+ (1/2)h2m′′(x)

∫ ρ

−1

u2K(u)du

= m(x)ωK(0, ρ)− hm′(x)ωK(1, ρ) + (1/2)h2m′′(x)ωK(2, ρ) (2.6.45)

w,§e�Ø£Ø´VÇ�Ý¤�µ

Kρ(·) = K(·)/ωK(0, ρ) (2.6.46)

Km̂n(x)�Xh→ 0, n→∞, nh→∞�ìCÃ �O"
�,§XJρ ≥ 1§KωK(0, ρ) = 1, ωK(1, ρ) = 0, ωK(2, ρ) = dK"

Ï 
 § �x� l � > .�§   d Ð mª£2.6.46¤ � 1 n � � Ñ " X

Jρ < 1,=x3>.�§ Ä�þ´dÐmª�1���Ñ§2Â
�Eâ
£GrayÚSchucany 1972¤��Øù��� "Pm̂h,ρ(x)�Ø�Kρ(·)�Ø
�O§¡

m̂J
h(x) = (1−R)m̂h,ρ(x) +Rm̂αh,ρ(x) (2.6.47)

�m(x)�
��O"�

R = − ωK(1, ρ)/ωK(0, ρ)

αωK(1, ρ/α)/ωK(0, ρ/α)− ωK(1, ρ)ωK(0, ρ)
(2.6.48)

�§m̂J
h(x)��O Ðmª�Ì��ò��Ø"¯¢þ§
��O´

¦^
Ø¼ê
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KJ
ρ (u) = (1−R)K(u)− (R/α)K(u/α) (2.6.49)

�¡KJ
ρ (·)�>.Ø"Rrice(1984b)ïÆαÀJ

α = 2− ρ

3©k-C��O

k − CßfflOQuœ˚ø.u˚ø.”

(1) k-C�Ø�¼ê(K-Nearest Neighbor Kernel Weights)

4k = int(hn),Ù¥0¡h ≤1.½Â

Jx = {i : Xi´lx�C�k�*	���T}
d(x) = (xx′)1/2 (2.6.50)

R(x) = max{d(x− z) : z ∈ Jx} (2.6.51)

ui(x) = d(x−Xi)/R(Xi) (2.6.52)

k− C��O~^�Ø¼êkµ

• Uniform Kernel

K(t) = 0.5I[−1,1](t) (2.6.53)

• Triangular Kernel

K(t) = (1− |t|)I[−1,1](t) (2.6.54)

• Quartic Kernel

K(t) =
15

16
(1− |t|2)2I[−1,1](t) (2.6.55)

• Tricube Kernel

K(t) =
70

81
(1− |t|3)3I[−1,1](t) (2.6.56)
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½ÂKNNØ�¼ê�µ

Wni(x) =
K(ui(x))

n∑
j=1

K(uj(x))
(2.6.57)

k−C��O�Ø�����dõ�Ø¼êK�)µ

WRi(x) =
KR(x−Xi)

nf̂R(x)
(2.6.58)

Ù ¥f̂R(x) = n−1
n∑

i=1

KR(x−Xi) ´f(x)Ø � Ý � O §KR(u) =

R−1K(u/R),

R = max{|x− z|, z ∈ Jx}”

(2)k-C��O

£8¼êm(x)�k-C��O�

m̂n(x) =
n∑

i=1

Wni(x)Yi (2.6.59)

éu���Å�½�.�k-C��O§XJk → ∞§h → 0§n →
∞§Kþ!Ø(4.2.51)�k-C��O� Ú���µ

E m̂n(x)−m(x) ≈ 1
24f(x)3

[(m′′f + 2m′f ′)(x)](k/n)2

Var{m̂n(x)} ≈ σ2(x)
k

, � a C � � O´� � é ¡ z C � � O § § dYang(1981)J
Ñ§Stute(1984)?�ÚïÄ"=

m̂k(h)(x) = (nh)−1

n∑
i=1

K

(
Fn(Xi)− Fn(x)

h

)
Yi (2.6.60)

Ù¥Fn´X���²�©Ù"½ÂÏ"�

m̄k(h)(x) = h−1

∫
m(u)K

(
F (u)− F (x)

h

)
du (2.6.61)

K�n→∞, h→ 0, nh3 →∞�§

(nh)1/2(m̂k(h)(x)− m̄k(h)(x)) −→ N(0, cKσ
2(x)) (2.6.62)

ØJy²§�O� �µ



74 1�Ù �.(��²;�Oþ²LÆ¯K

h2dK
(m′′f −m′f ′)(x)

2f 3(x)
O(h2) (2.6.63)

L 2.6.2: �½�½�.Ø�OÚk-C��O�Å: Ú��
�¼ê   ��

Ø�{Whi} h2 m′′(x)
2
dK

σ2(x)
nh

cK
k−C��

(
k
n

)2 m′′(x)
8
dK

2σ2(x)
k

cK

L 2.6.3: �Å�½�.Ø�OÚk-C��O�Å: Ú��
�¼ê   ��

Ø�{Whi} h2 (m′′f+2m′f ′)(x)
2f(x)

dK
σ2(x)

nhf(x)
cK

k− C��
(

k
n

)2 (m′′f+2m′f ′)(x)
8f(x)3

dK
2σ2(x)

k
cK

nnn!!!������^̂̂���¼¼¼êêê���OOO���ÃÃÃëëëêêê£££888���...¢¢¢~~~
~2.6.1 ·Ié	²LéX�ISÏÀ)ä'X�Ãëê�O�.
À½û¬?Ñ�o�xÚ	®;�fcL«·Ié	²LéX"�LÏ

À)ä�CþKæ^Ø¬�¤d��ê"l5¥IÔd6��1993c4�
�1998c11�z��þcÓ��'�Ø¬�¤d��ê§2��¤z�
�1992c4��'�Ø¬�¤d��ê§·�^§���)ºCþCþy"
û¬?Ñ�o�]�5g5°'ÚO6	®;�]�5g5¥I7K6"
êâ�L2.6.4"

�
?1'�§²;�5£8�.��O(JXeµ

ŷ = 122.06
(21.446)

+ 0.065978
(2.2246)

x+ 0.052493
(13.373)

fc

R2 = 0.84582 F = 178.29

ã2.6.1´²;�5£8�.�[Üã§[Ü�þ�Ø��11.035"
Ãëê£8�.æ�pdØ�O�{§æ^���½{ÀJ�ZI

°�h = 0.25§ã2.6.2´pdØ�O�[Üã§Ãëê£8�.[Ü�þ
�Ø��3.809"2éÃëê£8�.æ�k-C�TricubeØ�O§æ^�
��½{ÀJ�ZI°�h = 0.1§ã2.6.3´TricubeØ�O�[Üã§[
Ü�þ�Ø��1.8644" L2.6.5´·IÏÀ)ä²;�5£8�.!pd

ØÚk-C��O�Ãëê£8�.�[Ü�§Ù¥Y1´²;�5£8�.
�[Ü�§Y2´pdØ�O�[Ü�§Y3´k-C�TricubeØ�O�[Ü
�"
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ã 2.1: �5£8[Üã

ã 2.2: pdØ�O�[Üã
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L 2.6.4: ·Ié	²LÚÏÀ)ä�êâ£1993.4-1998.11¤

obs P Y X FC obs P Y X FC
93.04 117 117 143.79 196.42 96.02 110.3 190.57 167.77 797.67
93.05 119.5 121.07 157.22 194.51 96.03 111.2 190.89 215.28 808.29
93.06 121.6 124.82 143.35 188.77 96.04 110.9 191.35 222.85 818.24
93.07 123.3 128.24 163.88 189.95 96.05 109.6 193.46 241.51 850.02
93.08 122.2 128.77 163.93 191.58 96.06 109.8 198.61 231.51 866.16
93.09 120.7 128.86 183.96 196.2 96.07 108.9 202.41 236.95 896.93
93.10 121.1 131 166.87 210.05 96.08 108.7 202.99 252.48 931.93
93.11 121.9 133.59 184.78 223.9 96.09 108.3 200.89 236.88 953.63
93.12 123.9 137.57 315.9 237.76 96.10 108.1 201.23 265.06 988.5
94.01 123.2 138.6 105.95 251.61 96.11 108.1 204.63 252.4 1023.06
94.02 125.9 143.5 116.95 278.49 96.12 107.9 204.66 383.58 1050.29
94.03 124.5 143.77 172.12 286.18 97.01 106.8 199.1 216.36 1086.79
94.04 123.2 144.144 183.42 301.42 97.02 106.4 202.77 175.23 1103.15
94.05 121.8 147.47 189.19 305.5 97.03 104.2 198.9 251.86 1120.55
94.06 122.7 153.16 208.13 318.63 97.04 103.4 197.85 259.96 1144.08
94.07 124.2 159.27 199.66 348.26 97.05 103 199.27 269.06 1175.75
94.08 127.1 163.67 202.44 377.9 97.06 103.1 204.77 266.13 1209.41
94.09 127.5 164.29 197.01 407.53 97.07 103.5 209.4 283.86 1259.46
94.10 127 166.36 198.26 437.16 97.08 102.7 208.47 270.9 1303.4
94.11 126.4 168.86 229.71 490.23 97.09 102.7 206.31 280.64 1340.7
94.12 124.1 170.73 364.46 516.2 97.10 102.1 205.46 306.45 1378.97
95.01 122.5 169.78 156.79 547.89 97.11 102 208.72 288.37 1388.73
95.02 120.4 172.77 160.08 573.86 97.12 101.5 207.73 382.8 1398.9
95.03 119.4 171.66 231.22 579.6 98.01 101.4 201.89 214.71 1404.86
95.04 119.7 172.54 222.69 599.22 98.02 100.9 204.95 213.82 1403.33
95.05 119.7 179.56 243.1 606.29 98.03 101.9 202.69 272.24 1406.17
95.06 118.1 180.88 249.92 626.59 98.04 100.7 199.24 276.44 1405.67
95.07 116.7 185.86 233.94 655.94 98.05 99.7 198.67 261.99 1409.05
95.08 114.1 186.74 241.07 675.19 98.06 99.4 203.54 274.55 1405.1
95.09 112.9 185.49 237.11 698 98.07 98.8 206.98 281.2 1405.99
95.1 111.9 186.15 233.14 729.98 98.08 98.7 205.76 264.35 1407.38
95.11 112.1 189.3 242.25 744.96 98.09 98.3 202.8 270.18 1411.07
95.12 111.1 189.68 357.17 735.97 98.10 98.6 202.59 263.79 1437
96.01 109.8 186.42 192.76 761.07 98.11 98.7 206 274.73 1445.88
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L 2.6.5: ·IÏÀ)ä�5£8!pdØÚk-C��O�[Ü�

c� Y0 Y1 Y2 Y3 c� Y0 Y1 Y2 Y3
93.04 117 141.86 123.51 121.62 96.02 190.57 175 188.47 189.69
93.05 121.07 142.64 128.93 124.99 96.03 190.89 178.69 193.79 191.1
93.06 124.82 141.43 123.49 122.67 96.04 191.35 179.72 194.93 192.1
93.07 128.24 142.84 131.91 126.31 96.05 193.46 182.62 195.14 195.31
93.08 128.77 142.93 131.93 126.27 96.06 198.61 182.8 196.71 197.18
93.09 128.86 144.5 140.37 128.95 96.07 202.41 184.78 197.8 200.09
93.10 131 144.1 133.35 129.93 96.08 202.99 187.64 198.83 201.94
93.11 133.59 146.01 141.88 132.03 96.09 200.89 187.75 199.05 201.91
93.12 137.57 155.38 137.66 137.63 96.10 201.23 191.44 200.54 202.39
94.01 138.6 142.26 140.66 140.54 96.11 204.63 192.42 200.84 202.52
94.02 143.5 144.4 141.57 141.74 96.12 204.66 202.5 204.44 204.09
94.03 143.77 148.44 137.13 145.46 97.01 199.1 193.38 198.96 200.36
94.04 144.14 149.98 144.67 147.69 97.02 202.77 191.53 202.71 200.58
94.05 147.47 150.58 147.71 148.49 97.03 198.9 197.5 201.32 198.71
94.06 153.16 152.52 154.55 150.77 97.04 197.85 199.27 201.94 199.21
94.07 159.27 153.52 153.78 157.53 97.05 199.27 201.53 202.91 200.53
94.08 163.67 155.25 156.27 162.3 97.06 204.77 203.1 203.23 203.21
94.09 164.29 156.45 156.29 164.13 97.07 209.4 206.9 205.34 206.96
94.10 166.36 158.09 158.39 165.33 97.08 208.47 208.35 204.4 208
94.11 168.86 162.95 173.02 168.02 97.09 206.31 210.95 205.2 206.99
94.12 170.73 173.2 170.84 170.72 97.10 205.46 214.67 206.44 206.77
95.01 169.78 161.17 171.69 171.31 97.11 208.72 213.98 205.65 208.04
95.02 172.77 162.75 172.35 171.69 97.12 207.73 220.75 207.73 207.34
95.03 171.66 167.74 178.39 175.09 98.01 201.89 209.97 203.41 203.28
95.04 172.54 168.21 178.77 175.69 98.02 204.95 209.83 203.42 203.29
95.05 179.56 169.93 179.67 176.95 98.03 202.69 213.84 203.8 202.2
95.06 180.88 171.44 180.17 180.59 98.04 199.24 214.09 204.16 202.94
95.07 185.86 171.93 182.34 185.05 98.05 198.67 213.31 203.09 202.36
95.08 186.74 173.41 182.8 185.65 98.06 203.54 213.93 204 202.47
95.09 185.49 174.34 184.36 186.41 98.07 206.98 214.42 204.64 203.19
95.10 186.15 175.76 187.11 186.99 98.08 205.76 213.38 203.24 202.46
95.11 189.3 177.15 186.53 187.35 98.09 202.8 213.96 203.6 202.96
95.12 189.68 184.26 189.7 189.24 98.10 202.59 214.9 203.05 203.93
96.01 186.42 174.73 186.8 187.65 98.11 206 216.09 203.67 204.38
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ã 2.3: k-C�TricubeØ�O[Üã

ooo!!!(((½½½555)))ºººCCCþþþÃÃÃëëëêêê£££888���...������������¦¦¦{{{���OOO

���¦{´(½5)ºCþÃëê£8�.�O�,�«Ì��
{§Ì�k��S��O!�^�OÚ�Å�O"'u�Å�O§ùpØ

�0�"
1. ��S��O

��gCþ���«m�5�±l∞�∞§�²L���5C�§
o�±C�[-1,1]§Ø��£8¼êm(x)�½Â��[-1,1]§b�{ϕj}∞j=0�
¤[-1,1]þ��|��Ä§=∫ 1

−1

ϕj(x)ϕk(x)dx = δjk =

{
0 j 6= k
1 j = k

(2.6.64)

Km(x)k��S�Ðmµ

m(x) =
∞∑

j=1

βjϕj(x) (2.6.65)

w,k

βj =
∞∑

k=0

βkδjk =
∞∑

k=0

βk

1∫
−1

ϕk(x)ϕj(x)dx =

∫ 1

−1

m(x)ϕj(x)dx (2.6.66)

u´§�.��O�µ
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m̂n(x) =

N(n)∑
j=1

β̂jϕj(x) (2.6.67)

Ù¥

β̂j = n−1

n∑
i=1

ϕj(Xi)Yi (2.6.68)

NJj),ˇ`”

e{Ai}n
i=1´� | Ø � � « m 8 Ü § � ÷ v

n∑
i=1

Ai = [−1, 1]ÚXi ∈

Ai§i = 1, · · · , n§K

βj =

∫ 1

−1

m(x)ϕj(x)dx =
n∑

i=1

∫
Ai

m(x)ϕj(x)dx ≈
n∑

i=1

m(Xi)

∫
Ai

ϕj(x)dx

(2.6.69)
u´§

β̂j =
n∑

i=1

Yi

∫
Ai

ϕj(x)dx (2.6.70)

~^���ÄkIO�Legendreõ�ªÚFourierÄ"
(1) Legendreõ�ª

P0(x) = 1/
√

2

P1(x) = x/
√

2/3

P2(x) = 1
2
(3x2 − 1)/

√
2/5

P3(x) = 1
2
(5x3 − 3x)/

√
2/7

P4(x) = 1
8
(35x4 − 30x2 + 3)/

√
2/9

P5(x) = 1
8
(63x5 − 70x3 + 15x)/

√
2/11

Ù§p�Legendreõ�ª�deª4í/íÑµ

(m+ 1)Pm+1(x) = (2m+ 1)xPm(x)−mPm−1(x) (2.6.71)

Legendreõ�ªS�{Pj(x)}∞j=0�¤[-1,1]þ��|��Ä"
(2) FourierÄ

q1(x) = 1
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q2k(x) =
√

2 cos(2πkx),

q2k+1(x) =
√

2 sin(2πkx)
k = 1, 2, · · · (2.6.72)

KS�{qj(x)}∞j=0�¤[0,1]þ��|��Ä"
2. �^�O

�^1w�Ð´dWhittaker(1923)���«ê�©Û�óäJÑ"�
8�c�Schoenberg(1964)^uê��[§�Ñ1w�^�O§�ý��
��«Ãëê£8©Û�{ïÄ1w�^K©uÔ�c�Grace Wahba�
�X�ó�"y3�nØÚ²�ÑL²1w�^´�«k��ÚOêâ©
Û�óä"

(1) õ�ª�^
�Ä

Yi = m(Xi) + εi, i = 1, · · · , n

Ù¥εi´i.i.d. §þ��0§���σ2"
�t1, · · · , tJ´�½!:S�§−∞ < t1 < · · · < tJ < +∞"
Bj(x) = (x− tj)

3
+, (j = 1, · · · , J)

BJ+1(x) = 1, BJ+2(x) = x,BJ+3(x) = x2, BJ+4(x) = x3 (2.6.73)

Ká��^¼ê�L«¤µ

J+4∑
j=1

θjBj(x)

u´§õ�ª�^�O���z

n∑
i=1

{Yi−
J+4∑
j=1

θjBj(x)}2 (2.6.74)

��θ̂j (j = 1, · · · , J+4),2��

m̂(x) =
J+4∑
j=1

θ̂jBj(x)” (2.6.75)

þã��^�O�{�ûu!:�êÚ!: ��ÀJ§!: �A
ÀJ­��­Ç²wk��C�� �"

(2) ²w�^
�«gÄÀJ!:��{´²w�^"XJ�ÄüX���¦¯K§

¦¼êm¦�
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1

n

n∑
j=1

[Yj −m(Xj)]
2 (2.6.76)

���§K¼êm�ÏL¤k*ÿ:�ò��L�ª"�ù��)v

kA^d�§Ï�§�í���0§�y¢Ø¬Ü"�
�ymk�½�1
w5§Aæ^Xe�¨v���¦{"

b½���£8¼êm(x)�½Â��[0,1]§§�d��ê´²��È
�§=

J(m) =

∫ 1

0

[m(d)(x)]2dx < +∞ (2.6.77)

m(x)œNm

m(x) =
d−1∑
i=0

θix
i +Re(x)

Ù¥{��

Re(x) =
1

(d− 1)!

∫ 1

0

m(d)(t)(x− t)d−1
+ dt

X{�Re(·)�±����é�§Km�Ün�O´��d − 1gõ�

ª"¦^Cauchy-SchwarzØ�ªk

[Re(x)]2 ≤ 1

(2d− 1)[(d− 1)!]2
J(m)

Ï
§�3~êc = c(m)¿0,¦�

sup
x∈(0,1)

|Re(x)| ≤ cJ(m)1/2

�Ò´`§��m�1w§Ý��IJ(m)��'X�^õ�ª%C�
�{����"~Xé,�¿©��ρ¿0,kJ(m) ≤ ρ§Kù�ρ�L²3õ
�§Ýþõ�ª£8´Ä�^um��O"

y�J(m) ≤ ρ§£8¼êm(x)��^�O�¦

Sλ(m) =
1

n

n∑
j=1

[Yj −m(Xj)]
2 + λ

∫ 1

0

[m(d)(x)]2dx (2.6.78)

����)m̂n,λ(x)"ùpλ¡�1wÏf"ù��u3�åJ(m) ≤
ρe§¦�(2.6.76) �����å���¦�Oµ
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1

n

n∑
j=1

[Yj −m(Xj)]
2+λF (m)− ρ) = min

�d = 2§Silverman(1984)�Ñ²w�^�O��uCI°�Ø�Oµ

m̂nλ(x) =
n∑

i=1

Wλi(x)Yi

Ù¥

Wλi(·) ≈ n−1f(Xi)
−1h(Xi)

−1KS

(
· −Xi

h(Xi)

)
(2.6.79)

Ks(u) = 1/2 exp(−|u|/
√

2) sin(|u|/
√

2 + π/4)

h(Xi) = λ1/4n−1/4f(Xi)
−1/4

�
(½(2.6.78)¥�λ§½Ân× nÝ
A(λ)µ
m̂n,λ(X1)
m̂n,λ(X2)
...
m̂n,λ(Xn)

 = A(λ)


Y1

Y2
...
Yn

 (2.6.80)

Ï�m̂n,λ(Xi),i = 1, · · · , n´Y1, · · · , Yn��5¼ê§¤±A(λ)´�3
�"

WahbaJÑ§λ��O���eª���z)µ

V (λ) =
1

n
||(I − A(λ))Y ||2/

[
1

n
tr(I − A(λ))

]2

(2.6.81)

¿ r ù � � O ¡ � 2 Â � � � ½(Generalized Cross-
Validation,GCV)�O"

X J F"� �m̂n,λ(x)ÚA(λ)� w«L �ª§ � / Ï u � ã p
£Bernoulli¤õ�ª"ùpØ�äN0�"

,	§ © ¬ õ �ª� O´� « ­ � �Ãëê£ 8 � O § §

� � õ �ª� O k � õ � ( ¹ 5 "¯¢þ � ^ � O �´� « A
Ï� © ¬ õ �ª� O § �´Ï L Ø Ó å » � � " � @ �©z §
XMCGtlÚCatleton(1970)!Major(1973)!Stone(1985)éù«�Ok�\

�nØ©Û"�ù
ó�Ñ´ÄuL.S.�{§Ï
"y­è5"·IÆö
l­è5Ñu§ïÄ©¬õ�ªM-�O§¿®�Ñ�
�\�nØó�
£�SHI Pei de(1992)Æ¬Ø©¤"
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ÊÊÊ!!!­­­èèè���OOO

1. L-²w
�Ä^�L-¼ê

l(x) =

∫ 1

0

J(v)F−1(v|x)dv (2.6.82)

Ù¥J(v) = I(α ≤ v ≤ 1− α)/(1− 2α))§0 < α < 1/2¶

F−1(v|x) = inf{y : F (y|x) ≥ v}0 < v < 1ˆ”

�^ØEâ�OF (·|x)Xeµ

Fn(t|x) =
n−1

∑n
i=1Kh(x−Xi)I(Yi ≤ t)

f̂n(x)
(2.6.83)

u´§m(x)�L-²w�O�µ

m̂L
n(x) =

∫ 1

0

J(v)F−1
n (v|x)dv (2.6.84)

2. M-²w
M-²w�O�g�´|^��g��¼ê~�É~*ÿ��K�"ù

���¼ê���~f£Huber 1981¤´µ

ρ(u) =

{
(1/2)u2 |u| ≤ c
c|u| − (1/2)c2 |u| > c

(2.6.85)

Ù¥~êcN�­è�§Ý"
M-²w�^�O�µ

arg min
g

{
n−1

n∑
i=1

ρ(Yi − g(Xi))+λ

∫
[g′′(x)]2dx

}
(2.6.86)

Ù¥z = arg min
u

v(u)�v(u)k������3z?��"

M-²wØ�O�

arg min
θ

{
n∑

i=1

Wni(x)ρ(Yi − θ)

}
(2.6.87)

3. LOWESS(Locally Weighted Scatter plot Smoothing)
Cleveland£1979¤ J Ñ 
 Ä u Û Ü õ �ª[ Ü �­è � O �

{LOWESS"Ä�g�´k^ÛÜõ�ª�O?1[Ü§,�½Â­è
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��ê¿?1²w§­EAg�Ò���­è�O"ùpÛÜ�O�{´
æ^k-C��O"

1�Úµ3x���?1ÛÜõ�ª£8�O§��{βj}p
j=0��O§

¦�

1

n

n∑
i=1

Wni(x)

(
Yi −

p∑
j=0

βj(Xi − x)j

)2

(2.6.88)

���"Ù¥{Wni(x)}´k-C��§�ZI°d���½{(½"
1�ÚµO�í�,ε̂i = Yi − β̂0.Ù¥β̂0´3x���?1ÛÜõ�ª

£8�~ê�β0 = m(x)��Oþ"O�σ̂ied{|ε̂i|}¿½Â­è�êδi =
K(ε̂i/(6σ̂))§Ù¥K(u) = (15/16)(1− u2)2I(|u| ≤ 1)"

1nÚµ­E1�Ú§?1ÛÜõ�ª[Ü§��ê^{δiWni(x)}.­
Esg�Ò���­è�O"

du­è�êδi = K(ε̂i/(6σ̂))�òÉ~�üØ3	§¿�Ð©í��

£�¤�*ÿ�3e�gÛÜõ�ª£8¥��êÒ�£�¤"Ï
§­

EAg�Ò�òÉ~�Øä/üØ3	§¿�ª��­è��O"
Cleveland(1979)í�p = 1, s = 3"

2.7 ���ÙÙÙggg���KKK���nnnÜÜÜöööSSSKKK
���!!!ggg���KKK
în)��5ÊÏ���¦{��{�nÚ�O�.ëê�Ú½"
ï3æ^��5ÊÏ���¦{�§��o�½ØÓ�ëê�O��

Ð�²~¬��ØÓ��O(Jº
ð��oNõ²L¯KI�ïáCëêOþ²LÆ�.ºÛ¢(½5

Cëê�.ºÛ¢�ÅCëê�.º
ñ��o`�mS�©Û�.vk�«²LÏ��m�ÏJ'Xº
òxÑÜ6O�­�Ú÷][O�­�§'��ö�ÉÓ¶©O�Ñ

�
ÑlÜ6O�­�Ú÷][O�­��²L�I§£Ñ§��O�­

�"
ón)Ü6O�­�Ú÷][O�­��.�ëê�O�{"
ôÙG�«~���mS�©Û�.�êÆ/ª"
õ¦^�mS�©Û^�éÌ��÷*²L�IS�?1£O§�ä

§�áu=�a�mS�©Û�."
ön)'u­½S�!ü�Ú���Vg§±9ïÄCþ�m���

'XéuïáOþ²LÆ�.�¿Â"
÷lVgþ)ºµ��o±ØCd�O���¤��1�ü�§
±�

cd�O���¤��2�ü�º��o�¤�ÚÂ\�m�U�)��§
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�¤�Ú;O{��mØ�U�)��º��oÀJÂ\���¤�)
ºCþ´Ün�§
ÀJ;O{����¤�)ºCþ´ØÜn�º

øÙGADFu��Ú½§ÀJ��÷*²L�IS��¤u���L
§"

ùn)Ø�?��.�/ª"
ún)Ãëê£8�.�Vg!�¼ê�OÚ���¦�O�Ä��

n"
û©ÛÖ¥�¢~§g���oÃëê£8�.'�5£8�.k�

Ð�[Ü�J"
���!!!nnnÜÜÜöööSSSKKK
î^~2.1.1�¯KÚêâ§©Oæ^�5�.Ú��5�.��{�

O�.§'�(J"XJÑygñ§Á©Û�Ï"
ï±·I?Ñ�o���)ºCþ§IS)�o��)ºCþ§ï

á(2.2.6)½(2.2.7)/ª�(½5Cëê�.¶½ö±·I÷ �þ��)
ºCþ§Â«¡È�)ºCþ§ïá(2.2.6)½(2.2.7)/ª�(½5Cëê
�.¶¿é(J?1©Û"

ðÀJ��{ü�¢S¯K§~X¥I¢	Ø¬�¤§ïáØ�?�

�.§�¤ü�u�!VCþ��u�±9ïá�.��L§"



86 1�Ù �.(��²;�Oþ²LÆ¯K



111nnnÙÙÙ ���OOO���{{{���²²²;;;���OOOþþþ²²²
LLLÆÆÆ¯̄̄KKK

31�Ù¥§Ì�0�
²;�5Oþ²LÆ�.3�.(�/ª�
¡��
*Ð"�Ù¥§òÌ�?Ø3�.�O�{�¡��
*Ð§Ù

¥��),
�áu²;��{§�´3��±²;�5Oþ²LÆ�.
�Ì�SN�¥?��Ö¥���­:§~X��q,�{!��d�O

�"

3.1 ²²²;;;���555OOOþþþ²²²LLLÆÆÆ���...���������qqq,,,���OOO

3�Ö�YSN¥§��q,�{(Maximum Likelihood§{¡ML§
�¡��½,{)�2�A^"�X3XØ¥!9�§��q,{´ØÓu
���¦{�,�«ëê�O�{§´l��q,�nÑuuÐå5�Ù

§�O�{�Ä:"�,3²;�5Oþ²LÆ�.¥ÙA^vk���
¦{ÊH§�3Oþ²LÆnØþÓâé­��/ §Ï���q,�n
'���¦�n���/�«
ÏL���O1Nëê�S3Ån"Oþ
²LÆnØ�uÐ§�õ/´±��q,�n�Ä:�¶éu�
AÏ�
Oþ²LÆ�.§�k��q,�{â´é¤õ��O�{"¤±§3�

!¥§Äké²;�5Oþ²LÆ�.���q,�O��0�"

3.1.1 ²²²;;;���555üüü���§§§OOOþþþ²²²LLLÆÆÆ���...���������qqq,,,���OOO

éu���¦{§�l�.oN�ÅÄ�n|��*ÿ��§�Ün
�ëê�OþAT¦��.U�Ð/[Ü��êâ"
éu��½,{§
�l�.oN�ÅÄ�n|��*ÿ��§�Ün�ëê�OþAT¦�
l�.¥Ä�Tn|��*ÿ��VÇ��"w,§ù´lØÓ�nÑu
�ü«ëê�O�{"

loN¥²Lng�ÅÄ�����Nþ�n���*ÿ�§3?�g

�ÅÄ�¥§��*ÿ�Ñ±�½�VÇÑy§XJ®²��oN�ë

ê§�,dCþ�ªÇ¼ê�±O�ÙVÇ"XJ���oNÑl,«

©Ù§�Ø��Ù©Ùëê§ÏL�Å���±¦ÑoN�ëê�Oþ"
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±��©Ù�oN�~"z�oNÑkgC�©ÙëêÏ"Ú��§X

J®²��n|��*ÿ�§3ù
�øÀJ�oN¥§=�oN��U
�)®²���n|��*ÿ�Qºw,§�éz��U���oN�O

��n|��*ÿ��éÜVÇ§,�ÀJÙëêU¦*ÿ��éÜVÇ

����@�oN"ò��*ÿ�éÜVÇ¼ê¡�Cþ�q,¼ê"3
®²����*ÿ���¹e§¦q,¼ê�4���oN©Ùëê¤�

L�oNäk���VÇ��ù
��*ÿ�§ToNëê=´¤�¦�
ëê"ÏLq,¼ê4�z±¦�oNëê�Oþ��{�¡�4�q,

{"
î���5�.���q,�O

éu���5£8�.µ

yi = β0 + β1xi + µi i = 1, 2, . . . n (3.1.1)

E(µi) = 0
Var(µi) = σ2

µ

µi ∼ N(0, σ2
µ)

�ÅÄ�n|��*ÿ�yi, xi(i = 1, 2, . . . n)§bX�.�ëê�Oþ
®²¦��§�β̂0Úβ̂1§@oyiÑlXe���©Ùµ

yi ∼ N(β̂0 + β̂1xi, σ
2
µ)

u´§yi�VÇ¼ê�

P (Yi) =
1

σ
√

2π
e
− 1

2σ2
µ

(yi−β̂0−β̂1xi)
2

i = 1, 2, . . . , n

Ï�yi´�pÕá�§¤±y�¤k��*ÿ��éÜVÇ§�=q,

¼ê�µ

L(β̂0, β̂1, σ
2
µ) = P (y1, y2, · · · , yn)

= 1

(2π)
n
2 σn

µ

e
− 1

2σ2
µ

Σ(yi−β̂0−β̂1xi)
2 (3.1.2)

òTq,¼ê4�z§=�¦���.ëê�4�q,�Oþ"
duq,¼ê�4�z�q,¼ê�éê�4�z´�d�§¤±§

�éêq,¼êXeµ

L∗ = ln(L)

= −n ln(
√

2πσµ)− 1
2σ2

µ
Σ(yi − β̂0 − β̂1xi)

2 (3.1.3)
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éL∗¦4��§�duéΣ(yi − β̂0 − β̂1xi)
2 ¦4��"Σ(yi − β̂0 −

β̂1xi)
24���^��µ{

∂

∂β̂0
Σ(yi − β̂0 − β̂1xi)

2 = 0
∂

∂β̂1
Σ(yi − β̂0 − β̂1xi)

2 = 0

)��.�ëê�Oþ�µ{
β̂0 =

Σx2
i Σyi−ΣxiΣyixi

nΣx2
i−(Σxi)2

β̂1 = nΣyixi−ΣyiΣxi

nΣx2
i−(Σxi)2

��§3÷v�X�Ä�b���¹e§�.(�ëê���q,�
Oþ�ÊÏ���¦�Oþ´�Ó�"�´§�ÅØ�������Oþ
´ØÓ�")q,�§

∂

∂σ2
µ

L∗ = −textstyle n

2σ2
µ

+ 1
2σ4

µ
Σ(yi − β̂0 − β̂1xi)

2 = 0

=���σ2
µ���q,�Oþ�µ

σ̂2
µ = 1

n
Σ(yi − β̂0 − β̂1xi)

2 (3.1.4)

�d§�¤
^��q,{�Oëê�?Ö"
ïõ��5�.���q,�O

éuõ��5£8�.

Y = XB + N (3.1.5)

du

µi ∼ N(0, σ2
µ)

¤±

yi ∼ N(XiB̂, σ
2
µ)

Ù¥

Xi =
[

1 x1i x2i · · · xki

]
Yœ`œn|��*ÿ��éÜVÇ�µ
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L(B̂, σ2
µ) = P (y1, y2, · · · , yn)

= 1

(2π)
n
2 σn

µ

e
− 1

2σ2
µ

Σ(yi−(β̂0+β̂1x1i+β̂2x2i+···+β̂kxki))
2

= 1

(2π)
n
2 σn

µ

e
− 1

2σ2
µ

(Y−XB̂)′(Y−XB̂)

ùÒ´CþY�q,¼ê"éêq,¼ê�µ

L∗ = Ln(L)

= −n
2

ln(
√

2πσ2
µ)− 1

2σ2
µ
(Y −XB̂)′(Y −XB̂)

(3.1.6)

éq,¼ê¦4��§=ééêq,¼ê¦4��§�Ò´é

{Y −XB̂)′(Y −XB̂)

¦4��§Ò�±���|ëê�OþB̂§=�ëê���q,�O

B̂ = (X′X)−1X′Y (3.1.7)

w,§Ù(J�ëê�ÊÏ���¦�O´�Ó�"
ùp=0�
�.÷vÄ�b¦�¹eq,¼êÚéêq,¼ê"'

u�.��Ä�b�§=�3É��5ÚS��'5�¹eq,¼êÚé
êq,¼ê±94�z§ò3�Ö1ÊÙ¥0�"

3.1.2 ²²²;;;���555éééááá���§§§OOOþþþ²²²LLLÆÆÆ���...���kkk���&&&EEE������

qqq,,,���OOO

k � & E � � q , {(LIML,Limited Information Maximum Likeli-
hood) ´�«±��q,�OK!ÏLé{zª�.?1��q,�
O§±��(��§ëê�Oþ�éá�§�.�ü�§�O�{"
dAndersonÚRubinu1949cJÑ§@uü�ã���¦{"·^uTÐ
£OÚLÝ£O(��§��O"3T�{¥§±eü�Vg´­��µ

�´ùp�“k�&E”��´zg�O��Ä��(��§�&E§

vk�Ä�.XÚ¥Ù§(��§�&E¶

�´ùp�“��q,{”´�é(��§¥�¹�S)Cþ�{zª
�.�§=A^��q,{¦��´{zªëê�Oþ§
Ø´(�ªë

ê�Oþ"
éuéá�§�.

BY + ΓX = N (3.1.8)
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�z��(��§§~X11��§§�±�¤Xe/ªµ

Y1 = β12Y2+β13Y3+· · ·+β1g1Yg1 +γ11X1+γ12X2+· · ·+γ1k1Xk1 +N1 (3.1.9)

T�§�¹(g1 − 1)�S))ºCþÚk1�kû)ºCþ"�¤Ý
/
ª�µ

Y1 = (Y0,X0)

(
B0

Γ0

)
+ N1 (3.1.10)

Ù¥

Y0 =
[
Y2 Y3 · · · Yg1

]
=


y21 y31 · · · yg11

y22 y32 yg12
...

...
...

y2n y3n yg1n



X0 =
[
X1 X2 · · · X

k1

]
=


x11 x21 · · · xk11

x12 x22 xk12
...

...
...

x1n x2n xk1n



B0 =


β12

β13
...
β1g1

 Γ0 =


γ11

γ12
...
γ1k1

 Y1 =


y11

y12
...
y1n

 N1 =


µ11

µ12
...
µ1n


n���Nþ"

1.{{{zzzªªª���...���������qqq,,,���OOO

òéá�§�.(6.4.8)¥�11�(��§(6.4.10)U�¤Xe/ªµ

(Y1
0,X0)

(
B1

0

Γ0

)
+ N1 = 0 (3.1.11)

Ù¥

Y1
0 = (Y1,Y0)

B1
0 =

(
−1
B0

)
T�§�¹�S)Cþ�{zª�.�µ
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Y1
0 = XΠ1

0 + E1
0 (3.1.12)

½

Y1
0 = X0Π

1
01 + X∗

0Π
1
02 + E1

0 (3.1.13)

Ù¥X∗
0�(��§¥��¹�kûCþ"

� â þ ¡ 0�� ï á q , ¼ê� � n § ï á ' u { zª�
.(3.1.128)�éêq,¼êµ

LnL(Y1
0) = c+ n

2
Ln
∣∣Ω−1

0

∣∣− 1
2
trΩ−1

0 (Y1
0 −XΠ1

0)
′(Y1

0 −XΠ1
0) (3.1.14)

Ù¥Ω0´{zª�.�ÅØ��E1
0���-���Ý
§n���N

þ§c�~ê"
éq,¼ê(3.1.1410)4�z�du2Â��

(Y1
0 −XΠ1

0)
′(Y1

0 −XΠ1
0)

�4�z"���Π̂1
0´{zª�.���q,ëê�Oþ"

2.ëëëêêê'''XXXNNNXXX���AAA^̂̂
^B1

0¦(6.4.13)ü>µ

Y1
0B

1
0 = X0Π

1
01B

1
0 + X∗

0Π
1
02B

1
0 + E1

0B
1
0 (3.1.15)

'�(6.4.11)�(6.4.15)§��µ

Π1
02B

1
0 = 0

Π1
01B

1
0 = −Γ0

(3.1.16)

=�(�ª�.�{zª�.�ëê'XNX"
XJ(��§´TÐ£O�§=kk − k1 = g1 − 1§(6.4.16)¥c��

Ý
�§L«(g1 − 1)��§|¤��§|§3®�Π̂1
02��±)Ñ��(

½�B̂1
0",�2d(6.4.16)¥���|�§§¦�−Γ̂0"rO����(�

ëê�Oþ¡�k�&E��q,{ëê�Oþ"
XJ(��§´LÝ£O�§=kk − k1 > g1 − 1§(6.4.16)¥c��

Ý
�§L«��§|

Π1
02B

1
0 = 0

� ¤ 
 q , ¼ê(6.4.14)4 � z � �å^ � " ? � Ú ¦ ) ëê
�LIML�Oþ�êÆL§'�E,§3dØ�0�"k,��Öö§
cÙ´k,�unØOþ²LÆ�Æ)�±ë�5²LOþÆ6£q�B
Í§xm¤È§¥IlÇÑ��§1988c3�¤1258-268�"
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3.1.3 ²²²;;;���555éééááá���§§§OOOþþþ²²²LLLÆÆÆ���...���������&&&EEE������

qqq,,,���OOO

éá�§Oþ²LÆ�.�XÚ�O�{´�éuü�§�O�{

ó"ü�§�{zg�é��(��§?1�O§|^
k�&E§é
uvk�¹3¤�O(��§¥�Cþ���êâ&E§�´Ü©/|^

§
éu�§�m�'X&E§K��vk|^"XÚ�O�{§�´
�éü�§�{�¯KJÑ5�§§Ó��O�Ü(��§§|^
�.
XÚ��Ü&E"ÏdXÚ�O�{�ëê�OþäkûÐ�ÚOA5"
��Ï�d§XÚ�O�{���E,§8cû^Oþ²LÆ^�¥A�
vk�¹XÚ�O�{�§Ï
3¢S�.ïÄ¥�é�A^"ùp�0
���&E��q,{��{�n�g´§éu
)�����q,{n
Ø�{NX´­��"

îîîéééááá���§§§���...���ÅÅÅØØØ������������—���������ÝÝÝ




éá�§�.

YB + XΓ = N

�±U��

Y = Z∆ + Ñ (3.1.17)

Ù¥

Y =


Y1

Y2
...
Yg

 Yi =


yi1

yi2
...
yin


Yi = Zi∆i + Ñi (3.1.18)

Zi =
(

Yi
0 Xi

0

)
∆i =

(
Bi

0

Γi
0

)
z�ÎÒ�¹ÂÄ�Óc§�´^þIiL«1i��§"
éu(6.4.17)¥��ÅØ��Ñ§�
¦¯K·�{ü§�Xeb�µ
(1) éu��(��§��ÅØ��§3ØÓ��:�m§äkÓ�

�5ÚS�Ø�'5"=

Cov(Ñi) = σ2
iiI
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�éuØÓ(��§��ÅØ���m§äk�=äkÓÏ�'5"
=

Cov(Ñi, Ñj) = σI
ij

u´§éá�§�.XÚ�ÅØ����—���Ý
�µ

Cov(Ñ) =


σ2

11I σ12I · · · σ1gI
σ21I σ2

22I · · · σ2gI
...
σg1I σg2I σ2

ggI


= Σ⊗ I
= Ω

Ù¥⊗L«“�È”§=^ÎÒ�¡�Ý
�¦ÎÒc¡Ý
�z��
�"���Ý
Ω´d(g×g)�fÝ
|¤§z�fÝ
Ñ´��Ìé�

§�Ìé�����Ó"XJ�ïü^b�§z�fÝ
ÒØ´��Ì

é�
§�Ìé�����Ø�Ó"
ïïï������&&&EEE������½½½,,,{{{
� � & E � � q , {(Full Information Maximum Likeli-

hood, FIML)´� « ® k¢S A ^ � é á � § � . � X Ú � O �
{ "RothenbergÚLeendersu1964c J Ñ � � � 5 z �FIML� O

þ "FIML´ML� � � í 2 §´3 ® ² � � � � * ÿ � � � ¹ e §
¦��éá�§�.XÚ�q,¼ê����±��¤k(�ëê��O

þ"
éuéá�§�.�C�/ª(6.4.17)

Y = Z∆ + Ñ

E,�±'u�Å��b�

E(Ñ) = 0

Cov(Ñ) = Σ⊗ I = Ω

Ñ ∼ ��(0,Σ⊗ I)

Yœq,

L(Y) =
1

(2π)gn/2 |Σ⊗ I|−
1
2

∣∣∣∣∣ ∂ Ñ

∂ Y

∣∣∣∣∣ e−1
2
(Y − Z∆)′(Σ−1 ⊗ I)(Y − Z∆)



§3.1 ²;�5Oþ²LÆ�.���q,�O 95

=
1

(2π)gn/2 |Σ⊗ I|−
1
2

|B|n e−
1
2
(Y − Z∆)′(Σ−1 ⊗ I)(Y − Z∆) (3.1.19)

Yœq,

lnL(Y) = −gn
2

ln(2π)− 1

2
ln |Σ⊗ I|+ n ln |B|

− 1

2
(Y − Z∆)′(Σ−1 ⊗ I)(Y − Z∆) (3.1.20)

Ù¥

−1
2
ln |Σ⊗ I| = −1

2
ln |Σ|n = −n

2
ln |Σ|

3Ã�å�¹e

−1

2
(Y − Z∆)′(Σ−1 ⊗ I)(Y − Z∆)

= −1

2

g∑
h=1

g∑
h′=1

σhh′(Yh − Zhδh)
′(Y ′

h − Z′
hδ

′
h)

Ù¥σhh′�����_Ý
���§δh�∆���§�Ñy�σhh′��
��Ý
���"=

Σ = (σhh′) Σ−1 = (σhh′) ∆ = (δh)

u´§éêq,¼êéu���_Ý
����4�����^��

∂ lnL(Y)

∂σhh′
=
n

2
σhh′ −

1

2
(Yh − Zhδh)

′(Y ′
h − Z′

hδ
′
h) = 0

�����Ý
����FIML�Oþ�µ

Σ̂ = (σ̂hh′)

σ̂hh′ =
1

n
(Yh − Zhδh)

′(Y ′
h − Z′

hδ
′
h) h, h′ = 1, 2, · · · , g

Σ̂⊗ I =
1

n
(Y − Z∆̂)(Y − Z∆̂)′ (3.1.21)

ò(6.4.21)�\(6.4.20),��
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lnL(Y) = −gn
2

ln(2π)− 1

2
ln |Σ⊗ I|+ n ln |B| − n

2

u´§éu��Oëê∆�4���^��µ

∂ lnL(Y)

∂ ∆
= −n

2

∂ ln |Σ|
∂ ∆

+ n
∂ ln |B|
∂ ∆

= 0 (3.1.22)

¦)T�§XÚ§=���(�ëê�FIML�Oþ"
�´(6.4.22)´� � � 5 � § X Ú § ¦ ) � � E , § I � æ

^NewtonS��{Ú{ZNewtonS��{�"k,��Öö�±ë�
5Oþ²LÆ—�{�A^6£ofG?Í§�u�ÆÑ��§1992c¤
1256-262�"3äN�A^�.¥§�±Ï¦{z��{"~X§X

JB´n�
!Σ´é�
§�±íÑµ

∆̂h = (Z′
hZh)

−1Z′
hYh h = 1, 2, . . . , g

�OLS�Oþ�d"

3.2 ²²²;;;���555OOOþþþ²²²LLLÆÆÆ���...���������¦¦¦���OOO���***
ÐÐÐ

3²;�5Oþ²LÆ�.¥§���¦�{´ÊHA^�ëê�
O�{"�!ò0�A«3k'²;�5Oþ²LÆ�.���Ö¥�
0��l���¦�nÑu��O�{§�)�1�2Â���¦�O

£FGLS, Feasible Generalized Least Squares¤!©Ü£8�{(Partitioned
Regression)! £8�{(Partial Regression) Ú���O�{(Across Re-
gression)§��é²;�ÊÏ���¦{�*Ð"

3.2.1 ²²²;;;üüü���§§§���555OOOþþþ²²²LLLÆÆÆ���...���111���222ÂÂÂ���������
¦¦¦���OOO

îîî222ÂÂÂ���������¦¦¦���OOO

2Â���¦�O´²;�5Oþ²LÆ�.��Ä�b�!��Å
Ø����—���Ý
���¹e��«ëê�O�{§3��¥?O

þ²LÆ��Ö¥é§�Ä�SNÑk¤�9"
éu�.

Y = XB + N (3.2.1)

XJ�3S��'§Ó��3É��§=k
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E(N) = 0
Cov(NN′) = E(NN′) = σ2Ω

Ω =


w1 w12 · · · w1n

w21 w2 · · · w2n

. . .

wn1 wn2 · · · wn


�

Ω = DD′

^D−1�¦(2.7.3)ü>§����#��.µ

D−1Y = D−1XB + D−1N (3.2.2)

=

Y∗ = X∗B + N∗

T�.äkÓ��5Ú�ÅØ��p�Õá5"Ï�

E(N∗N∗′) = E(D−1NN′D−1′)

= D−1 E(NN′)D−1′
= D−1σ2WD−1′
= D−1σ2DD′D−1′
= σ2I

u´§�±^ÊÏ���¦{�O�.(6.4.2)§��ëê�Oþ�µ

B̂ = (X∗′X∗)−1X∗′Y∗

= (X′D−1′D−1X)−1X′D−1′D−1Y
= (X′Ω−1X)−1X′Ω−1Y

(3.2.3)

ùÒ´��.(6.5.1)�2Â���¦�Oþ§´Ã �!k���O

þ"
XJÝ
Ω´®��§|^(6.4.4)�±O�ëê�O�"
ïïï���111222ÂÂÂ���������¦¦¦���OOO

XJ(6.4.4)¥Ý
Ω´���§�
¦2Â���¦�O¤��1§Ò
I�|^Ω��O�Ω̂�O¢S�Ω"u´��
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B̂ = (X′ Ω̂−1X)−1X′ Ω̂−1Y (3.2.4)

T�Oþ¡�FGLS�Oþ"
��/§Ω�U�¹,
ëêθ§=

Ω = Ω(θ)

~X§3�.�3��g�'�§Ω=�¹�����ëêρ§=

Ω =


1 ρ · · · ρn−1

ρ 1 · · · ρn−2

. . .

ρn−1 ρn−2 · · · 1


XJU
��Ω��O�Ω̂�

Ω̂ = Ω(θ̂)

�θ̂´θ���5�Oþ"@o§�±y²(6.4.5)¤L«�FGLS�Oþ
ìC�du(6.4.4)¤L«�GLS�Oþ"

3�
Oþ²LÆ��Ö¥§ïÆæ^Xe�{��Ý
Ω��O

�Ω̂§=é��.Äkæ^ÊÏ���¦{§���ÅØ���Cq�O

þẽ1, ẽ2, · · · , ẽn§±d�¤Ý
Ω��O�µ

Ω̂ =


ẽ21 ẽ1ẽ2 · · · ẽ1ẽn

ẽ2ẽ1 ẽ22 · · · ẽ2ẽn

. . .

ẽnẽ1 ẽnẽ2 · · · ẽ2n


òT�O��\(6.4.5)����.�ëê�Oþ"�ÖögCy²§

T�Oþ�GLS�Oþ´ÄäkìC�d5º

3.2.2 ²²²;;;üüü���§§§���555OOOþþþ²²²LLLÆÆÆ���...���©©©ÜÜÜ£££888���OOO

îîî©©©ÜÜÜ£££888���OOO

éu�.(6.5.1)§ò)ºCþ©�üÜ©X1ÚX2§éA�ëê�©�
üÜ©"k

Y = X1B1 + X2B2 + N (3.2.5)

3÷v)ºCþ��ÅØ��Ø�'��¹e§�±�Ñ'uëê�
Oþ��§|¶
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[
X′

1Y
X′

2Y

]
=

[
x′1x1 x′1x2

x′2x1 x′2x2

] [
B̂1

B̂2

]
(3.2.6)

u´

B̂1 = (X′
1X1)

−1X′
1Y − (X′

1X1)
−1X′

1X2B̂2

= (X′
1X1)

−1X′
1(Y −X2B̂2)

(3.2.7)

w,§XJ�3X′
1X2 = 0§Kk

B̂1 = (X′
1X1)

−1X′
1Y (3.2.8)

ùÒ´=±X1��)ºCþ��ëê�Oþ"
Ó�§XJ�3X′

2X1 = 0§Kk

B̂2 = (X′
2X2)

−1X′
2Y (3.2.9)

�â±þí�§�±��Xe(ØµXJü|)ºCþ´���§@
o�A�ëê�Oþ�±©O3=±�Ü©Cþ�)ºCþ��¹e\±

�O"2?�Ú§XJ�.�¤k)ºCþÑ´p����§@o�±ò

õ��5�.z¤eZ����.\±©O�O"ùÒ´¤¢�“©Ü£8
�O”"

�,§þãü|)ºCþ´������¹3¢S¥´éJuy�§
½ö`´Ø�UÑy�"¤±§“©Ü£8�O”¿vk¢S¿Â"3A^
Ì©þ{�§¤ÀJ�Ì©þ´p����§@oéõ�Ì©þ£8�±

z�éz�Ì©þ©O£8"
ïïïddd©©©ÜÜÜ£££888ÚÚÚååå���ggg���
3²;Oþ²LÆ�.¥§Öö®²éÙGXe¯Kµ�´��.¥

,
Cþ�u��ØwÍ�§Ò�òù
Cþl�.¥GØ¶�´�uy

)ºCþÑyõ­��5�§��k��?n�{´l�.¥�K�)õ
­��5�Ü©Cþ"ù
Ã¦´�1�"�´§��5¿�´§du�
.�k�Cþ�m¿Ø´���§¤±�GØÜ©Cþ�§¤�3Cþ�
ëê�O�òu)Cz§§¤�N�Ø2==´TCþ��)ºCþ�m

�'X"ù�:l©Ü£8¥��
y²"
u´§§J2<�§ØU�´GØ“ØwÍ”�Cþ§Ø�§�wÍ5

$�é�)ºCþA�vkK�"�ØU�´æ^GØCþ��{�Øõ
­��5§ATõæ^�©{½Ì©þ{�"

3.2.3 ²²²;;;üüü���§§§���555OOOþþþ²²²LLLÆÆÆ���...���   £££888���OOO

ò(6.4.8) �\(6.4.7)�12|�§
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X′
2Y = X′

2X1B̂1 + X′
2X2B̂2

¥§��µ

X′
2Y = X′

2X1((X
′
1X1)

−1X′
1Y − (X′

1X1)
−1X′

1X2B̂2) + X′
2X2B̂2

= X′
2X1(X

′
1X1)

−1X′
1Y −X′

2X1(X
′
1X1)

−1X′
1X2B̂2 + X′

2X2B̂2

��Ñµ

X′
2(I−X1(X

′
1X1)

−1X′
1)Y = X′

2(I−X1(X
′
1X1)

−1X′
1)X2B̂2

u´��µ

(X′
2(I−X1(X

′
1X1)

−1X′
1)X2)

−1X′
2(I−X1(X

′
1X1)

−1X′
1)Y = B̂2 (3.2.10)

-(I−X1(X
′
1X1)

−1X′
1) = M§k

B̂2 = (X′
2MX2)

−1(X′
2MY) (3.2.11)

|^M���Ý
�5�§M = M′M§(6.4.12)�±�¤�µ

B̂2 = (X′
2M

′MX2)
−1(X′

2M
′MY)

= (X∗
2′X∗

2)
−1(X∗

2′Y∗)
(3.2.12)

Ù¥X∗
2 = MX2,Y

∗ = MY"Ï�

Y∗ = MY = (I−X1(X
′
1X1)

−1X′
1)Y

= Y −X1(X
′
1X1)

−1X′
1Y

¤±§§¢Sþ´�Y=±X1�)ºCþ¤ïá��.�í�"
6��e(6.4.12)Ú(6.4.13)§w,	��¯KµXJ±X2¥�z�C

þ©O���)ºCþ§±X1¥�Cþ��§��)ºCþÅ�?1£8
�O§,�2�¤Ý
�/ª§k

X̂2 = X1((X
′
1X1)

−1X′
1X2)

í��µ

X2 − X̂2 = X2 −X1((X
′
1X1)

−1X′
1X2)

= (I−X1(X
′
1X1)

−1X′
1)X2

= MX2

= X∗
2

(3.2.13)
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��§X∗
2 ¢Sþ´±X2¥�z�Cþ©OéX1 ¥�Cþ?1£8¤

ïá��.�í�"
u´§ � � 
 � ��© ­ � � ( Ø µ d(6.4.13)¤ L«� � �

.(6.5.1)¥�Ü©)ºCþX2�ëê��Oþ§¢Sþ�u±Y∗��)
ºCþ!X∗

2�)ºCþ¤ïá��.�ëê�Oþ§
Y∗´���.�
�)ºCþY =±,�Ü©)ºCþX1üÕ��)ºCþ¤ïá��.�
í�§X∗

2´±X2¥�z�Cþ©OéX1?1£8¤ïá��.�í�"
aq/§éu��.¥�Ü©)ºCþX1�ëê��Oþ§��±�

�Ó��(Ø"�,§XJ®²��B̂2§��±ÏL(6.4.8)¦)B̂1"
�´Ï�þãL§¥�EÑy
“ ”�¹Â§¤±^(6.4.13)¤�«�

�{�O��.ëê�Oþ�¡�“ £8�O”"k�$��òõ��5
£8�.¥�XêÚ¡�“ £8Xê”"

 £8�OØ
3nØþ�¿Â	§�O�Eâ�Øu���ÿ§æ

^ù«�{�±~��O�.�O�ó�þ"~X§ò�.�4�)ºCþ
©¤2|§z|�¹2�Cþ§Ò�±ò��4�£8¯KC¤4���£8
¯K?1�OO�"

~3.2.1 ±·I I S)� o �(GDP)�� )ºC þ § Ø ¬ � ¤ o
�(COM)!�?�¤�(GOV)!Ý]o�(INV)�)ºCþïá�5�
.§^±©Û���ªI¦�^)�{O��IS)�o��m�ÚO

'X"��êâ�L3.2.1"
æ^OLS{�O�.§��µ

GDP1t = −521.7277
(−4.6313)

+ 1.2040
(20.6161)

COMt + 2.4328
(8.0895)

GOVt + 0.3691
(4.0007)

INVt

R2 = 0.9999 F = 53321 D.W. = 2.26
(3.2.14)

Ù¥GDP1L«GDP��O�"
4GDPé~ê�ÚINV£8§��Xe£8�§µ

GDP2t = 974.0084
(2.0821)

+ 2.4817
(65.2919)

INVt

R2 = 0.9958 F = 4263 D.W. = 1.09
(3.2.15)

Ù¥GDP2L«GDP3T�¹e��O�"-

Et = GDPt −GDP2t t = 1978, 1979, · · · , 1997

4COMé~ê�ÚINV£8§��Xe£8�§µ

COM1t = 664.5436
(2.0460)

+ 1.1761
(44.5615)

INVt

R2 = 0.9910 F = 1986 D.W. = 0.82
(3.2.16)

Ù¥COM1L«COM3T�¹e��O�"-



102 1nÙ �O�{�²;�Oþ²LÆ¯K

L 3.2.1: ~3.2.1 k'êâLü µ·�
c° GDP COM GOV INV
1978 3624 1759 480 1378
1979 4038 2005 614 1474
1980 4518 2317 659 1590
1981 4862 2604 705 1581
1982 5293 2868 770 1760
1983 5935 3183 838 2005
1984 7171 3675 1020 2469
1985 8964 4589 1184 3386
1986 10202 5175 1367 3846
1987 11962 5961 1490 4322
1988 14928 7633 1727 5495
1989 16909 8524 2033 6095
1990 18548 9113 2252 6444
1991 21618 10316 2830 7517
1992 26638 12460 3492 9636
1993 34634 15682 4499 14998
1994 46759 21230 5986 19260
1995 58478 27839 6691 23877
1996 67885 33188 7852 26867
1997 74772 36118 8650 28564

E1t = COMt − COM1t t = 1978, 1979, · · · , 1997

4GOVé~ê�ÚINV£8§��Xe£8�§µ

GOV 1t = 285.9544
(4.5337)

+ 0.2864
(55.8796)

INVt

R2 = 0.9943 F = 3122 D.W. = 1.46
(3.2.17)

Ù¥GOV1L«GOV3T�¹e��O�"-4

E2t = GOVt −GOV 1t t = 1978, 1979, · · · , 1997

4EéE1ÚE2£8§��Xe£8�§µ

Êt = 1.2040
(21.8667)

E1t + 2.4328
(8.5802)

E2t

R2 = 0.9762 F = 738 D.W. = 2.26
(3.2.18)
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'�(6.4.19)Ú(6.4.15)¥�£8Xê§E1�COM�£8Xê���

Ó§E2�GOV�£8Xê���Ó"�y
 £8�O�{"
�´§ � Ö ö 5 ¿ § é � §(6.4.16)!(6.4.17)!(6.4.18)¿ v k ?

1 u � § l w«� Ú O þ w § ��� 3 � � g � ' " X J � Ø
§ � � g � ' 5 § ( J ò u)C z " � æ ^ 2 Â � © { � Ø

(6.4.16)!(6.4.17)!(6.4.18) �g�'5�§���EéE1ÚE2£8(J
�µ

Êt = 1.4123
(11.8426)

E1t + 2.4031
(5.5814)

E2t + 0.3788
(1.4725)

AR(2)

R2 = 0.9571 F = 167 D.W. = 1.64

Ù¥Xê�(6.4.19)ÑkØÓ"
¤±§XJæ^ £8�O�{§é¥m�§�Ø7?1u�"

3.2.4 ²²²;;;üüü���§§§���555OOOþþþ²²²LLLÆÆÆ���...���������£££888���OOO

���O�´é�.ëê?1Ü©£8��«�O�{§�´�þã
Ü©£8�OØÓ�´§§ò�.�ëêUìÙ5�©a§,�©O^
ØÓ���*ÿ�§�)�)ºCþ���*ÿ�§�O�aëê"@o

g,/§§�´�éu,aA^�.
ó"e¡òÏLI¦¼ê�.50
�"

îîî¯̄̄KKK���JJJÑÑÑ
3I¦¼ê�.¥§)ºCþ���Â\Úd�§ùüaCþéû¬

I¦þ�K�´ØÓ�"Uì1�Ù0����nØ§û¬I¦þÚÂ
\�6þ�I§���¹e���ü�§§��m�U�3��'X§�
N
�ö�m��Ï'X¶
d�Y²��´0�ü�§§éû¬I¦þ
äkáÏK�"l�*þ��±wÑ§Â\éû¬I¦þäk�ÏK�§
d�éû¬I¦þ�äkáÏK�"§��ëê©Oáu�Ï�5ÚáÏ

�5§äkØÓ�5�"
��`5§�mS�êâ·ÜuáÏ�5��
O§�¡êâ·Üu�Ï�5��O"¤±^Ó�|��êâÓ��OI
¦¼ê�.�¤këê§3nØþ´�3¯K�"u´ÒJÑ
Ü¿�m

S�êâÚ�¡êâ��O�{§=���O�{"=^�¡êâ���

�O�.¥��Ü©�N�ÏK��ëê§,�2^�mS�êâ���

�O�.¥�,�Ü©�NáÏK��ëê§©ü�ã�¤�.��O"
��o�mS�êâ·ÜuáÏ�5��O§
�¡êâ·Üu�Ï

�5��Oº(ÜI¦¼ê�.5wµ3�¡þ§dud�¿Ø�Â\


wÍCz§¤±éû¬I¦þå�^�´Â\¶
�§3Ó��¡þ§
ØÓ��¤ö�Â\�å�U���§¦�Â\���*ÿ�êâCz�
�"üönÜ§`²Â\éI¦þ�K�·¨u^�¡êâ�O"XJ^
�mS�êâ§duÂ\��m�Cz´�ú�§ØÓ�m�Â\���
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*ÿ�êâCz��§Ø¨u�«Â\éI¦þ��ÏK�"�L5§d

���mS�êâ·¨u�«d�éI¦þ�áÏK�"
���OØ=·uI¦¼ê�.��O§�·^u�¹�ÏK�Úá

ÏK�üa)ºCþ�Ù§�.��O"~XØ¬;O�§"Ø¬#O;

OdÂ\Y²Ú|Çû½§Ù¥Â\Y²äk�ÏK�§|ÇäkáÏK
�§·Üu^���O�{?1©Û"2X[Â�§§±[ÄÚ[Ç�)
ºCþ§�·Üu^���O�{?1�O"

ïïï���OOO���{{{
±éê�5I¦¼ê�~§�
{z§b�)ºCþ¥��)Â\Ú

gd�"éê�5I¦¼ê�µ

ln q = α0 + α1 ln I + α2 ln p+ µ (3.2.19)

Ù¥q�û¬I¦þ§I�Â\§P�û¬�d�"yk1Tc��¡ê
âqj, Ij(j = 1, 2, · · · ,m)§=ò�¤öUìÂ\©¤m|"3ù��¡þ§
@�d�´~ê"u´(6.4.20)C�µ

ln qj = a+ α1 ln Ij + µj j = 1, 2, · · · ,m

æ^²;�5ü�§�.��O�{�O��α̂1"
�±�mS�êâ����§ò�.�¤µ

ln qt = α0 + α1 ln It + α2 ln pt + µt t = 1, 2, · · · , T

d�@�α̂1®�§-yt = ln qt − α̂1 ln It§k

yt = α0 + α2 ln pt + µt t = 1, 2, · · · , T

æ^²;�5ü�§�.��O�{�O��α̂0, α̂2"ëÓc¡�α̂1§
�.��Üëê���O"

'u���Oþ�5�§±9���O�¯K§ùpØ2�[?Ø"
~X§ÀJ1Tc��¡êâ§�±����α̂1§ÀJ1T¨1c��¡ê
â§��±����α̂1§. . . u´�5
?¿5"2X§3�¡©Û�§�

�*ÿ��g©|<þêâ§
3�S©Û�§��*ÿ����oN²

þêâ§ùp�3��5¯K"¤±§���O���«¢^�{§ÿ"

�nØOþ²LÆ�|±"

3.3 ²²²;;;���555OOOþþþ²²²LLLÆÆÆ���...���������ddd���OOO

��d(Bayes)ÚO´dT.R.Bayesu19­VMá�ênÚO���­

�©|§20­V50c�§±H.Robbins��LJÑ
3Oþ²LÆ�.�
O¥ò²���d�{�²;�{�(Ü§Úå
2��­À§��
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2��A^"��d�Oé²;Oþ²LÆ�.�O�{�*Ð3u§
§Ø=|^��&E§Ó�|^���&E"��d�{�êÆ£ã��
E,§SN�é2�§¤±3��¥?Y²�Oþ²LÆ��Ö¥Ø�)
ùÜ©SN"=¦3�!¥§�=Ì�0�ÙÄ�Vg§¿¦�U^{ü

��ó0�Ù^uOþ²LÆ�.�O�L§§��9�
{ü�SN§
¦Ööéù«�{k��Vg5
)§��\ÆS�A^ïá��Ä:"
k,��Öö�±?�Ú�Ök'��d©Û�;���Ö§~X5Ú
OûüØ9��d©Û6£James O.BergerÍ§_D1È§¥IÚOÑ�

�§1998c¤�"

3.3.1 VVVggg

îîî������ddd���{{{���ÄÄÄ���ggg´́́

��d�{´�DÚ£�¡²;�¤Oþ²LÆ�.��O�{�é
��«ÚOÆ�{"§�Ä�g´´µ@���O��.ëê´Ñl�

½©Ù��ÅCþ§�â²��Ñ��ëê�k�©Ù£�¡�Ì*©
Ù¤§'uù
k�©Ù�&E�¡�k�&E¶,��âù
k�&
E§¿���&E�(Ü§A^��d½n§¦Ñ��ëê���©Ù¶
2A^��¼ê§�Ñ��©Ù��
A��§¿r§�����ëê�
�Oþ"

��d�{�²;�O�{�Ì�ØÓ�?´µ
(1)'uëê�)ºØÓ
²;�O�{@���ëêäk(½�§§��Oþâ´�Å�§X

J�Oþ´Ã �§T�Oþ�Ï"�u@�(½�ëê¶
��d�{
@���ëê´��Ñl,«©Ù��ÅCþ"

�¤|^�&EØÓ
²;�{�|^��&E¶��d�{�¦¯kJø��ëê�k�

©Ù§=<�ék'ëê�Ì*@£§�¡�k�&E§´���&E§
3ëê�OL§¥§ù
���&E���&E�å�|^"

�é�ÅØ����¦ØÓ
²;�{§Ø
��½,{§3ëê�OL§¥¿Ø�¦���ÅØ

���äN©Ù/ª§�´3b�u��«m�O�´I��¶��d�
{I����ÅØ���äN©Ù/ª"

�ÀJëê�Oþ�OKØÓ
²;�{½ö±���¦§½ö±��½,�OK§¦)ëê�O

þ¶��d�{KI��E����¼ê§¿±��¼ê��z�OK¦

�ëê�Oþ"
ïïï������ddd½½½nnn
��d½n´��d�O�{�nØÄ:"��d½nL�Xeµ
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g(θ |Y ) =
f(Y |θ )g(θ )

f(Y )
(3.3.1)

Ù ¥θ�� � ëê¶Y�� � * ÿ � & E § = � � & E ¶g(θ)´
� � ëêθ� k � © Ù � Ý ¼ê¶g(θ |Y ) �θ� � � © Ù � Ý ¼
ê¶f(Y )Úf(Y |θ )´Y��Ý¼ê"Ï�éθ
ó§f(Y ))�±@�´~
ê£��*ÿ�Õáu��ëê¤§f(Y |θ )3/ªþqÓθ�½,¼
êL(θ |Y )��£3��½,{¥®²
)¤§u´(6.5.1)�±U��µ

g(θ |Y ) ∝ L(θ |Y ) · g(θ ) (3.3.2)

=��&E�'u��&E�k�&E�¦È"(6.4.2)L²§�±Ï
L��&Eék�&E�?�5���O(���&E"����©Ù�
�Ý¼ê�§Ò�±d�Ä:?1ëê�:�O!«m�O�b�u�"

ððð������¼¼¼êêê
~^���¼êk�5¼êÚ�g¼ê"ØÓ���¼ê§���ë

ê�O�´ØÓ�"3e¡��OL§¥2�?�Ú�`²"

3.3.2 üüü���§§§OOOþþþ²²²LLLÆÆÆ���...������ddd���OOO���LLL§§§
æ^��d�{�Oü�§Oþ²LÆ�.�L§�V)Xeµ
î(½�.�/ª§�Ñ��ëêB
ï�Ñ��ëêB�k�©Ù

Ï~��ëêB´��õ��þ§=I��Ñõëê�éÜ&Ek

�"XJéëê�Ã¤�§�±@�B´þ!©Ù"¢Sþ~^��´þ
!©ÙÚ�Ý©Ù£c±g,�Ý©Ù�õ¤"

ð|^��&E§?�k�©Ù

|^��d½n§�ÑB����Ý¼ê£�Ý¼ê{��p.d.f.¤"
�d��§¢Sþ®²��B�¤k&E"

ñ|^B����Ý¼ê§?�ÚíäÑB�:�O�§½?1«m�
O�b�u�

��|^��¼êíäÑB�:�O�§|^�p���Ý«m?
1B�«m�O§|^�p���Ý«m½ö|^��`³'?1b�u

�"
òýÿ

�â¦��ëê�O�?1ýÿ"ù¿Ø´��d�OL§¤7L§
�éuu��O(J´­��"

3.3.3 ���������555üüü���§§§OOOþþþ²²²LLLÆÆÆ���...���������ddd���OOO

e¡±���5ü�§Oþ²LÆ�.�~©Û��d�O�{"À
J���5ü�§Oþ²LÆ�.§Ì�Ï�µ(1)õ��5ü�§Oþ²
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LÆ�.äkÊH5¿Â¶��OØ��´�þ�Å6Ä�oÚ§�â¥

%4�½n§�±@�§´ìC��©Ù¶�O�{ü§¦^�B§¿U
��/Ny��d�O�{�Ì�SN"

���5ü�§Oþ²LÆ�.q©��ÅØ����®�Ú���
�ü«�¹"���{�ü«©Û§·��?Ø��®���¹"

îîîkkkkkk���&&&EEE���������©©©ÙÙÙ

éu���5ü�§Oþ²LÆ�.

Y = XB + µ

Ù¥µ ∼ N(0, σ2I)§Ù§Cþ9ëê�¹ÂÓc"
��Bå�§3e¡�?Ø¥ò��9��©Ù�“Ø”§=Ù�êÜ

©§
�ÑÙ~êÜ©§ØK�?Ø(J"
ÀJB�k�©Ù�g,�Ý©Ù§=B��Ý¼êÚ§�½,¼ê§

±9�ö(Ü��)�¼êÑlÓ�©Ù"

Bœg,∆kΦˇ˘

g(B) ∝ e−
1
2
(B− B̄)′Σ̄−1

B (B− B̄) (3.3.3)

Ù¥B̄���ëêk�þ�§Σ̄B���ëêk����Ý
"

Bœ,L(B |Y )Øuœ=

L(B |Y ) ∝ e−
1

2σ2 (Y −XB)′(Y −XB) (3.3.4)

|^��d½n§��B����Ý¼ê�µ

g(B |Y ) ∝ g(B) · L(B |Y )

∝ exp

{
− 1

2σ2

[
(A

1
2 B̄− A

1
2 B)′(A

1
2 B̄− A

1
2 B) + (Y −XB)′(Y −XB)

]}
(3.3.5)

Ù¥A = σ2Σ̄−1
B

-W =

(
A

1
2 B̄

Y

)
(k+n)×!

G =

(
A

1
2

X

)
(k+n)×n

u´kµ

g(B |Y ) ∝ exp

{
− 1

2σ2
(W −GB)′(W −GB)

}
(3.3.6)
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^ ¯̄BL«��ëê��þ�§ ¯̄ΣBL«��ëê�����Ý
"¿�

A^e�(Øµ

(W −GB)′(W −GB) = (B− ¯̄B)′G′G(B− ¯̄B) + (W −G ¯̄B)′(W −G ¯̄B)(3.3.7)

Ù¥

¯̄B = (G′G)−1G′W = (A+ X′X)−1(AB̄ + X′Xβ)
β = (X′X)−1X′Y

βBœOLS�O�"ò(3.3.7)�\(6.4.6)§�\���(3.3.7)�m>1�
�§Ï�ÙØ¹B§�±��~ê�?n§��ÄØ"��

g(B |Y ) ∝ exp
{
− 1

2σ2 (B− ¯̄B)′G′G(B− ¯̄B)
}

∝ exp
{
− 1

2σ2 (B− ¯̄B)′(A+ X′X)(B− ¯̄B)
}

∝ exp
{
−1

2
(B− ¯̄B)′(Σ̄−1

B + X′X/σ2)(B− ¯̄B)
}

∝ exp
{
−1

2
(B− ¯̄B)′( ¯̄Σ−1

B )(B− ¯̄B)
} (3.3.8)

ª¥

¯̄Σ−1
B = Σ̄−1

B + X′X/σ2

¯̄B = (A+ X′X)−1(AB̄ + X′Xβ)

= ( ¯̄Σ−1
B + X′X/σ2)−1(Σ̄−1

B B̄ + (X′X/σ2)β

= ¯̄Σ−1
B (Σ̄−1

B B̄ + (X′X/σ2)β)

(3.3.9)

u´§(6.4.7)�Ð´þ�� ¯̄B!��� ¯̄ΣB�õ���©Ù�Ø§=B�
���Ý¼ê�µ

(B |Y ) ∼ N( ¯̄B, ¯̄ΣB) (3.3.10)

ò���Ý
�_ ¯̄Σ−1
B ½Â�°(ÝÝ
§@o�±wÑµ(1)�°(

ÝÝ
 ¯̄Σ−1
B ´k�°(ÝÝ
Σ̄−1

B ���&E°(ÝÝ
X′X/σ2�Ú§�
��°(Ýo´puk�°(Ý¶���þ� ¯̄B´k�þ�B̄ ���&
EOLS�O�β�\�²þÚ§�ê��g�°(Ý"

ïïïÃÃÃkkk���&&&EEE���������©©©ÙÙÙ

3é��ëê�Ã¤���¹e§E,�±^��d�{¦���ë

ê���©Ù"ù��±@���ëê�¤k��Ñl(−∞,+∞)þ�þ
!©Ù§�pØ�'"u´§B�k��Ý¼ê�µ

g(B) = g(β1) · g(β2) · · · g(βk) ∝ c
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B�½,¼êL(B |Y )E,�(3.5.4)�Ó§K���Ý¼ê�½,¼ê
/ª�Óµ

g(B |Y ) ∝ g(B) · L(B |Y ) ∝ L(B |Y )
∝ exp

{
− 1

2σ2 (Y −XB)′(Y −XB)
}

∝ exp
{
− 1

2σ2

[
(B− β)′X′X(B− β) + (Y −Xb)′(Y −Xβ)

]}
∝ exp

{
− 1

2σ2 (B− β)′X′X(B− β)
} (3.3.11)

� � �B� � � � Ý ¼êE ,´� � � § þ ��β§ � � � Ý 


�σ2(X′X)−1§=

(B |Y ) ∼ N(β, σ2(X′X)−1) (3.3.12)

l/ªþw§Ã&Ek������©Ùþ����&E�OLS�
O�Ó§��ökØÓ�¹Â"��d(Ø(6.4.11)¥�B´�Å�§
þ
�β3��(½�´�½�¶��&E�(Ø¥§B��Ï"�§
β´�

ÅCþ§=kβ ∼ N(B, σ2(X′X)−1)"
¯¢þ§��±��d(6.4.7)!(6.4.8)!(6.4.9)��Ã&Ek�e��

��Ý§��rÃ&Ek���k&Ek���«AÏ�¹§=Ã&Ek

��°(Ý�0"=

-Σ̄−1
B = 0§�\(6.4.8)!(6.4.9)���µ

¯̄Σ−1
B = X′X/σ2

l
 ¯̄ΣB = σ2X′X

¯̄B = (X′X/σ2)−1 · (X′X/σ2) · β = β

¤±

(B |Y ) ∼ N(β, σ2(X′X)−1)

�(6.4.11)�Ó"
ððð:::���OOO

3����d�O����Ý¼ê�§=�±d�Ñu:§?1:�
O"Ùg´´|^��¼ê¿¦²þ����"�dI�(½����¼
ê"

k?Ø���¹"b�B̂�B��Oþ§��¼ê�Lo(B, B̂)§L«ë

ê�B�æ^B̂��Oþ¤E¤���§�o�3Lo(B, B̂) ≥ 0"u´÷

vMin(Lo(B, B̂))�B̂=´I���Oþ"du��¼ê�6��§��\

�²þ��§�ê����Ý¼êg(B |Y )§L«�µ

E(Lo(B, B̂) |Y ) =

∫
Lo(B, B̂) · g(B |Y )dB (3.3.13)
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U¦(6.4.12)¤L«�\�²þ�������B̂��§=�B���

d:�O�"
e¡±�g��¼ê�~`²:�OL§"
��¼ê��g.�µ

Lo = (B− B̂)′M(B− B̂) (3.3.14)

MˇΩB̂BœfflO” E(Lo)Θ

E(Lo) = E((B− B̂)′M(B− B̂))

= E
{

(B− E(B))− (B̂− E(B))
}′

M
{

(B− E(B))− (B̂− E(B))
}

= E
{

(B− E(B))′M(B− E(B)) + (B̂− E(B))′M(B̂− E(B))
} (3.3.15)

þãí�L§¥Ñy�����0§=µ

E
{

(B− E(B))′M(B̂− E(B))
}

= E(B− E(B))′M(B̂− E(B))

= 0 ·M · (B̂− E(B)) = 0

�	(3.3.16)ª§11�Ø¹B̂§qÏ�M����½Ý
§�12�

(B̂− E(B))′M(B̂− E(B)) ≥ 0 (3.3.16)

¤±¦(3.3.16)ª���B̂A¦(6.4.14)¥�Ò¤á§=�µ

B̂ = E(B)

=�g��¼ê�:�O����þ�"
ñññ«««mmm���OOO

aqu:�O§�±�âB����Ý¼ê?1«m�O"ùpI�

Ú\�p���Ý«m�Vgµ«mSz:����Ý¼ê��u«m	

?Û�:����Ý¼ê�§ù��«m¡��p���Ý«m£HPD«

m¤"
éuüëê£k=1¤�.�«m�O§�ëìeªµ∫ b

a

g(β |Y )dβ = 1− α (3.3.17)

Ù¥(1 − α)��&Y²"ù««m�O�²;��&EnØ¥�«m

�O´���"AO3��©Ù�¹e§����C�§���©ÙLB

�éN´/��(Ø"
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éuõëê£k > 1¤�.�«m�O§��âB����Ý¼ê§¦

ÑB�z����>S���Ý¼ê§2Uìüëê�¹¦Ñz�ëê�
�p���Ý«m"

I�`²�´§ëê��p���Ý«m3/ªþ�²;��&En
Ø¥��&«m´���§�)º¿Ø�Ó"3��d�O¥ëê��p
���Ý«m�¹Â´ëê±(1 − α)�VÇ uT«mS¶²;��&E

nØ¥��&«m�¹Â´T«m±(1 − α)�VÇ�¹ëê"¹Âþ�«

O
u´Är��ëê���ÅCþ"
òòòbbb���uuu���

�±^þã��p���Ý«m?1b�u�§�~^��{´|^
��`³'u�"

3.3.4 ������������ddd���OOO���¢¢¢~~~
du��d�O|^
��&EÚk�&E§¤±§'=|^��&

E�ëê�Oþ�k�"3��Nþ'����¹e§=|^��&E�
��ëê�Oþ´éØ���§XJU
æ^��d�O§KòJpëê
�Oþ���5"¯K3uXÛ��k�&E"��´duù�:§¦�
��d�O�,äk���nØ¿Â§�´¢SA^%É�
��"e¡

±ïá·II�|Ñ�.�~§é��d�O�L§?1¢Sü�"
²LnØ©Û!êâÑ:ã©ÛÚCþwÍ5u�§��·II�|

Ñ£^DEL«¤Ì��ûu�cIS)�o�§
�¥�5'X"u´
�.�µ

DEt = β0 + β1GDPt + µt t = 1, 2, · · · , T

îîî|||^̂̂������&&&EEE���OOO���...
À�1978-1997c�êâ���§æ^²;�.��O�{§��µ

β̂0 = 126.18 β̂1 = 0.008886 σ̂2
µ = 453

ïïï¦¦¦kkk���þþþ������������
ùpæ^�«AO��{¼�k�&E"À�1952-1977c�êâ��

�*ÿ�§�O�.§ò�O(J��k�&E"��ëê�k�þ�

�µ

β̄0 = 10.981 β̄1 = 0.047678

ëê�k����Ý
�µ

Σ̄B =

[
76.615 −0.0371
−0.0371 2.1204e− 005

]
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ððð|||^̂̂������&&&EEE???���kkk���©©©ÙÙÙ

|^(6.4.8)Ú(6.4.9)O���µ

¯̄β0 = 87.0354 ¯̄β1 = 0.00979

¯̄ΣB =

[
10.0093 −0.000262
−0.000262 2.98683e− 008

]
ñññ¦¦¦ëëëêêê���:::���OOO���

�â©¥�y²§þã��þ�Ò´ëê�:�O�"u´��æ^
��d�O��.�µ

DÊt = 87.0354 + 0.00979GDPt (3.3.18)

w,�==�6u1978-1997c���&E�O��.

DÊt = 126.18 + 0.008886GDPt (3.3.19)

k²wØÓ"
òòòýýýÿÿÿuuu���

| ^ � .(6.4.16)ý ÿ1998c � I � | Ñ § � �DÊ1998 = 865.7§
395%��&Y²eýÿ���&«m�£780.4,951.0¤"1998c¢SI
�|Ñ�934.7"
�
 ? 1 ' � § | ^ = = � 6 u1978-1997c � � & E � O � �

.(6.4.17)é1998c ? 1 ý ÿ § � �DÊ1998 = 831.7§ Ù ý ÿ ° Ý ² w

$u�.(6.4.16)¶=¦|^1952-1997c�¤kêâ����O�.§
¿ é1998c ? 1 ý ÿ § � � � ý ÿ ��860.4§ Ù ý ÿ ° Ý � $ u �
.(6.4.16)"

3.4 ÛÛÛÜÜÜõõõ���ªªª£££888���OOO

ÛÜõ�ª£8�OÌ�^uÃëê£8�.��O§3ëê£8�
.��O¥A^é�"3§2.6¥0��Ãëê£8�.��O¥§��S
��OÚ�^�OÑI��OÑ�X��ëê"�
~�ëê�O��
ê§�±æ^ÛÜ�5£8�O§=éu�½�x,@�m(·)3xNC�Û
Ü��Cqu�5�§éxNC�@Ü©êâA^�5£8�Eâ§
T
ÛÜ�����dI°5��"ù�§ÛÜ�5£8�O�I�Oü�ë

ê§
Ø´�X�ëê"�!¥Ì�±���.�~0�ÛÜ�5£8�
O"éuëê�.§ÛÜ£8�¿Â3u§<��±ò�©�.�½�Ã
ëê�.§,�^T�{?1�O§��3,
�¡��©ëê�.�`
�(J"
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3.4.1 ������ÛÛÛÜÜÜõõõ���ªªª£££888
éu��Ãëê£8�.

Y = m(X) + u (3.4.1)

Y��)ºCþ§´�ÅCþ¶X�)ºCþ§§�±´�Å�§�

�±´��Å¶u��ÅØ��"X�Y�'XL�ªY = m(X)��"
1. ÛÛÛÜÜÜõõõ���ªªª£££888
b ½m(x)3x = x0?p + 1� � ê � 3 §

b � ® k � �(Y1, X1), (Y2, X2), · · · , (Yn, Xn)§ � �
Om(x0),m

′(x0),m
′′(x0), · · · ,m(p)(x0)"�d § k òm(x)3x = x0? ?

1�NÐmµ

m(x) ≈ m(x0) +m′(x0)(x− x0) + · · ·+ m(p)(x0)

p!
(x− x0)

p (3.4.2)

Yi = m(x0) +m′(x0)(Xi − x0) + · · ·+ m(p)(x0)

p!
(Xi − x0)

p + εi, i = 1, · · · , n(3.4.3)

Tõ�ª�^\����¦{?1ÛÜ[Ü"=��z

n∑
i=1

{Yi −
p∑

j=0

βj(Xi − x0)
j}2Kh(Xi − x0)I(

|Xi − x0|
h

≤ 1) (3.4.4)

Ù ¥Kh(·) = K(·/h)/h§h�� � Û Ü � � � � � I ° §K(·)�Ø ¼
ê"I(·)�w«5¼ê§�)ÒS�Ø�ª¤á�§���1§ÄK��

�0"
eK(·)�[-1,1]þ�Ø¼ê§K(3.4.4){z�µ

n∑
i=1

{Yi −
p∑

j=0

βj(Xi − x0)
j}2Kh(Xi − x0) (3.4.5)

(3.4.3)�¤Ý
�/ª�µ

Y = Xβ + ε (3.4.6)

Ù¥
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Y =


Y1

Y2
...
Yn

 , X =


1 X1 − x0 · · · (X1 − x0)

p

1 X2 − x0 · · · (X2 − x0)
p

...
...

...
...

1 Xn − x0 · · · (Xn − x0)
p

 , β =


β0

β1
...
βp

 ε =


ε1

ε2
...
εn


β�ëê�þ§ε ��.Ø��þ"

β �\����¦�O�4�zµ

min
β

(Y −Xβ)′W (Y −Xβ) 3.4.7

u´

β̂ = (X ′WX)−1X ′Wy 3.4.8

Ù¥W = diag{Kh(Xi − x0)}"m(v)(x0)��O�m̂v(x0) = v!β̂v§v =
0, 1, · · · , p"

± þ Ò´Û Ü £ 8 � O � Ä � g ´ " Ø J u y §Ãëê£ 8
�Nadaraya-WatsonØ�O´p = 0�¹�ÛÜ£8�O"

2. ÛÛÛÜÜÜ£££888���{{{���`̀̀:::
ÛÜõ�ª[ÜlnØÚ¢�þÑ´áÚ<�"1�§DÚ£8�{

ò²LCþÛÜþ�Cz�ÉùX
§Ï
Ã{�N²Ly��(�C

z"DÚ£8�{?nk(�Cz�²LCþ�m'X�~^�Ã{´Ú

\J[Cþ§�J[Cþ�U�Nü��Ï½eZ®��Ï²Ly��(
�Cz"
ÛÜ£8�(JU
Ä�/�N²Ly��(�Cz"1�§
± �â²LnØïá��5½��5Oþ�.§Û¹XeZb�^�"
~X§C-D)�¼ê§Û¹XEâ¥5!5��ÅØC�b�"
ù
Û

¹^�éuäN¯KØ�½ÎÜ"ÛÜ£8b½Cþ�m�'X��§Ï


vkÛ¹?Ûb�^�§¤±�\ÎÜ¢S"1n§Ù§ÊH¦^�Ø
�O§XNadaraya-Watson�O��Ø7�� �§
Gasser-Müller�O

3?n)ºCþ��Å5Cþ�k�����£ë�L3.4.1¤"1o§Û
Ü£8�{Q·Üu)ºCþ�(½5Cþ��½�½�.§�·Üu)
ºCþ��Å5Cþ��Å�½�."1Ê§ÛÜ£8�{·Üu�Å�
½�.)ºCþ©Ùþ!�/§�·Üu©ÙØþ!��/"18§ÛÜ

õ�ª[ÜØ7?1>.?�§§3>.� �gÄ�SÜ� �k�Ó
��"3?nõ��¹�§ù´��­��`:"Ï�õ��¹�>.�

��§Ù§�O�{3?1>.?��~(J"1Ô§ÛÜõ�ª£8�
O3¤k�5�O¥§34�4��Ç(Minimax efficiency)¿Âþ�Cu
�`§§�k�5�100%"

3.    ÚÚÚ������
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L3.4.1�Nadaraya-WatsonØ�O!Gasser-MüllerØ�OÚÛÜ�5
£8�O�Å:ìC Ú���'�"dL��§Nadaraya-WatsonØ�
O����ÛÜ�5£8�O��Ó§� %õ
��¶Gasser-MüllerØ
�O�, �ÛÜ�5£8�O��Ó§���%�
Nõ"Ï
§ÛÜ

�5£8�O`uNadaraya-WatsonØ�OÚGasser-MüllerØ�O"

L 3.4.1: m(x)�Ø£8�O�Å:ìC Ú��£Fan 1992¤
�{   ��
Nadaraya-Watson (m′′(x) + 2m′(x)f ′(x)

f(x)
)bn Vn

Gasser-Müller m′′(x)bn 1.5Vn

ÛÜ�5£8 m′′(x)bn Vn

Ù¥bn = h2

2

∫∞
−∞ u2K(u)du§Vn = σ2(x)

f(x)nh

∫∞
−∞K2(u)du"

P

µj =
∫
ujK(u)du, vj =

∫
ujK2(u)du

S = (µj+l)0≤j,l≤p, cp = (µp+1, · · · , µ2p+1)
′

S̃ = (µj+l+1)0≤j,l≤p, c̃p = (µp+2, · · · , µ2p+2)
′

S∗ = (vj+l)0≤j,l≤p, S−1 = (Sjl)0≤j,l≤p

eν+1 = (0, · · · , 0, 1, 0, · · · , 0)′, 131ν + 1 �þ"

K(t)�Ó�Ø½Â�µ

K∗
v,p(t) = (

p∑
l=0

Svltl)K(t) (3.4.7)

L3.4.2 Ø¼êK(t)�Ó�ØK∗
v,p(t)

v p Ø¼êK(t)�Ó�ØK∗
v,p(t)

0 1 K(t)
0 3 (µ4 − µ2

2)
−1(µ4 − µ2t

2)K(t)
1 2 µ−1

2 tK(t)
2 3 (µ4 − µ2

2)
−1(t2 − µ2)K(t)

b�f(x0) > 0§�f(·),m(p+1)(·)Úσ2(·)3x0���ëY"K�h →
0, nh→∞�§m̂v(x0) = v!β̂v�ìC^����µ

Var{m̂v(x0)|X} = e′v+1S
−1S∗S−1ev+1

v!2σ2(x0)
f(x0)nh1+2v + op( 1

nh1+2v )

≈
∫
K∗

v,p2(t)dt v!2σ2(x0)
f(x0)nh1+2v + op( 1

nh1+2v )
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�p− vÛê�§ìC^� �µ

Bias{m̂v(x0)|X} = e′v+1S
−1cp

v!
(p+1)!

m(p+1)(x0)h
p+1−v + op(hp+1−v)

≈
∫
tp+1K∗

v,p(t)dt
v!

(p+1)!
m(p+1)(x0)h

p+1−v + op(hp+1−v)

�p− vóê�,ef ′(·)–(p+2)(·)3x0���ëY,KìC^� �µ

Bias{m̂v(x0)|X} = e′v+1S
−1c̃p

v!
(p+2)!

×{m(p+2)(x0) + (p+ 2){m(p+1)(x0)
f ′(x0)
f(x0)

}hp+1−v + op(hp+2−v)

��§�p − vÛê�§ìC^� k��Ø�¹f ′(x0)��{üL�

ª¶
�p − vóê�§ìC^� %,k���¹f ′(x0)��"ù�`²


��oL3.4.1¥Nadaraya-WatsonØ�O(v = 0, p = 0)� 'ÛÜ�5£
8�O(v = 0, p = 1)� õ��"

ñññ���ZZZIII°°°���ÀÀÀJJJ
I°ëêh3ÛÜ£8¥å��­���^§���I°ò¦�x =

x0ål���*	:�ë�ÛÜ£8§�ÒE¤ÛÜ£8�O� ��
�"���I°ò¦�x = x0ål�C�*	:vUë�ÛÜ£8§�Ò
E¤ÛÜ£8�O��Å ���"Ï
Ï¦Ü·�I°ò´ÛÜ£8�
�­�?Ö��"

(1) nØ��ZI°
�β̂j,j = 0, 1, · · · , p´p�ÛÜõ�ª£8�ëê�O§Km̂v(x0) =

v!β̂v´m(v)(x0)��O,v = 0, 1, · · · , p"
n Ø þ,� Om(v)(x0)� Û Ü I ° � � ` À J´¦� ^ � þ �Ø

�(MSE)µ

MSE(x0) = E[{m̂v(x0)−m(v)(x0)}2|X]
= [Bias{m̂v(x0)|X}]2 + V ar{m̂v(x0)|X}
≈

∫
tp+1K∗

v,p(t)dt
v!

(p+1)!
m(p+1)(x0)h

p+1−v

+
∫
K∗

v,p2(t)dt v!2σ2(x0)
f(x0)nh1+2v

(3.4.8)

����,u´���`�ÛÜI°�µ

hopt(x0) = Cv,p(K)

[
σ2(x0)

{m(p+1)(x0)}2f(x0)

]1/(2p+3)

n−1/(2p+3) (3.4.9)

Ù ¥Cv,p(K) =
[

(p+1)!2(2v+1)
∫

K∗2
v,p(t)dt

2(p+1−v){
∫

tp+1K∗
v,p(t)dt}2

]1/(2p+3)

§σ2(x0)´ �
½Xt0�§Y�^���V ar(Y |X = x0)§f(·)´X�VÇ�Ý¼ê"
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v p pdØ þ!Ø Epanechnikov Biweight Triweight
0 1 0.773 1.351 1.719 2.036 2.312
0 3 1.161 2.813 3.243 3.633 3.987
1 2 0.884 1.963 2.275 2.586 2.869
2 3 1.006 2.604 2.893 3.208 3.503

L3.4.3 Cv,p(K)�ê�

�Û�`I°A´¦�^�\�MISE£Mean Integrated Squared Er-
ror¤

∫
([Bias{m̂v(x)|X}]2 + V ar{m̂v(x)|X})w(x)dx (3.4.10)

����§Ù¥w ≥ 0´,�¼ê"u´§���`�ÛI°

hopt = Cv,p(K)

[ ∫
σ2(x)w(x)/f(x)dx∫
{m(p+1)(x)}2w(x)dx

]1/(2p+3)

n−1/(2p+3) (3.4.11)

£2¤�ZI°��O

IJœ˜ˆ–Θ–”

3z�ÛÜ*	:x = Xi§Äk3��¥GØT*	:(Xi, Yi)¶Ùg

ò�e�n− 1�*	:3x = Xi??1Ø�ÛÜ£8"ÛÜ£8���²

w�Ð?Ò´~ê�β0,−i��Oβ̂0,−ifÐÒ´Yi�[Ü�"��§ÏL'

�²þ[ÜØ�

RMSE =

√√√√ n∑
i=1

(Yi − β̂0,−i)2

n

���§ÀJ¦²þ[ÜØ�����I°h"
��±æ^�\{5ÀJ�ZI°§=r��¼ê��O�\�ìC

úªp±ÀJ�Z²wëê"
5. �ZØ¼ê�ÀJ
Ø¼ê���é¡�VÇ�Ý¼ê"Ø�¼ê3ÛÜ£8¥å1w

��^§=�Ø6Ä��ÅÏ�§¦¤�­��NCþ�m�¢S²L

'X"3x = x0??1ÛÜ£8�c§éuØÓ�*	:XòD�ØÓ�
�ê§=ØÓ�*	:3x = x0?ÛÜ£8��­�§ÝØÓ§½K�

§ÝØÓ"��Ø¼ê�ÀJ�K´µ�*	:X�x0 “ål”C�§¤D
���êÒ��§��Ò��.Ø�¼ê�n)�z�*	:X�x0�“å
l”.“ål”�½ÂØÓÒ�)ØÓ�Ø�¼ê.
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éuØÓ�vÚp§ÏL(6.4.4)Ú(6.4.6)©O¦MSEÚMISE���

ÀJI°§
MSEÚMISEÑÏL

Tv,p(K) = |
∫
tp+1K∗

v,p(t)dt|2v+1{
∫
K∗2

v,p(t)dt}p+1−v (3.4.12)


�6uØ¼êK"5¿�éu?Ûé¡Ø¼êK§�p − vóê
�§Tv,p(K)¸0"Ø��p− v�Ûê"

u´§ ¦¦�MSEÚMISE� � � � � ` � Ø ¼ê= ��¦¦
�(6.4.7)� � � � Ø ¼ê" Ï 
 � � 4 Ù { ü � ( Ø µ 3 S : §¦
�MSEÚMISE� � � � � ` � Ø ¼ê�EpanechnikovØ ¼êK(z) =
0.75(1 − z2)+¶3�>.:-1§�`Ø¼ê�K(z) = (1 − z)I[0,1](z)¶3
m>.:1§�`Ø¼ê�K(z) = (1 + z)I[−1,0](z)"

k�§��O� ��Ñ�§�ZØ¼ê�¦�O�������
Ø¼ê§�Ò´¦

∫
K∗2

v,p(t)dt����Ø¼ê"ÃØ´3S:§�´>.
:§þ!ØK(z) = 0.5I{|z| ≤ 1}´�O��������`Ø¼ê"

6. �Zõ�ª�ê�ÀJ
duÛÜ£8�O� �Ì�dI°��§Ï
ÛÜõ�ª�êp�À

JvkI°ëêh�ÀJ­�"éu�½�I°h§���pò~�ÛÜ£
8�O� �§����O������"

b�·� ^p� õ �ª? 1 Û Ü £ 8 [ Ü � � ¼êmv(x0)� �
Om̂v(x0),K�Oþ����µ

V ar{m̂v(x0)|X} =

∫
K∗2

v,p(t)dt
v!2σ2(x0)

f(x0)nh1+2v
{1 + op(1)} (3.4.13)

e¡�Ä£8¼ê��O(v=0)§K£8¼ê��O���µ

Vp
σ2(x0)

f(x0)nh
{1 + op(1)} (3.4.14)

Ù¥Vp =
∫
K∗2

0,p(t)dt"
L3.4.4 ~^Ø¼ê�Vp/V0

£8¼êm(v)(x0)�O����pO\
O����5Æ´µ�p − vl

ÛêO\�óê�§��O\¶�p− vlóêO\�Ûê�§��ØO"
¤±§AÀ^p − v�Ûê2q + 1§p = v + 2q + 1�õ�ª?1�O§§

'p = v + 2q�õ�ªõ��ëê§
£8¼ê�Oþ���%�Ó§�d
uõ��ëêÒ�±��/~�3>.«�Úêâ�8«��[ÜE¤�
 �"

Ï�I°�^u���.�E,5§¤±�8�´�Om(v)(x0)�§
��í�¦^p = v + 1½ó�p = v + 3"
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p pd þ! Epanechnikov Biweight Trriweight
1 1 1 1 1 1
2 1.6876 2.2500 2.0833 1.9703 1.9059
3 1.6876 2.2500 2.0833 1.9703 1.9059
4 2.2152 3.5156 3.1550 2.8997 2.7499
5 2.2152 3.5156 3.1550 2.8997 2.7499
6 2.6762 4.7852 4.2222 3.8133 3.5689
7 2.6762 4.7852 4.2222 3.8133 3.5689
8 3.1224 6.0562 5.2872 4.7193 4.3753
9 3.1224 6.0562 5.2872 4.7193 4.3753
10 3.5704 7.3281 6.3509 5.6210 5.1744

7. êâa.�·A5
 Ú��L�ª´3�Å�½�.e�Ñ�§�§�éu�½�½�

.E,k�"Ï
§ÛÜõ�ª£8Q·Au�Å�½�.§�·Au�
½�½�."é'�e§Gasser-MüllerØ�OØ·Au�Å�½�.§Ù

��´ÛÜ�5£8�O���1.5�"
�p−vóê�§ìC^� õ
��"~X§v = 0, p = 0�Nadaraya-

WatsonØ�O�ìC õ
��m′(x0)f
′(x0)/f(x0)"ù�§�O� �6

um′′(x0)Úm′(x0)f
′(x0)/f(x0)��p�^µ�m′′(x0)�½�§éu)ºC

þpÝ�8�Øþ!�é¡�êâ§Ù|f ′(x0)/f(x0)|��§Ï
�O� 

���"ù�Nadaraya-WatsonØ�OØ·Üu)ºCþ©ÙØþ!�p
Ý�8�êâ"aq/§�p − vóê�§m(v)(x0)�ÛÜõ�ª�OØ·
Üu)ºCþ©ÙØþ!�pÝ�8�êâ"

�p − vÛê�§dum(v)(x0)�ÛÜõ�ª�O� �)ºCþ©Ù

�ÝÃ'§¤±§§Q·Üu)ºCþþ!©Ù��/§�·Üu)ºC

þ�þ!©Ù��/"
8. >.�gÄ?�

3¢SA^¥§êâo´k.�"3�Om(v)(x0)�§�x0�C>.
�§ÛÜ��x0±há3�O«��	"ù�§�
3S:¤á�ØÝ^�

3>.�x0ÛÜ��Ø2¤á§E¤�õê²wEâ3>.k��� "
3§2.6¥§�
Å�>. §0�
>.Ø�{"FanÚGijbels(1992)3n
Øþy²
ÛÜõ�ª£8[ÜUgÄ/?1k��>.?�§ù´Ù§

²wEâ¤Ã{'[�"�Ø�õêÙ§²w�{§ÛÜõ�ª[Ü�{
?1>.?�ØI���| à:� �"

b½)ºCþ��O�Ýkk.| [0,1]§�>.:L«¤x = ch§
m>.:L«¤x = 1− ch"P

µj,c =

∫ ∞

−c

ujK(u)du, Sc = (µj+l,c)0≤j,l≤pS
−1
c = (Sjl

c )0≤j,l≤p
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K(t)œ>.Ø

K∗
v,p,c(t) = (

p∑
l=0

Svl
c t

l)K(t)

>.Ó�Ø÷vGasser,MüllerÚMammitzsch(1985)�>.Ý^�§Ï


ÛÜõ�ª£8[ÜäkgÄ>.?�5�"
9. �Z�5²w
4

Cp+1 = {m : |m(z)−
p∑

j=0

m(j)(x0)

j!
(z − x0)

j| ≤ C
|z − x0|p+1

(p+ 1)!
} (3.4.15)

½Â�54�4�ºx�µ

Rv,L(n,Cp+1) = inf
Ŝv linear

sup
m∈Cp+1

E
[
{Ŝv −m(v)(x0)}2|X

]
(3.4.16)

ùp=�Äp = 1, v = 0�AÏ�¹"éu�5�Om̂L§½Â§�4�
4��Ç�µ (

R0,L(n,C2)

supm∈C2
E[{m̂L(x0)−m(x0)}2|X]

)5/4

(3.4.17)

u´k(ØµØ¼ê�EpanechnikovØ§I°�µ

h =

{
15σ2(x0)

f(x0)C2n

}1/5

(3.4.18)

�ÛÜ�5£8�Om̂∗(x0)��4�4�ºx§Ï
§�4�4��
Ç�100 "

L3.4.5 Ø£8²w�4�4��Ç£ ¤

Ø ÛÜ�5[Ü Gasser-Muller Nadaraya-Watson
Epanechnikov 100 66.67 0
pd 95.12 63.41 0
þ! 92.95 61.97 0

u´§80 �4�4��Ç��5�O==|^
êâ�80 �&
E§
ÛÜ�5£8�O|^�êâ&E���100 "Ï
^100�êâ
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����O§eæ^ÛÜ�5£8�I80�êâ����Oò�§��

�Ð"5¿§Nadaraya-Watson�O�6u�êm′(x0)§Ï
Ø�f ′(x0) =
0§Ø,3C2þ�4�ºx�Ã¡�"¤±§§�4�4�ºx�0"

þã4�4�5�éN´í2�£8¼ê9Ù�ê�ÛÜõ�ª�O

����¹§ÛÜõ�ª�Oò���p��54�4��Ç"3>.§
ÛÜ�5�O����54�4��Ç�94.64%"ù�§ÛÜ�5£8�
OA�´�Z�>.?��{"�[�SN�Ööë�Fan(1996)""

3.4.2 õõõ���ÛÛÛÜÜÜõõõ���ªªª£££888
1©õ�ÛÜ£8�{
Y æ)CXp)Cœ′LY = m(X)¨”8–œgkY = m(X)3?1TaylorÐm¶Ùg§

A^Ø�¼ê�z�*	:\�¶��§3ÛÜ^\����¦{?1Û
Ü£8�O"

(1) TaylorÐm
b½®k����Yi, Xi = (Xi1, Xi2, · · · , Xid), i = 1, 2, · · · , n"ò��

�¼ê'Xm(x)3x = Xi??1TaylorÐm(�Ñp��§��Ñ��õ�

ª)µ

m(x) ≈ m(Xi) + (x−Xi)m
′(Xi) +

1

2
(x−Xi)m

′′(Xi)(x−Xi)
′ (3.4.19)

Ù¥m(Xi)´m(x)3x = Xi?�*	�;m′(Xi) = ∂m(Xi)
∂x
´m(x)3x =

Xi?��Ç�þ½�AXê�þ;m′′(Xi) = ∂2m(Xi)
∂x∂x′

´m(x)3x = Xi?��
� �ê�
"Ï�m(x)��§¤±ù
þ���"ÛÜ£8Jø
é§

�?1�O��«�{"
(2) Ø�ÛÜ£8(Kernal Weighted Local Regression)
À½VÇ�ÝK(·) ∫

K(u)du = 1 (3.4.20)

�Ø¼ê9I°h > 0§KKh(u) = h−1K(uh−1)�´��VÇ�Ý"
éA*	:x0§ò£8�.(1)�¤µ

Yj = α+ (Xj − x0)β +
1

2
(Xj − x0)γ(Xj − x0)

′ + εjj = 1, · · · , n 3.4.23

)
b�εj*iid(0, σ2)§Ø�ÛÜ£8Ò´µ�â\����¦�n§

¦α, β, γ��Oα̂, β̂, γ̂§¦�£3.4.47¤µ
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n∑
i=1

{Yi − α(Xi − x0)β − frac12(Xi − x0)γ(Xi − x0)
′}2

×Kh(Xi − x0)
p∏

j=1

I(
|Xij−x0j |

h
≤ 1)

���"u´m̂(x0) = α̂§m̂′(x0) = β̂"
�ê��^k-C���ê"4K = int(hN),Ù¥0¡h ≤1§-d(x) =

(xx′)1/2§éd(Xj − x0), j = 1, 2, · · · , n?1üS§��d0"§´x0����

kK�*	:���ål"�u(x) = d(x)/d0§Kk-C���ê�µ

Kh(x) = K(u(x)) 3.4.24

Kh(Xj − x0) = K(u(Xj − x0)) j = 1, 2, · · ·n

Ù¥K(·)�[-1,1]þ�Ø¼ê"

3.4.3 ������ÛÛÛÜÜÜ£££888���¢¢¢SSS~~~
~3.4.1 µé·Ié	²LéX�ISÏÀ)ä�'X?1ÛÜ£8

�O"~K�8�´�Om′(x)§?
©O��û¬?Ñ�o�x1Ú	®;

�x2��éCzéÏÀ)äy��éCz��5Xê§±�NØÓ�Ïé	
²L��üCzéISÏÀ)ä�K�"

Ï�8�´�Om′(x)§�^��õ�ª?1ÛÜ£8§æ^pdØ
¼ê§|^���½{(½�ZI°�0.6§d�ÛÜ£8²þ[ÜØ�
�2.8051"e¡�ã©O�û¬?Ñ�o���AXêβ1ã!	®;�

��AXêβ2ã!û¬?Ñ�o���5Xêη1ãÚ	®;���5X

êη2ã"L3.4.6�ÏÀ)äÛÜ£8��AXêÚ�5Xê"û¬?Ñ�
o���5Xê�η1 = ∂m(x)

∂x1
· x1

y
§	®;���5Xê�η2 = ∂m(x)

∂x2
· x2

y
"

3.5 ���ëëëêêê£££888���...999ÙÙÙëëëêêê���OOO

§2.6¥0��Ãëê£8�.�,kNõ�`:§�´l¢SA^
5`§k§�Û�5"~XK�y�Ï�(=)ºCþ)�©�ü�Ü©§
=xÚt§�â²�½{¤]��±@�Ï�x´Ì��§
�yÓx´äk²

(�'X�¶
tK´,«Z6Ï�(½öw��Cþ)§§Óy�'X´�
����§�´qvkndòÙ8\Ø��"d�XJ^�ëê£8�.
\±?n§K¬���õ�&E§ØU�«yÓx�'X¶e=æ^ëê£
8�.§��[Ü�J��"u´g,/JÑ
üö�·Ü�."

�ëê£8�.��{KÜ
ëê£8�.�{Ú�CuÐå5�Ã
ëê£8�.�{§�¿�ùüa�{�{üU\"�±��§3Ø�¢
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L 3.4.2: ÏÀ)äÛÜ£8��AXêÚ�5Xê

c� β1 η1 β2 η2 c� β1 η1 β2 η2

93.04 -0.805 -0.989 0.32 0.538 96.02 -0.526 -0.463 0.213 0.893
93.05 -0.269 -0.349 0.296 0.475 96.03 0.138 0.155 0.164 0.695
93.06 -0.801 -0.92 0.321 0.486 96.04 0.223 0.26 0.153 0.657
93.07 0.041 0.052 0.282 0.418 96.05 0.313 0.391 0.133 0.585
93.08 0.038 0.049 0.282 0.42 96.06 0.212 0.247 0.146 0.639
93.09 0.733 1.047 0.247 0.377 96.07 0.194 0.227 0.143 0.634
93.1 0.119 0.152 0.275 0.441 96.08 0.204 0.254 0.131 0.602
93.11 0.726 1.004 0.242 0.406 96.09 0.082 0.097 0.15 0.712
93.12 -0.036 -0.083 0.151 0.262 96.1 0.165 0.217 0.125 0.618
94.01 -1.269 -0.97 0.336 0.61 96.11 0.07 0.086 0.137 0.685
94.02 -1.288 -1.049 0.333 0.646 96.12 0.27 0.507 0.173 0.891
94.03 0.145 0.174 0.258 0.515 97.01 -0.304 -0.331 0.178 0.974
94.04 0.559 0.711 0.234 0.491 97.02 -0.336 -0.291 0.179 0.974
94.05 0.727 0.933 0.224 0.466 97.03 -0.11 -0.139 0.143 0.806
94.06 1.006 1.367 0.204 0.425 97.04 -0.077 -0.101 0.131 0.758
94.07 0.894 1.121 0.204 0.447 97.05 -0.011 -0.015 0.115 0.679
94.08 0.9 1.113 0.197 0.455 97.06 -0.127 -0.165 0.121 0.718
94.09 0.727 0.872 0.201 0.5 97.07 0.148 0.201 0.083 0.499
94.1 0.688 0.821 0.197 0.519 97.08 -0.244 -0.317 0.115 0.724
94.11 0.977 1.33 0.151 0.441 97.09 -0.108 -0.147 0.096 0.624
94.12 0.127 0.272 0.19 0.575 97.1 0.359 0.535 0.061 0.41
95.01 -0.808 -0.746 0.26 0.839 97.11 0.014 0.019 0.08 0.537
95.02 -0.742 -0.687 0.251 0.836 97.12 0.014 0.026 0.14 0.947
95.03 0.873 1.176 0.139 0.471 98.01 -0.53 -0.564 0.159 1.112
95.04 0.764 0.986 0.149 0.519 98.02 -0.529 -0.55 0.16 1.097
95.05 0.755 1.023 0.132 0.448 98.03 -0.4 -0.537 0.117 0.814
95.06 0.575 0.794 0.135 0.47 98.04 -0.334 -0.463 0.111 0.783
95.07 0.726 0.914 0.133 0.471 98.05 -0.5 -0.657 0.127 0.904
95.08 0.684 0.883 0.127 0.46 98.06 -0.365 -0.492 0.114 0.787
95.09 0.638 0.816 0.129 0.489 98.07 -0.234 -0.318 0.101 0.692
95.1 0.542 0.679 0.134 0.527 98.08 -0.482 -0.619 0.125 0.86
95.11 0.534 0.683 0.126 0.498 98.09 -0.433 -0.575 0.119 0.834
95.12 0.15 0.283 0.187 0.726 98.1 -0.519 -0.676 0.125 0.887
96.01 -0.182 -0.189 0.194 0.795 98.11 -0.421 -0.562 0.115 0.808
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ã 3.1: û¬?Ñ�o���AXê

ã 3.2: 	®;���AXê

S¯K¥§§�U´����Cý¢!�U¿©|^êâ¥¤Jø�&E

��{"
�ëê£8�./ª´{ü�§�!òÌ�?Ø§��O¯K"¤±

vkò§8\1�Ù���«AÏ��.(�§
´ò§8\1nÙ��
�«AÏ��O�{"

3.5.1    ííí������OOO

Stoneu1977cJÑXe£8�.µ

y = Xβ + g(Z) + ε (3.5.1)
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ã 3.3: û¬?Ñ�o���5Xê

ã 3.4: 	®;���5Xê
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§k�5ÌÜXβ,rº�)ºCþ��³r�§·u	òýÿ¶�k
�ëêÜ©g(Z)§�±é�)ºCþ�ÛÜN�§¦�.�Ð/[Ü��

*ÿ�"du(6.5.1)(Ü
ëê�.Ú�ëê�.§¤±¡��ëê£8
�."duù«�.Q¹ëê©þ§q¹�ëê©þ§�±V)Ú£ã¯

õ¢S¯K§Ï
Úå2��­À"
(6.5.1)¥X = (X1, · · · , Xp)ÚZ���uRpÚ[0,1]þ��Å½��Å�

þÚCþ§β�p���ëê�þ, g(Z)�½Âu[0,1]þ���¼ê§ε´�

ÅØ�,E(ε) = 0, E(ε2) = σ2"XJ@�XÚZ´�Å�§KIb½§�

�εÕá"�.�?Ö´�l*ÿêâyi!XiÚZi,i = 1, · · · , nÑu§�O

��¼êg(z)!��ëêβÚ©Ùëêσ2"
 í��O�{´dDenby(1984,1986)JÑ�§©üÚ?1�O"
1�Ú§k�β®�§�Oĝ(Z)"Äu

ui = yi −Xiβ = g(Zi) + εi (3.5.2)

^�¼ê{�Ñ��¼êg(Z)��O:

ĝ(Z) =
n∑

i=1

Wni(Z)ui =
n∑

i=1

Wni(Z)Yi −
n∑

i=1

Wni(Z)Xiβ (3.5.3)

� ¼êWn,i(Z)� � �Wn,i(Z) = K(Z−Zi

h
)/

n∑
j=1

K(
Z−Zj

h
)"K´Ø ¼

ê§ � � V Ç � Ý Ø § ~ XBartlett-EpanechnikovØ: K(z) = 3
4
(1 −

z2)+, h > 0��°§��â²�À�"Pĝ1(Z) =
n∑

i=1

Wni(Z)Yi§ĝ2(Z) =

n∑
i=1

Wni(Z)Xi§K

yi −Xiβ = ĝ1(Zi)− ĝ2(Zi)β + ei

1�Ú§3®�ĝ(Z)�Ä:þ�Oβ̂"Äu

yi − ĝ1(Zi) = (Xi − ĝ2(Zi))β + ei (3.5.4)

��β����¦�Oβ̂"PỸi = yi − ĝ1(Zi)§X̃i = Xi − ĝ2(Zi)§K

β̂ = (X̃′X̃)−1X̃′Ỹ (3.5.5)

σ̂2 =
1

n
(Ỹ − X̃β̂)′(Ỹ − X̃β̂) (3.5.6)



§3.5 �ëê£8�.9Ùëê�O 127

Ù¥Ỹ =


Ỹ1

Ỹ2
...

Ỹn

§X̃ =


X̃1

X̃2
...

X̃n

"

du3üÚ�O¥Ñ©O±“ ”í����)ºCþ*ÿ�§¤±¡
�� í��O"

~���¼ê�k�C�!õ�ªÚn�?ê�§
Ø�{3�ëê
�O¥ÓkAO­��/ §�3¢S¥�~^"I��Ñ�´β̂,σ̂2,g∗�
���5���þØ�6u�¼ê�ÀJ"k'©z3�¼ê©O�õ�

ª!�C�ÚØ¼ê�y²
β̂�ìC��5"σ̂2�ìC��5Ägdé
�¼ê©O��C�ÚØ¼ê��/¤y²"

XÛ�½β̂±?11�Ú��Oº���1��{´���O��.
�ëêÜ©y = Xβ + µ§��β̂�ý��"

3.5.2 111www���^̂̂���OOO

b�0 ≤ Z1 < Z2 < · · · < Zn ≤ 1,βÚg(Z)�1w�^�O�¦

1

n

n∑
i=1

[yi −Xiβ − g(Zi)]
2 + λ

∫ 1

0

[g(m)(u)]2du (3.5.7)

������O"±Z1, Z2, · · · , Zn�!:�1w�^�O�

β̂λ = (X′(I − A(λ))X)−1X′(I − A(λ))y (3.5.8)

ĝλ(Z) = aτ (Z)(y −Xβ̂λ) (3.5.9)

A(λ) =
∑
M−1(I − T (T ′M−1T )−1T ′M−1) + T (T ′M−1T )−1T ′M−1

= (a(Z1), · · · , a(Zn))′

(3.5.10)

ÀJλ§¦�

GCV (λ) =
1

n

n∑
i=1

[yi −Xiβ − g(Zi)]
2/[

1

n
tr(I − A(λ))]2 (3.5.11)

����"
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3.5.3 üüü���ããã���������¦¦¦���OOO

1. üüü���ããã���������¦¦¦���OOO

Pa = E(g(Zi)),E(g2(Zi)) <∞§-ui = g(Zi)− a+ εi§K

yi = a+Xiβ + ui (3.5.12)

¦^���¦{��β��Oβ∗§¡β∗�β��g�O"¢Sþ´J
Ñ
�«“ í��O”¥Äk�½β��Oþ��{",�Äuí�yi −
Xiβ

∗§3�.

^

Y i = yi −Xiβ
∗ = g(Zi) + ei

¥�Og§~XPg∗�g�Ø��O"��§ò�.¥�g��g∗§2g

¦^���¦{£ í��O¥�1�Ú¤§��β��g�Oβ̂"

g∗(Z) =
n∑

i=1

Wni(Z)Ỹi =
n∑

i=1

Wni(Z)(yi −Xiβ
∗) (3.5.13)

β̂ = arg min
β

n∑
i=1

(yi −Xiβ − g∗(Zi))
2 (3.5.14)

2. üüü���ãããÛÛÛÜÜÜ£££888���OOO

b�a = E(g(Zi)),E(g2(Zi)) <∞¶-ui = g(Zi)− a+ εi§K

yi = a+Xiβ + ui

¦^���¦{��β��g�Oβ∗",�§3�.

Ỹi = yi −Xiβ
∗ = g(Zi) + ei

¥§æ^Ø�ÛÜ£8�{�Og"=��zµ

n∑
j=1

(Ỹj − α0 − α1(Zj − Z))2Kh(Zj − Z) (3.5.15)

Ù¥Kh(·) = K(·/h)/h§h���ÛÜ������°§K(·)�Ø¼
ê"

~ ^ � Ø ¼êk p d(Gaussian)!k-C �(KNN)� " 3 � ½ Ø ¼
êK(·)e§æ^���½�{ÀJI°h"¦�(6.4.16)�����α0Ò
´g(Z)��O,P�g∗(Z)"

��§3�.

^

Y i = yi − g∗(Zi) = Xiβ + εi
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¥,¦^���¦{,��β��g�Oβ̂.

β̂ = arg min
β

n∑
i=1

(yi −Xiβ − g∗(Zi))
2

σ̂2 =
1

n

n∑
i=1

(yi −Xiβ̂ − g∗(Zi))
2

Ù¥“arg”�argument� �§L«“gCþ”"
3. ������~~~fff
ÁãïÄû¬?Ñ�éISÏÀ)ä�K�"æ^Ø¬�¤d��

ê���LÏÀ)ä�Cþ§^§���)ºCþy¶l5¥IÔd6�
�1993c4��1998c11�z��þcÓ��'�Ø¬�¤d��ê§2�
�¤z��1992c4��'�Ø¬�¤d��ê§���)ºCþy���

*ÿ�¶ÀJû¬?Ñ�o�x!?Ñ���z��)ºCþ§��*ÿ�

5g5°'ÚO6"
Äkæ^{ü�5�.£ã§��m�'X§=

y = α0 + α1x+ α2z + ε

æ^ÊÏ���¦�O�.§���(JXe:

ŷ = 114.87
(14.686)

+ 0.22988
(6.7547)

x+ 0.7536
(7.8253)

z

R2 = 0.70217 σ̂ = 15.337

Ù¥ëê�O��e��ÙtÚOþ"l[Ü(JwÑ§{ü�5�.
ØU�Ð/[Ü��*ÿ�"

,�æ^�ëê£8�.§û¬?Ñ�o�x��)ºCþy�m�'
XE^�5ëê�.£ã§?Ñ���zéd��ê�K�æ^Ãëê/ª
£ã"=µ

y = α+ β x+ g(z) + ε

æ^ü�ãÛÜ£8{�O�."β��g�O�0.31095¶À^kC
�(KNN)Ø¼ê§^���½�{£CVM)ÀJ�Z�°�0.65§g(zi)��
Og∗(zi)�Ñ:ãXã3.5.1"β��g�O�0.26441,σ̂ = 14.249"

du14.249¡15.337§¤±�ëê�.�²þ[ÜØ��u�5£8�
.�²þ[ÜØ�"
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ã 3.5: g(zi)��Og∗(zi)�Ñ:ã

3.6 OOOþþþ²²²LLLÆÆÆ���...���222ÂÂÂÝÝÝ���OOO

2ÂÝ�O�{£GMM, Generalized Method of Moments¤´Äu�
.¢Sëê÷v��
Ý^�
/¤��«ëê�O�{§´Ý�O�{
���z"XJ�.��½´�(�§KoUé�T�.¢Sëê÷v�
eZÝ^�
æ^GMM"duDÚ�Oþ²LÆ�.�O�{§~XÊ

Ï���¦{!óäCþ{!4�q,{�§Ñk§��Û�5§Ùëê
�Oþ7L3�.÷v,
b��âäkûÐ�5�§ÃX�k��.�
�ÅØ��Ñl��©Ù½,�®�©Ù§4�q,{ëê�Oþâ´�
���Oþ¶
GMM#N�ÅØ���3É��ÚS��'§¤���
ëê�Oþ'Ù§ëê�O�{�Ü�¢S¶
��±y²§GMM�N


Nõ~^��O�{§ÊÏ���¦{!óäCþ{!4�q,{Ñ´
§�A~"¤±§GMMäkÙ`�5
��A^"

3.6.1 222ÂÂÂÝÝÝ���OOO���VVVggg

îîîëëëêêê���ÝÝÝ���OOO

ëê�Ý�OÒ´^��Ý��OoNÝ"
~X§y1, y2, · · · , yn´l��©ÙoNN(µ, σ 2)¥Ä���|��*ÿ

�§@o�±l��*ÿ�O�����£�:¤ÝÚ��£�:¤Ý§
,���OoN��ÝÚoN��Ý§2?�ÚO�oNëê£Ï"Ú�
�¤��Oþ"=

X(1) =
1

n

n∑
i=1

yi X(2) =
1

n

n∑
i=1

y2
i

©O������ÝÚ��Ý§u´oN��ÝÚoN��Ý��O

þ�µ
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M̂ (1) = E(Y ) = X(1) =
1

n

n∑
i=1

yi

M̂ (2) = E(Y 2) = X(2) =
1

n

n∑
i=1

y2
i

Ï�E(Y ) = µ, E(Y 2) = σ 2 − µ2§u´��oNëê£Ï"Ú��¤
��Oþ�µ

µ̂ = M̂ (1) = E(Y ) = X(1)

σ̂ 2 = M̂ (2) + (M̂ (1))2 = X(2) + (X(1))2

ùp·�^X(r)L«���r�Ý§^M (r)L«oN�r�Ý"
2X§�,oN�©Ù�Ý¼ê�

f(t) =
a√

2πΦ(t)t2
exp

(
−1

2

(a
t
− b
)2
)

t > 0 (3.6.1)

Ù¥ëê�aÚb§Φ(x)�ÑlN(0, 1)�©Ù¼ê"3?1ëê�O

�§�±¦^K�êÝ�O"Ï�éuToN�3Xe'X§=Ý^�µ

Et−1 =
b

a
+

1

a
√

2πΦ(b)
exp

(
−1

2
b2
)

(3.6.2)

Et−2 =
b2 + 1

a
+

b

a2
√

2πΦ(b)
exp

(
−1

2
b2
)

(3.6.3)

¤±k'uëê�Oþ��§|µ

1

n

n∑
i=1

1

ti
=
b̂

â
+

1

â
√

2πΦ(b)
exp

(
−1

2
b̂2
)

(3.6.4)

1

n

n∑
i=1

1

t2i
=
b̂2 + 1

â
+

b̂

â2
√

2πΦ(b)
exp

(
−1

2
b̂2
)

(3.6.5)

d��O��§|�à§¦)�§|=���ëê�Oþ"ù��K
�êÝ�OØ=BuO�§
�TÐ�uëê���q,�O"

ïïïëëëêêê���222ÂÂÂÝÝÝ���OOO

þ¡ü�~f¥Ñ´ÀJü���Ý�OoN�ü�ëê"��oØ

À�õ�
��ÝQºXJÀJ�Ý�O�§�êõu��ëê�ê§@
oTN�(½ëê�O�Qºu´§2ÂÝ�O�{A$
)"
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�� �r� Ý�Xe), i = 1, · · · , r§ é A 1 Nr� Ý�M e)(β), i =
1, · · · , r"M e)(β)���oNëêβ£�þ¤�¼ê§�r�u��oNë

ê��ê"K���¦{ëê�Oþ¢Sþ´¦�î¼ål¼ê

Q(β) =
r∑

i=1

(X(i) −M (i)(β))2 (3.6.6)

�����ëê�Oþβ̂"
�´ØÓ�Ýå��^ØÓ"·�F",
Ý��^�
§ùÒ�

�\����¦{§��2Â���¦{§l¼ê�mål�Ý§Ò´
�A^Mahalanobisål"�¤�þ/ª§PX = (X(1), · · · , X(r))′,M =
(M (1), · · · ,M (r))′§Kê¼ål½Â�µ

Q(β) = (X −M)′S−1(X −M) (3.6.7)

Ù¥S´'u(X−M)����
"ëêβ�GMM�OÒ´¦�Q(β)�
���β̂"

3.6.2 OOOþþþ²²²LLLÆÆÆ���...���222ÂÂÂÝÝÝ���OOO

·���§XJ�.��½´�(§K�3�
�0�^�Ý"¤±2
ÂÝ�O�Ä�g�´|^Ý^��O�.ëê§
��±^uu��.
�½"

b�nØþ(á
±e�.'Xªµ

yi = h(Xi, β) + εi i = 1, · · ·n (3.6.8)

Ù¥β´��O�k × 1ëê�þ"£5¿µ�UkCov[εi, h(Xi, β)] 6=
0§½$�Cov[εi, Xj] 6= 0§é¤kiÚj"¤¿�b�

E[ε] = 0

E[εε′] = Ω (3.6.9)

Ù¥Ω´��½�"ù
�½L«§#N�3�Å)ºCþ!É�
�!S��'���Ä�b���¹"

îîî���OOO���{{{������nnn
��{�ÚÑ
XJ(6.4.9)¥)ºCþxj(j = 1, 2, · · · , k)��ÅØ��Ø�'§��

ÅØ��Ø�3É��ÚS��'§@o�3µ

n∑
i=1

xjiεi = 0 j = 1, 2, · · · , k
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=

n∑
i=1

xji(yi − h(Xi, β)) = 0 j = 1, 2, · · · , k (3.6.10)

ùÒ´�|Ý^�§d��Ý(6.4.11)^��O�.ëêβ§Ò´�«

Ý�O"�,§Öö®²�Ù§(6.4.11)¢Sþ´ÊÏ���¦�O��5
�§|"

Ï���.�½�(�§�3�
�0�^�Ý"@oØ�b½dù

�0�Ý^��é���¹J(J > k)�Cþ�J × 1�þZi§¦�Zi�εiÃ

'µ

Cov[Zi, εi] = 0 (3.6.11)

�¡d^��Ý^�§�±rZw��|óäCþ"
½Â

e(yi, Xi; β) = yi − h(Xi, β) i = 1, 2, · · · , n

m(β) =
1

n

∑
i

Zie(yi, Xi; β) =
1

n
Z ′e(y,X; β) (3.6.12)

¡m(β)�éA(6.4.12)���Ý"m(β)�J×1��þ§XJ�J=k§K
�k×1��þ"=

m(β) =


m1(β )
m2(β )
...
mk(β )

 =



1
n

∑
i

z1iei

1
n

∑
i

z2iei

...
1
n

∑
i

zkiei


w,§XJZj(j = 1, 2, · · · , k)�εØ�'§Km(β) = 0§¦)T�§|

�±��ëêβ��Oþ"ùÒ´ÖöÙG�óäCþ{"�§|m(β) =
0�)§Ò´m(β)′m(β)4�z��β̂"

�GMM�O�{�½Â

��/§½ÂGMM�O�{Ò´4�z

q = m(β)′W−1m(β) (3.6.13)

Ù¥�Ý
W�,�½Ý
"GMM�OþÒ´¦(6.4.14)4�z��
ëê�Oþβ̂§=
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β̂ = arg min (m(β)′W−1m(β)) (3.6.14)

��Ý
�ÀJ
' u � Ý 
W� À J § ´GMM� O � { � � � Ø % ¯

K"Hansen’s(1982)JÑ�Z��Ý
�µ

W = Asy.V ar[m(β)] =
1

n2

∑
i

∑
j

Cov[Ziεi, Zjεj]

=
1

n2

∑
i

∑
j

ωijZiZ
′
j =

1

n2
Z ′ΩZ (3.6.15)

e�ÅØ���3É���Ø�3g�'§White(1980)JÑ�Ý

W��Oþ�µ

Ŵ =
1

n
S0 (3.6.16)

e�ÅØ���3g�'§NeweyÚWest(1987)JÑ�Ý
W��O

þ�µ

Ŵ =
1

n
S =

1

n
(S0 +

L∑
l=1

w(l)(Sl + S ′l)) (3.6.17)

Ù¥

w(l) = 1− l

L+ 1
Sl =

1

n

n∑
i=l+1

ẽiẽi−lziz
′
i−l l = 0, 1, · · · , L,

ẽi = e(yi, Xi, β̃) = yi − h(Xi, β̃) i = 1, 2, · · · , n”

Lœ`OKæffΓuLœSffl′ΘˇΛO”β̃(6.4.14)¥-W = I¤������k�
�����Oþ§½´^Ù§�{������Oþ"

�Ù§

GMM�Oþβ̂�ìC���Ý
´µ

Σ = (D′W−1D)−1 (3.6.18)

Ù¥D = ∂m
∂β

"dGreene(1997)�µ

β̂
a−→ N(β,Σ)
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5¿µGMM�O´������O§§�-<÷¿�5�=3��

��¹eâk"GMM�O3����¹e´ìCk��§3����¹
e´Ã��"¤±§�k3����¹e§â¦^GMM�{?1ëê�
O"

ïïï���OOO���{{{���ÚÚÚ½½½

�âþã�n§�±r(6.4.9)�GMM�OÚ½8BXeµ
�æ^OLS�O(6.4.9)§¦�β̃"8�3u¦��Ý
��Oþ"
�O��Ý
��Oþ"XJæ^(6.4.18)��Ý
�Oþ§K�Äk

ÀJL��"��.Ø�3S��'�§�L = 1¶��.�3S��'
�§�±æ^2Â�©{�äL���"�Ý
�J×J�Ý
"

�ò�Ý
��Oþ�\(6.4.15)��ëê�GMM�Oþ"
ðGMMÚ��5^�

b�d²LnØ½k�&E��'uoN���5^�§Ï~äk/
ª

E[g(Y,X, β)] = 0

Ù¥g(·)´'uêâ(Y,X)Úëêβ�R × 1ëY¼ê�þ(R ≥ K)"�
EéAuoN��5^����Ýµ

m(Y,X, β) =
1

n

n∑
i=1

g(Yi, Xi, β)

GMM�O�{Ò´4�z

m(Y,X, β)′W−1m(Y,X, β)

Ù¥�Ý
W��ZÀJ�var[m(·)]����O"XJÀJ
�Z

�W§Kþª�4�z�3^�Ý¤á��¹e§ìC/ÑlgdÝ
�R−K�χ2©Ù"

��5^�´AO­��"2g�Ä{ü�5£8�.µ

Y = Xβ + u

3²;�5Oþ²LÆ�.�nØ¥§é�.kA^î��b�^
�µ�.A��)��)ºCþ�'�¤kCþ§�ÅØ��Ó����

�©Ù�"Ø3�´§ù
^�3¢S¥´éJÎÜ"~X  �3É�
�5§
E¤�ÅØ��É�����²~��Ï´du�.¢¦
,

K��)ºCþ��'Cþ"u´�)¯Kµõ��)ºCþâU¼��

����ëê�Oºù�¯K¿ØN´£�"�GMM�{¦�T¯K3
���e���Y§=÷vÝ^�E(X ′u) = 0"
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3.6.3 OLSÚÚÚML���OOO´́́GMM���OOO���AAA~~~
îîîOLS´́́GMM���AAA~~~
�ÄIO��5£8�.µ

yi = X ′
iβ + ui i = 1, · · · , n (3.6.19)

Ù¥Xi´(k × 1)�)ºCþ�þ"OLS�O�­�b���´�Å
Ø���)ºCþØ�'§=E(Xiui) = 0"�ó�§Û¹�b½´ý¢
�β0÷ve�Ý^�µ

E[Xi(yi −X ′
iβ0)] = 0 (3.6.20)

-

m(β̂) =
1

n

∑
i

Xi(yi −X ′
iβ̂) = 0 (3.6.21)

u´,��OLSëê�Oþ�µ

β̂OLS = (XX ′)−1XY. (3.6.22)

Ï�GMM�Oþ=3�ÅØ��ui�)ºCþØ�'�^�e��§
¤±ëê�GMM�Oβ̂GMM�OLS�Oβ̂OLS�Ó"

e¡©�¹?Øëê�Oþ���"
(1) uiÓ���S�Ø�'
b�ui´Ó���S�Ø�'§GMM�Oβ̂GMM����
�µ

Σ = σ̂2(
n∑

i=1

XiX
′
i)
−1 (3.6.23)

Ù¥σ̂2 = (1/n)
n∑

i=1

û2
i §ûi = yi −X ′

iβ̂OLS�OLS�í�"ù�OLS�O

����
�Ó§¤±OLS´GMM�A~"
£2¤ut�3É��½S��'
�ut�3É��½S��'�§��(6.4.21))÷v§OLS�OK���

�O"d�§OLS�Oβ̂�IOØ��O�úª��âÉ��½g�'N
��GMM�O�IOØ�"

e�ÅØ���3É���Ø�3g�', W^WhiteJÑ��O

þ(6.4.16)?1�O¶e�ÅZ6��3g�'§W^NeweyÚWestJÑ
��Oþ(6.4.17)?1�O"d�§GMM�Oβ̂���¨���
�µ

E[(β̂ − β)(β̂ − β)′] ∼= (1/n)

{
(1/n)

n∑
i=1

XiX
′
iŴ

−1(1/n)
n∑

i=1

XiX
′
i

}−1
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= n

[
n∑

i=1

XiX
′
i

]−1

Ŵ

[
n∑

i=1

XiX
′
i

]−1

(3.6.24)

ïïïML´́́GMM���AAA~~~
��q,�O�k��GMM)º"£Á��q,�O�Ò´��z

éêq,¼ê§-éêq,¼ê��ê�"µ

m(Y,X; β) =
∂ lnL

∂β
= 0 (3.6.25)

T^����Ý^�"

min
θ

(m(Y,X; β)′ ·H−1 ·m(Y,X; β)) (3.6.26)

Ù¥�êÝ
H´Ý^����§=H = −E(∂2 lnL/∂β ∂β′)"��^
��µ

∂2 lnL

∂β ∂β′
H−1∂ lnL

∂β
= 0 (3.6.27)

dd�wÑµML´GMM�O�A~"
GMMúªïÆML�O���¨���
�^

E[(β̂ − β)(β̂ − β)′] ∼= (1/n){D̂Ĥ−1D̂′}−1 (3.6.28)

5Cq"Ù¥

D̂′ = (1/n)
∂2 lnL

∂β∂β′

∣∣∣β=β̂ (3.6.29)

��ÅZ6�Ø�3S��'�§Ý
H��O�µ

Ĥ = (1/n)
n∑

t=1

[
∂ log f(Yt, Xt; β)

∂β

] [
∂ log f(Yt, Xt; β)

∂β

]′ ∣∣∣β=β̂ (3.6.30)

,
§��oNõïÄöU�æ^GMM
Øæ^MLQº1�§k
�ML�OO�(J§
GMMN´O�¶¦+GMM�O�ì?k�5Ø

XML§�§´��5�O"1�§¦+(½q,¼ê�êâ©Ù¼ê�
�§�¢Sëê÷v�Ý^�%®�"

d	§^�Ý�åØ=�^u�O§��±^u�.�½�u�"^
�Ýu��g´XeµXJ�.�½V¹,
Ý�å§K3êâ�g�o
N¥�ò¤á"e�.�½´�(�§K��êâAT�[ù
V¹�'
X"



138 1nÙ �O�{�²;�Oþ²LÆ¯K

ðððIV´́́GMM���AAA~~~
�Ä�5�.

Y = α+X1β1 + · · ·+Xkβk + ε = X̃β + ε (3.6.31)

Ù ¥X̃ =
[

1, X
]

=
[

1, X1, · · · , Xk

]
n×(k+1)

,β =[
α, β1, · · · , βk

]
b�E(X ′

iε) 6= 0§d�ëê�OLS�OØ´���O"d�§I^ó
äCþ{"ÏéóäCþZ§§�X�'��εØ�'"~X§Y´úi�
Q<ê§X1´ÜÓó]"·�F"�ONÄI¦­�§��Q<êÚó]
Ñ´I¦Úø�Cz��Ô§Ï
E(X ′

1ε) 6= 0"Ï�ÜÓó]´3¯k�
Æ�¤�§¤k§����U�óäCþ�ÏÀ)ä"Ï�ÏÀ)ä3Ü
Ó\¾�§ó¬ÚúiÑØUý�§�§UC
¢Só]"�ÏÀ)ä,
p�§òü$¢Só]§NÄI¦þò~�"

b�é � ó ä C þZ� �ê� u ½ � u )ºC þX� �ê§Z̃ =[
1 Z

]
n×(1+L)

§T¯K���5^��E(Z ′ε) = 0§¤±��Ð��
OA´¦�éA��Ý�"��O§=

1

n
Z ′(Y −Xβ̂) = 0 (3.6.32)

��§�ê�uëê�ê�§²wóäCþ�O{�duGMM�O

�{"��§�ê�uëê�ê�§=¦�.�½�(§oNÝ�"§�
éA���Ý%�7�""ëê�GMM�O�

β̂ = Argmin{ 1

n
[Z ′(Y −Xβ)]′ · Ŵ−1 · 1

n
[Z ′(Y −Xβ)]} (3.6.33)

Ù¥Ŵ´var[(1/n)(Z ′ε)]����O"
ñññ2SLS´́́GMM���AAA~~~
�Ø��´Ó���S�Ø�'�§GMM�O�2SLS�O"
Ï�(5.8.33)¥�)ÒÜ©���4�^��µ

(X ′Z)Ŵ−1(Z ′Y − Z ′Xβ̂) = 0

(X ′Z)Ŵ−1Z ′Y − (X ′Z)Ŵ−1Z ′Xβ̂ = 0

(X ′ZŴ−1Z ′X)−1(X ′Z)Ŵ−1Z ′Y = β̂


d�Ŵ = σ̂2

n2Z
′Z§¤±

β̂ = (X ′Z(Z ′Z)−1Z ′X)−1(X ′Z)(Z ′Z)−1Z ′Y (3.6.34)
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ù�´2SLS�O"
XJ±Z��X�)ºCþ?11��ã�O§k

X = Zπ + µ
π̂ = (Z ′Z)−1Z ′X

X̂ = Zπ̂ = Z(Z ′Z)−1Z ′X

éuY = Xβ + ε?11��ã�O§�du^X̂��X�óäCþ§
u´��

β̂ = (X̂ ′X)−1X̂ ′Y = (X ′Z(Z ′Z)−1Z ′X)−1(X ′Z)(Z ′Z)−1Z ′Y

�(5.8.34)�Ó"¤±2SLS´óäCþ�O�{�AÏ�/§
óäC

þ�O´GMM�O�AÏ�/"

3.6.4 bbb���uuu���

îîî^̂̂uuuÝÝÝ^̂̂���uuu������Wald!!!LMÚÚÚLRuuu���

�
u�¤�E�Ý^�´ÄwÍ¤á§I�?1b�u�"�u�

�b�´

H0 : R(β) = 0 (3.6.35)

Ù¥β´��O�K × 1ëê�þ§R(β)´J × 1�þ"R(β)�©þ
´β�¼ê§�U´�5�§��U´��5�"

-c1´βÃ�å�ML�O§c0L«k�å�ML�O§=��\"b�
��å�����O§K|^ML�O�En�ìC�d�u�ÚOþµ
q,'!WaldÚOþÚ.�KF¦fÚOþ§^ub�u�"q,'�µ

LR = −2[lnL(c0)− lnL(c1)] ∼ χ2[J ] (3.6.36)

Ù¥L(β)�q,¼ê"q,'ÚOþ�O�I��åÚÃ�åML�
Oþ"

WaldÚOþ´µ

Wald = [R(c1)]
′{Est.Asy.V ar[R(c1)]}−1[R(c1)] ∼ χ2[J ] (3.6.37)

WaldÚOþ|^ålÝþ
Ã�å���OþØ÷v�å���§
Ý"Ù¥ìC���Ý
��Oþ´µ

Est.Asy.V ar[R(c1)] = A1{Est.Asy.V ar[c1]}A′
1 (3.6.38)
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Ù¥

A1 =
∂R(β)

∂β′
|β=c1

WaldÚOþ�O�=I�Ã�åML�Oþ"
.�KF¦fÚOþ´µ

LM = g′0{Est.Asy.V ar[g0]}−1g0 ∼ χ2[J ] (3.6.39)

Ù¥

g0 =
∂ lnL

∂β

∣∣
β=c0

(3.6.40)

Est.Asy.V ar[g0] = Ĝ′Ĝ (3.6.41)

Ĝ =
[
ĝ1, ĝ2, · · · , ĝn

]′
ĝi =

∂ ln f(Yi, Xi, β)

∂β

∣∣
β=c0

, i = 1, · · ·n

LMÚOþ�O�I�k�åML�Oþ"
NeweyÚWest(1987)�GMM�O�O
þãu�ÚOþ�é�Ô"
LRÚOþ�é�Ô

LRGMM = q0 − q1 (3.6.42)

Ù¥q1´q = m(β)′W−1m(β)3Ã�åe����§q0´q3k�åe

����"k7�3k�åÚÃ�åü��Oþ¥Ñ¦^Ó��Ý
W"
duÃ�å�Oþ3H0ÚH1eÑ´���§Ïd§æ^β���Ã�å�
OþO�W"

|^GMM(J
Ø´ML�O§Ó��O�WaldÚOþµ

Wald = [R(βGMM)]′{Est.Asy.V ar[R(βGMM)]}−1[R(βGMM)] ∼ χ2[J ]

(3.6.43)
Ú(5.8.37)O��WaldÚOþ���Ó"
LMÚOþ�é�Ô´µ

LMGMM = [m(c0)
′W−1A(c0)]{Est.Asy.V ar[c0]}−1[m(c0)

′W−1A(c0)]
′
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(3.6.44)
TLMÚOþ�duu�"b�µ

α =
∂q

∂β
= 2G(β)′W−1m̄(β) (3.6.43)

�u0�WaldÚOþ§=

LMGMM = α′(V ar[α])−1α
∣∣
β=c0

= m̄(β)′W−1G[G′W−1G]−1G′W−1m̄(β)
∣∣
β=c0

(3.6.46)
2. LLLÝÝÝ£££OOO���������uuu���

3GMM¥§#NJ¿k§¡��LÝ£O��"LÝ£O��´Äk
�§I�?1b�u�"éu�5�.§u�b�µ

E(Z ′u) = 0 (3.6.44)

Ù¥óäCþZ��ê�u��ëê�ê"u�©nÚ?1"
1�ÚµÄk§��ëêβ������Oβ̃"Ï����Ý
´�½

�§GMM�O����O§W = Z ′Z)−1���2SLS�O����O"�
¯K´��5�§�W�ü 
§���ëê����O"

1�ÚµO�í�e = Y −Xβ̃"���ÅØ��´Õá�§�Z�Ý

WW (1/n2)Z ′ΩZ]−1�^White�Oþ?1�O"=

Wn =

(
1

n2

∑
i
ZiZ

′
ie

2
i

)−1

u´���ëêβ�GMM�Oβ̂GMM"
1nÚµO�u�ÚOþ

TestGMM =
[
Z ′(Y −Xβ̂GMM)

]′(∑
i

ZiZ
′
ie

2
i

)−1 [
Z ′(Y −Xβ̂GMM)

]
(3.6.45)

3�b�e§§ìCÑluχ2(L − k)"��ÅØ��Ó©Ù�S�Ø

�'�§u�ÚOþäkAO{ü�/ªµ

TestGMM = nR2 (3.6.46)

Ù¥R2´e¡£8�§��½Xêµ

r̂ = Zπ + ε (3.6.47)
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Ù¥r̂ = Y −Xβ̂GMM .
�*þwé�Ù§XJE(Z ′u) = 0§KóäCþAT�í����"

u´l£8���R2òé�§d�·�ò�ÂLÝ£O��k��b�"
ððð^̂̂���ÝÝÝuuu���

^�Ý�åØ=�^u�O§��±^u�.�½�u�"^�Ýu

��g´´µXJ�.�½V¹,
Ý�å§K3oN¥�ò¤á"e�
.�½´�(�§K��êâAT�[ù
V¹�'X"

~X§3�;£8�.¥§Ó��5b�V¹XeÝ^�µ

E{Xi[(Yi −Xiβ)2 − σ2]} = E[Xi(u
2
i − σ2)] = 0 (3.6.48)

eÓ��b�´�(�§K��Ý

r =
1

n

n∑
i=1

Xi(e
2
i − s2) (3.6.49)

ò�Cu"§Ù¥ei´OLSí�"
3T�u�¥I�)û�nØ¯K´µ(1)^úªLã(¢éAub�

u��Ü·�Ý^�¶��O·����é�Ô¶��O��Ý�Oþ�
Cu"���·��Ýþ"

b�éAu�u��b��Ü·�Ý^��µ

E[m(Yi, Xi, Zi, β)] = 0 (3.6.50)

éA���Ý�µ

r =
1

n

n∑
i=1

mi(Yi, Xi, Zi, β̂) =
1

n

n∑
i=1

m̂i (3.6.51)

�â¥%4�½n§k

√
nr

d−→ N [0,Σ] (3.6.52)

Ù¥Σ�e¡��O����
"í�Σ�O�L�ª�~E,§�
�ëê���q,�O�§Òk�~{ü��O/ª"du��q,�O

�GMM�O�A~"b½^±O�þ¡�Ý�ëê�þ´ÏL¦)e¡

�§
���µ

n∑
i=1

d(Yi, Xi, Zi, β̂) =
n∑

i=1

d̂i = 0 (3.6.53)

éu�5£8�.§3b��ÅØ�����©Ùe§ML�d

uOLS"¤±§(4.2.53)ò´�5�§|µ
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X ′e =
n∑

i=1

X ′
i(Yi −Xiβ) = 0 (3.6.54)

-D = (d1 d2 · · · dn)′,M =(
m1 m2 · · · mn

)′"PaganÚVella(1989)y²
,Σ�^eª�O

S =
1

n
[M ′M −M ′D(D′D)−1D′M ] (3.6.55)

d�§���u�(4.2.50)�WaldÚOþ�µ

Wald = nr′S−1r
d−→ χ2(J) (3.6.56)

3.7 ���ÙÙÙggg���KKKÚÚÚnnnÜÜÜöööSSSKKK
���!!!ggg���KKK
î��q,{�Ä��n´�oº��o`3Oþ²LÆnØ¥§'

���¦{k�­��¿Âº
ï{ã²;�5éá�§�.�k�&E��q,�O�Ú½§¿`

²��o¡��“k�&E�O�{”"
ð�\Æ��Ö�§2é��q,{�A^?1o(§±n)§3y

�Oþ²LÆ¥�/ "
ñn)�1�2Â���¦�O!©Ü£8�O! £8�OÚ��

�O�Vg"
ò�â©Ü£8�O��n§)º3¢SOþ²LÆ�.�O¥§�

GØ�u��ØwÍ�Cþ�§��3�Cþ�ëê�Oþu)
Czù
�y�"

óOþ²LÆ�.��d�O�Ä��nÚó�Ú½"
ôÛÜõ�ª£8�O�Ä�g´9`:"
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ïïá��²;�5ü�§Oþ²LÆ�.§T�.äk�����

Nþ"æ^±e�{©O�O�.µ
(1)|^�Ü��?1OLS�O¶
(2)|^�Ü©��?1OLS�O¶
�|^�¥�|^�,	�Ü©��?1OLS�O§±d�Ek�©

Ù&E§�)��ëê�k�þ�Úk����Ý
¶,�b½�k�¥

|^�@�Ü©��§é�.?1��d�O"
'�(1)!(2)!���O(J§©Û��d�O�`:"
ð^GMM�{�O12K��."XJ�U§�ÀJØÓ�óäC

þ§¿é�O(J?1'�©Û"
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LLLÆÆÆ¯̄̄KKK

3²;�5Oþ²LÆ�.¥§¤|^�êâ£��*ÿ�¤äkü
�A�"�´3���.¥§½ö�|^�mS�êâ§½ö�|^�¡

êâ¶�´���)ºCþ���*ÿ�7L´ëY�§���ÅØ��

Ó©Ù"
¢Sþ§=|^�mS�êâ½ö�|^�¡êâ§²~ØU
÷v²L©Û�I�§
I�Ó�|^�mS�êâÚ�¡êâ",	§
���)ºCþ���*ÿ�k�´ØëY�§~XlÑêâ¶½ödu
É�^�¤�§ØU3��©Ù�SÄ�*ÿ�§��"�d««§Ñ¡
��êâa.�²;�Oþ²LÆ¯K§´�Ù?Ø�é�"ù
Oþ²
LÆ¯K§´70c�±5Oþ²LÆ+��­�uÐ§äkéÐ�¢Sd

�"�Ù¥§²1êâ¯KÚlÑ�)ºCþêâ¯Kò��­:§Ù§

¯KX­0�g´"

4.1 ²²²111êêêâââOOOþþþ²²²LLLÆÆÆ���...£££���¤¤¤—���������...
¤¢“²1êâ”(Panel Data)§���È¤“¡�êâ”§�3�mS�

þ�õ��¡§3ù
�¡þÓ�À���*ÿ�¤�¤���êâ"²

1êâOþ²LÆ�.´C20c5Oþ²LÆnØ�{�­�uÐ��§
äkéÐ�A^d�"�!ò0�²1êâ�.���¯K§±9C�å
�.§'u�
AÏ�.§ò3e!0�"

4.2 ²²²111êêêâââ���...VVVããã
îîî²²²LLL©©©ÛÛÛ¥¥¥���²²²111êêêâââ¯̄̄KKK
3²L©Û¥§cÙ´ÏLïáOþ²LÆ�.¤?1�²L©Û

¥§²~uy§�|^�¡êâ½ö�|^�mS�êâØU÷v©Û8
��I�"

~X§XJ©Û)�¤�¯K§�|^�¡êâ§=ÀJÓ��¡þ

ØÓ5��è�êâ����*ÿ�§�±©Û¤��è�5��'X§
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�´ØU©ÛEâ?Úé¤��K�¶�|^�mS�êâ§=ÀJÓ
�è�3ØÓ�mþêâ����*ÿ�§�±©Û¤��Eâ?Ú�'
X§�´ØU©Ûè�5�é¤��K�"XJæ^²1êâ§=3ØÓ
��mþÀJØÓ5��è�êâ����*ÿ�§Ã¦Q�±©Û¤�

�Eâ?Ú�'X§��±©Û¤��è�5��'X"
2X§©Û8c·I�(�5��¯K§§QÉ��/«��(��

K�§�É�I[3���Ï�÷*�ü�K�"�|^�¡êâ§=

ÀJÓ��mþØÓ�½�êâ����*ÿ�§�±©Û��½ØÓ�
��(�é(�5���K�§�´ØU©ÛI[�÷*�üé��½(
�5���K�¶�|^�mS�êâ§=ÀJÓ��½½ö�I3ØÓ
�mþêâ����*ÿ�§�±©ÛI[�÷*�üé(�5���K
�§�´ØU©ÛØÓ���(�é(�5���K�"XJæ^²1ê
â§=3ØÓ��mþÀJØÓ�½�êâ����*ÿ�§Ã¦Q�±

©ÛØÓ���(�é(�5���K�§��±©ÛI[�÷*�üé
(�5���K�"

²1êâ�.{0
ü�§²1êâ�.���/ª�µ

yit = αi + xitβi + uit, i = 1, · · · , n, t = 1, · · · , T (4.2.1)

Ù¥xit�1 ×K�þ§βi�K × 1�þ§K�)ºCþ�ê8"Uì5
��L«§ùpxitÚβiAT�¤Ý
XitÚBi§
�k

Xit = (x1it, x2it, · · · , xKit) Bi = (β1i, β2i, · · · , βKi)
′

�´�
{zÖ�§3�!¥æ^(6.5.1)�L«"Ø��uitþ��

"§���σ2
u"

�.(6.5.1)~^�kXen«�/µ
�/1µαi = αj,βi = βj

�/2µαi 6= αj,βi = βj

�/3µαi 6= αj,βi 6= βj

éu�/1§3î�¡þÃ�NK�!Ã(�Cz§KÊÏ���¦�
O�Ñ
αÚβ���k��O"��uòõ��Ï��¡êâ�3�å�
���êâ"éu�/2§¡�C�å�.§3î�¡þ�NK�ØÓ§�
NK�Ly��.¥��Ñ��N�N�É�Cþ�K�§q©��½K
�Ú�ÅK�ü«�¹"éu�/3§¡�CXê�.§Ø
�3�NK�

	, 3î�¡þ��3Cz�²L(�§Ï
(�ëê3ØÓî�¡ü 

þ´ØÓ�"
;.�²1êâ´î�¡ü �õ
�Ï���êâ"ù�§TEâ

Ì�8¥uî�¡�Cz§½É��þ£Ï��¡êâN´�)É��§
ù3²;�5�.¥®²?Ø
¤"
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XJCz¿Ø�N3î�¡�N�m§
´�N3ØÓ��¡�m§
©Û�{´��XÚ�

4.2.1 ���...������½½½
du�±�EÚu�'± üÕ^î�¡êâ½�mS�êâ�y¢

�1��§�.§Oþ²LÆ�²�ïÄ��/´L
"�²1êâ�)
ü��êâ(î�¡Ú�m)§XJ�.�½Ø�(§òE¤��� �§
�O(J�¢Sò��$�"¤±§3ïá²1êâ�.�7L��Ø�
*	��NÚ£½¤�m�A�±;��.�½� �¿U?ëê�O�
k�5"

XJ�¼��êâ´5g{ü����¢�§K�±A^IOÚO�
{"Ø3�´§õê²1êâ´5g²L¹Ä�E,L§"ù�§eb�
²LCþy3z��:þÑ´dëêz�VÇ©Ù¼êP (y|β)(β�ëê))
¤�§¢Sþ´Øy¢�"�Àù«3î�¡½�mþëê���þ��
É�U¬��ëê�OØ´���O½�OÑ�ëê�Ã¿Â"~X§�
Ä�.(6.5.1)§ëêαiÚβi 3ØÓ�î�¡��:£=Ó�î�¡�ØÓ
�N��:¤þØÓ§3ØÓ�mþ�Ó"ù�§3ØÓ�î�¡��:
þ§y�Ä�©Ù´ØÓ�"�3Ó�î�¡��:þ§y3ØÓ�mþ�
Ä�©Ù´�Ó�"d�§eéT²1êâïá�.

yit = α+ xitβ + uit i = 1, · · · , n, t = 1, · · · , T

Këê����¦�OòØ�U´���O§��O�Ã?Û¿Â(X
ã4.1.1)"��.(6.5.1)¥ØÓî�¡�ëê�Óβi = β�§�kÓ��¯
K(Xã4.1.2)"

u´§ïÄ²1êâ�1�Ú´u��y�)ºCþy�ëê´Ä3
¤kî�¡��:Ú�mþÑ´~ê§=u�¤ïÄ�¯Káuþã3«�

¹�=�«§±(½�.�/ª"2�¦^�u�´���©Ûu�"Ì

�u�ü�b�µ
b�1µ�Ç3ØÓ�î�¡��:þÚ�mþÑ�Ó§��åØ�

Ó"

H1 yit = αi + xitβ + uit (4.2.2)

b�2µ�åÚ�Ç3ØÓ�î�¡��:Ú�mþÑ�Ó"

H2 yit = α+ xitβ + uit 4.1.3

w,§XJ�Â
b�2§Kvk7�?1?�Ú�u�"XJáý


b�2§ÒATu�b�1§�ä´Ä�ÇÑ��"XJb�1�áý§ÒA
Tæ^�.(6.5.1)"
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e¡Äk0�^±?1b�u��FÚOþ�O��{"
P

ȳi =
1

T

T∑
t=1

yit

x̄i =
1

T

T∑
t=1

xit (4.2.3)

�.(6.5.1)ëê����¦�O�µ

β̂i = W−1
xx,iWxy,i,

α̂i = ȳi − x̄iβ̂i (4.2.4)

¡�+S�O§Ù¥

Wxx,i =
T∑

t=1

(xit − x̄i)
′(xit − x̄i)

Wxy,i =
T∑

t=1

(xit − x̄i)
′(yit − ȳi)

Wyy,i =
T∑

t=1

(yit − ȳi)
2 (4.2.5)

1i+�í�²�Ú´RSSi = Wyy,i−W ′
xy,iW

−1
xx,iWxy,i§�.(6.5.1)�í

�²�Ú�µ

S1 =
n∑

i=1

RSSi (4.2.6)

�.(6.4.2)ëê����¦�O�

β̂w = W−1
xx Wxy

α̂i = ȳi − x̄iβ̂w (4.2.7)

Ù¥§Wxx =
n∑

i=1

Wxx,i,Wxy =
n∑

i=1

Wxy,i (4.1.9)

4Wyy =
n∑

i=1

Wyy,i (4.1.10)
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�.(6.4.2)�í�²�Ú�

S2 = Wyy −W ′
xyW

−1
xx Wxy (4.2.8)

�.(4.1.3)ëê����¦�O�

β̂ = T−1
xx Txy

α̂ = ȳ − x̄β̂ (4.2.9)

Ù¥

Txx =
n∑

i=1

T∑
t=1

(xit − x̄)′(xit − x̄)

Txy =
n∑

i=1

T∑
t=1

(xit − x̄)′(yit − ȳ)

Tyy =
n∑

i=1

T∑
t=1

(yit − ȳ)2 (4.2.10)

ȳ =
1

nT

n∑
i=1

T∑
t=1

yit , x̄ =
1

nT

n∑
i=1

T∑
t=1

xit (4.2.11)

�.(4.1.3)�í�²�Ú�

S3 = Tyy − T ′xyT
−1
xx Txy (4.2.12)

dd�±��e�(Øµ

S1/σ
2
u ∼ χ2[n(T −K − 1)]

3H2e§S3/σ
2
u ∼ χ2[nT−(K+1)]Ú(S3−S1)/σ

2
u ∼ χ2[(n−1)(K+1)]¶

(S3 − S1)/σ
2
uS1/σ

2
u”

¤±§��u�H2�FÚOþµ

F2 =
(S3 − S1)/[(n− 1)(K + 1)]

S1/[nT − n(K + 1)]
∼ F [(n−1)(K+1), n(T−K−1)] (4.2.13)

Ó���e�(Øµ
3H1e§S2/σ

2
u ∼ χ2[n(T − 1)−K]Ú(S2 − S1)/σ

2
u ∼ χ2[(n− 1)K]¶
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(S2 − S1)/σ
2
uS1/σ

2
u”

¤±§��u�H1�FÚOþµ

F1 =
(S2 − S1)/[(n− 1)K]

S1/[nT − n(K + 1)]
∼ F [(n− 1)K,n(T −K − 1)] (4.2.14)

�½wÍ5Y²§�F©ÙL§���.�§�dO����FÚOþ
ê�?1'�§=���áý½ö�Éb��(Ø"

4.2.2 ���½½½KKK���CCC���ååå���...
C�å�.´A^�2���«²1êâ�.§�L«�µ

yit = αi + xitβ + uit i = 1, · · · , n t = 1, · · · , T (4.2.15)

Ù¥xit�1 × K�þ§β�K × 1�þ§αi��NK�§��.¥�

�Ñ��N�N�ÉCþ�K�; uit��ÅØ��§��.¥��Ñ�
�î�¡Ú�mCz�Ï��K�§b�Ùþ��"§���σ2

u§¿b

½uit�xitØ�'"
1.���½½½KKK������...µµµLSDV���...999ÙÙÙëëëêêê���OOO

b½î�¡��NK��±^~ê�αi��O5`²"ù�αi´��
����ëê"-yiÚXi´1i�ü �T�*ÿ��þÚÝ
§¿-ui´
�ÅZ6�T × 1�þ,(6.4.2)��¤µ

yi = eαi +Xiβ + ui i = 1, · · · , n (4.2.16)

Ù¥yi =


yi1

yi2
...
yiT


T×1

e =


1
1
...
1


T×1

β =


β1

β2
...
βK


K×1

ui =


ui1

ui2
...
uiT

 Xi =


x1i1 x2i1 · · · xKi1

x1i2 x2i2 · · · xKi2
...

...
...

...
x1iT x2iT · · · xKiT


T×K

(6.4.17)���¤µ

y = [d1, d2, · · · , dn, X]

[
α
β

]
+ u (4.2.17)
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Ù¥

y =


y1

y2
...
yn


nT×1

[d1, d2, · · · , dn] =


e 0 · · · 0
0 e · · · 0
...

...
...

...
0 0 · · · e


nT×n

X =


X1

X2
...
Xn


nT×K

α =


α1

α2
...
αn


n×1

u =


u1

u2
...
un


nT×1

Ù¥di´�L1i�ü �J[Cþ"
-D = [d1, d2, · · · , dn], K(6.4.18)�duµ

y = Dα+Xβ + u (4.2.18)

T�.Ï~�¡����¦J[Cþ(LSDV)�.§k��¡����
�©Û�.()ºCþQk½þ�§�k½5�)"XJn¿©�§d�.
�±��äkn + K�ëê�õ�£8,ëê�dÊÏ���¦?1�O"
�né�§$�¤Zþ�§OLSO��U�L?ÛO�Å��;Nþ"d

�§�^e�©¬£8��{?1O�"
-Q = IT − 1

T
ee′ , Ï�IT e = 1

T
ee′e §¤±Qe = 0"Kd(6.4.17)k

Qyi = Qeαi +QXiβ +Qui = QXiβ +Qui (4.2.19)

u´

X ′
iQyi = X ′

iQXiβ +X ′
iQui

∑
i

X ′
iQyi = (

∑
i

X ′
iQXi)β +

∑
i

X ′
iQui

β̂CV =

[
n∑

i=1

X ′
iQXi

]−1 [ n∑
i=1

X ′
iQyi

]
(4.2.20)

du�.(6.4.19)�����©Û�.§¤±ëêβ����¦JC

þ(LSDV)�O�������O"β�����O´Ã �§��n½Tª

uÃ¡��§����O"§����
�µ
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V ar(β̂CV ) = σ2
u

[
n∑

i=1

X ′
iQXi

]−1

(4.2.21)

�å��O�µ

α̂i = ȳi − X̄iβ̂CV (4.2.22)

V ar(α̂i) =
σ2

u

T
+ X̄iV ar(β̂CV )X̄ ′

i (4.2.23)

�å��O´Ã �O§�=�TªuÃ¡������O"
��σ2

u��Oþ�µ

s2 =
∑n

i=1

∑T

t=1
(yit − α̂i − xitβ̂CV )2/(nT − n−K) (4.2.24)

�±|^Fu�5u�αi = αj�b�§3Tb�e

F =
(R2

u −R2
p)/(n− 1)

(1−R2
u)/(nT − n−K)

(4.2.25)

ÑlF (n − 1, nT − n −K)"Ù¥R2��½Xê§eIuL«��å�
.§
pL«�å�."

2. ���½½½KKK������...���ÉÉÉ������555
3�½K��.¥§3î�¡ü þ�3É��§Këê�LSDV�

OE´Ã Ú���O"�ëê�O����
�?1N�"
-Z = [D,X]§KëêLSDV�O���
�White���O�µ

Est.V ar[α̂, β̂CV ] = (Z ′Z)−1Z ′E2Z(Z ′Z)−1 (4.2.26)

Ù¥E����¦(LSDV)í��é�
"
3. ØØØààà²²²111êêêâââ������½½½KKK������...
éu²1êâ§~¬Ñyk
î�¡�N�êâ�õ§
,�
î�

¡�N�êâ����¹"·�¡ù«²1êâ�Øà²1êâ"þã
��OL§�I���?�Ò�^uù«êâ�.�ëê�O"1�§
�1iî�¡�N�êâ�ê�Ti§3O�s2, V ar(β̂CV ), V ar(α̂i)ÚFÚO

þ�§òo�êâ�ênT��
∑n

i=1 Ti"1�§1iî�¡Cþ�þ�A
´Ti�êâ�²þ§Cþo²þ�µ

¯̄x =

n∑
i=1

Ti∑
t=1

xit

n∑
i=1

Ti

=
n∑

i=1

wix̄i 4.1.29
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Ù¥wi = Ti/(
∑n

i=1 Ti)"u´

β̂CV =

[
n∑

i=1

X ′
iQiXi

]−1 [ n∑
i=1

X ′
iQiyi

]
(4.2.27)

Ù¥Qi = ITi
− 1

Ti
ee′"

4.2.3 ���ÅÅÅKKK���CCC���ååå���...
îîî���ÅÅÅKKK���CCC���ååå���...���FGLS���OOO���{{{
�î�¡�ü ´oN�¤kü �§�½K��.´��Ün��

."XJî�¡ü ´�Å/Äg����oN§T�.=·^uÄ��
î�¡ü §
Ø´���	�Ù§ü "3ù«�¹e§roN¥�N
��É@�Ñl�Å©Ù�U�Ü·"u´(6.4.2)�¤µ

yit = µ+ xitβ + αi + uit (4.2.28)

Ù¥αi��.¥��Ñ��N�N�ÉCþ�K�§b½§��ÅZ
6�uit��´�ÅCþ"

b½αi�xitØ�'"?�Úb½µ

E[uit] = E[αi] = 0, E[u2
it] = σ2

u, E[α2
i ] = σ2

α

E[uitαj] = 0 , E[uitujs] = 0(t 6= s, i 6= j),
E[αiαj] = 0(i 6= j) (4.1.32)
-wit = uit + αi§K
E[w2

it] = σ2
u + σ2

α, E[witwis] = σ2
α(t 6= s),

Ω = E[wiw
′
i] = σ2

uIT + σ2
αee

′

V = (Ewiw
′
j)nT×nT = I ⊗ Ω (4.2.29)

¤±§�½xit e§yit����σ2
y = σ2

u + σ2
α"¡σ2

uÚσ2
α���¤©§

k��¡�.(5.8.28)���¤©(½Ø�¤©)�."
db½��wit�xitØ�',u´OLSò��ëê�Ã Ú���O§

���o�æ^�1�2Â���¦{(FGLS)?1ëê�Oº�Ïk
ü�¡µ1�§OLS���ëê����O§�IOØ��$�"1
�§OLS�OØX�1�2Â���¦�Ok�"

(1)Ω®���GLS�O

ò(5.8.28)­��µ

yi = X̃iδ + wi i = 1, · · · , n (4.2.30)
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Ù¥X̃i = (e,Xi),δ
′ = (µ, β′),w′

i = (wi1, · · · , win)"N´y²µ

Ω−1 =
1

σ2
u

(IT − θ2ee′) Ω−1/2 =
1

σu

(IT −
θ

T
ee′) (4.2.31)

Ù¥

θ = 1− σu

(Tσ2
α + σ2

u)
1/2

(4.2.32)

é�§(5.8.30)ü>Ñ¦±Ω−1/2§��

Ω−1/2yi = Ω−1/2X̃iδ + Ω−1/2wi (4.2.33)

2?1OLS§Ò��ëêδ�2Â���¦�O�µ

δ̂ =

[
n∑

i=1

X̃ ′
iΩ

−1X̃i

]−1 [ n∑
i=1

X̃ ′
iΩ

−1yi

]
(4.2.34)

§����
�µ

V ar(δ̂) = σ2
u

[
n∑

i=1

X̃ ′
iΩ

−1X̃i

]−1

(4.2.35)

(2)Ω����FGLS�O

�1�2Â���¦�OÒ´3¦ÑΩ¥��þσ2
α Úσ2

u�Ã �O

�§?12Â���¦�O"é�§(5.8.28)ü>3�mþ¦²þ��µ

ȳi = µ+ X̄iβ + αi + ūi (4.2.36)

(5.8.28)~�(5.8.36)§��µ

yit − ȳi = [xit − X̄i]β + [uit − ūi] (4.2.37)

Greene(1997)í�σ2
αÚσ2

u�Ã �O�µ

σ̂2
u =

∑
i

∑
t

[(yit − ȳi)− (xit − X̄i)β̃]2

(nT − n−K)
(4.2.38)

σ̂2
α =

∑n
i=1 (ȳi − µ̃− X̄iβ̃)2

n− (K + 1)
− σ̂2

u

T
(4.2.39)

Ù¥µ̃Úβ̃´µÚβ����O"X
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(µ̃, β̃)′ =

[
n∑

i=1

(X̃ ′
iee

′X̃i)

]−1 [ n∑
i=1

(X̃ ′
iee

′yi)

]
(5.8.38)Ú(5.8.39)� O þ ´ Ã   � § �

´(5.8.39)3 k � � � ¥ � U ´ K ê " k ' © z

£WallaceÚHussain1969§Maddala1971§FullerÚBattese1974§Amemiya1971¤
í�
§�,���Oþ§ùpØ�0�"

k
σ2
αÚσ2

u�Ã �O§Ò�����êθÚ��Ý
Ω−1/2��Oµ

θ̂ = 1− σ̂u

(T σ̂2
α + σ̂2

u)
1/2

Ω̂−1/2 =
1

σ̂u

(IT −
θ̂

T
ee′) (4.2.40)

é�§(5.8.30)ü>¦±Ω−1/2��O
§��

Ω̂−1/2yi = Ω̂−1/2eµ+ Ω̂−1/2Xiβ + Ω̂−1/2wi (4.2.41)

é(5.8.41)?1OLS�O§Ò��ëê�FGLS�O"
,
§β�?Û���OþÑ�±3(5.8.38)Ú(5.8.39)¥¦^§ùÒ-

<~¦�.�·A5"¤±§�Ðé�ÅK���½?1u�"
BreushÚPagan(1980)® ² Ä uOLSí ��� Å K � � . � E 
 �

«LMu��{§éu

H0 : σ2
α = 0

H1 : σ2
α 6= 0 (4.2.42)

u�ÚOþ´µ

LM =
nT

2(T − 1)


∑
i

(
∑
t

εit)
2∑

i

∑
t

ε2
it

− 1

2

=
nT

2(T − 1)

[
ε′DD′ε

ε′ε
− 1

]2

(4.2.43)

Ù¥ε�OLSí��þ"3�b�e§LMÑlgdÝ�1�χ2©Ù"
ïMundlak�ÅK��.
Mundlak(1978)1µ�ÅK��.(5.8.28)�À
�ÅK�αiÚ)ºC

þxit��'5§@�knd�&3Nõ�¹e§αiÚxit(¢�'"~X§
�Oè��)�¼ê§z�è���Ñyit§�UÉ�Ø�*	�+nU
åαi�K�"+n�k�Ç�è�)��õ��¬�¦^�õ�Ý\§
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+n�Ã�Ç�è�)�����¬�¦^���Ý\"3ù«�¹
e§αiÚxitØ´Õá�§¥y��'"�Àù«�'ò��k �O"

Mundlak(1978)ïÆE(αi|Xi)^�5¼êCqµ

αi = X̄ia+ ωi, ωi ∼ N(0, σ2
ω) (4.2.44)

�.(5.8.28)Ú(5.8.44)ëê�GLS�O�µ

µ̂∗GLS = ȳ − X̄β̂b

β̂∗GLS = β̂CV

â∗GLS = β̂b − β̂CV (4.2.45)

Ù¥

β̂b =

[
n∑

i=1

(X̄i − X̄)(X̄i − X̄)′
]−1 [ n∑

i=1

(X̄i − X̄)(ȳi − ȳ)

]
(4.2.46)

�+m�O"
ððð���ÅÅÅKKK������...���ML���OOO

�αiÚuit´�ÅCþ�Ñl��©Ù�§éêq,¼ê�µ

logL = −nT
2

log 2π − n

2
log |V |

−1

2

n∑
i=1

(yi − eµ−Xiβ)′V −1(yi − eµ−Xiβ)

=−nT
2

log 2π − n(T−1)
2

log σ2
u − n

2
log(σ2

u + Tσ2
α)

− 1

2σ2
u

n∑
i=1

(yi − eµ−Xiβ)′Q(yi − eµ−Xiβ)

− T

2(σ2
u + Tσ2

α)

n∑
i=1

(ȳi − µ− X̄iβ)2 (4.2.47)

Ù¥|V | = σ
2(T−1)
u (σ2

u + Tσ2
α)"éêq,¼ê� �ê�µ

∂ logL

∂µ
=

T

(σ2
u + Tσ2

α)

n∑
i=1

(ȳi − µ− X̄iβ) (4.2.48)
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∂ logL

∂β
=

1

σ2
u

[
n∑

i=1

(yi − eµ−Xiβ)′QXi

− Tσ2
u

(σ2
u + Tσ2

α)

n∑
i=1

(ȳi − µ− X̄iβ)X̄i

]
(4.2.49)

∂ logL

∂σ2
u

= −n(T − 1)

2σ2
u

− n

2(σ2
u + Tσ2

α)

+
1

2σ4
u

n∑
i=1

(yi − eµ−Xiβ)′Q(yi − eµ−Xiβ)

+
T

2(σ2
u + Tσ2

α)2

n∑
i=1

(ȳi − µ− X̄iβ)2 (4.2.50)

∂ logL

∂σ2
α

= − nT

2(σ2
u + Tσ2

α)
+

T 2

2(σ2
u + Tσ2

α)2

n∑
i=1

(ȳi − µ− X̄iβ)2 (4.2.51)

-þãéêq,¼ê� �ê�0§Ò��ëê���q,�O"
ñññ¹¹¹���NNNááá555CCCþþþ������...
²1êâ�.��NõØÓ���?1í2
ØUC©Û��{"~

X§3)ºCþ¥�±�)£ã�Ná5£�5O§«a§�¬�µ�3
�mþØUC�Cþ¤�Cþ�þzi"

�Ä

yi = eµ+ Ziγ +Xiβ + eαi + ui (4.2.52)

Ù¥Zi = ezi"XJb½αi´�½~ê§K�.(4.2.52)�3õ­��

5§Ï�zi¢Sþ�´�½~ê"Ï
§γ, µÚαiØ��O",
§βE

�±^����{?1�O£��
∑n

i=1X
′
iQXi�_¤"3�§(4.2.52)¦

±(���)C�Ý
Q£ë�(6.4.20)¤§�ØZi, eµÚeαi�§k

Qyi = QXiβ +Qui (4.2.53)

A^OLS§Ò��β�CV�O"
�b½αi�Å��XiÚZiØ�'�§Ó���{��β�CV�O"�


�Oγ,ò�§(4.2.52)3z�î�¡��:þé�m¦²þ§��

ȳi − X̄iβ = µ+ ziγ + αi + ūi (4.2.54)

òαi + ūiÀ�Ø��§��z
∑n

i=1 (αi + ūi)
2§��µ
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γ̂ =

[
n∑

i=1

(zi − z̄)(zi − z̄)′
]−1{ n∑

i=1

(zi − z̄)[(ȳi − ȳ)− (X̄i − x̄)β]

}

µ̂ = ȳ − x̄β − z̄γ̂ (4.2.55)

Ù¥z̄ = 1
n

n∑
i=1

zix̄ = 1
n

n∑
i=1

X̄iȳ = 1
n

n∑
i=1

ȳi"

òβ�CV�O�\�(4.2.55)Ò��γÚµ��O"�nªuÃ¡��§
þã�O´���O"�n�½§TªuÃ¡��§β��OE����
O§�γ��OØ2´���O"

�´�αi� Å � �XiÚZiØ � '�§CV� O Ø´BLUE" ëê
�BLUE�O´GLS�Oµ

 µ̂
γ̂

β̂

 =

 nTθ nTθz̄ nTθx̄
nTθz̄′ Tθ

∑n
i=1 z

′
izi Tθ

∑n
i=1 z

′
ix̄i

nTθx̄′ Tθ
∑n

i=1 x̄
′
izi

∑n
i=1X

′
iQXi + Tθ

∑n
i=1 x̄

′
ix̄i

−1

·

 nTθȳ
Tθ
∑n

i=1 z
′
iȳi∑n

i=1X
′
iQyi + Tθ

∑n
i=1 x̄

′
iȳi

 (4.2.56)

eθ��§�±^§����O�O"�T�½§GLS'CV�k�"
�TªuÃ¡�§β�GLS�OªuCV�O§�[�wLee(1978)"

ò�ÅK��.¥É��ÚS��'¯K
É��
b�3ØÓî�¡þ�ÅK�αi���ØÓ§�σ2

αi"�IéÓ���
ëê��O��?�§Ò�·AuÉ���/"Äk§ò��ëêθU�µ

θi = 1− σu

(Tσ2
αi + σ2

u)
1/2

(4.2.57)

d�§V ar[wit] = σ2
u + σ2

αi"(5.8.38)��Oσ2
uEJø
σ2

u����
O"σ2

u + σ2
αi����O�µ

T∑
t=1

(eit − ēi)
2

T − 1
(4.2.58)

Ù¥eit�OLS�O�í�"u´��σ2
αi��O�µ
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σ̂2
αi = σ̂2

u −

T∑
t=1

(eit − ēi)
2

T − 1
(4.2.59)

(2)S��'
C�å�.�Ä�b�´�ÅØ��uit'u�N�ÅK�αi´^�S

�Ø�'"�k��¹3uit�Ø�*ÿCþ�K�3�mþXÚ/Cz§
~X¢¦Cþ�3S��'¤�)�K�"ù
CþØU^~ê½3�m

þÕáÓ©Ù�Z6�L«"�d§k7��tuitS�Ã'�b½"
�Ä�.µ

yit = µ+ xitβ + αi + uit (4.2.60)

uit = ρui,t−1 + εit (4.2.61)

Ù¥εit´þ��0!���σ2
εÕáÓ©Ù�Cþ"�XJ��ρ§�ò

�.=��µ

yit − ρyi,t−1 = α(1− ρ) + (xit − ρxi,t−1)β + αi(1− ρ) + εit (4.2.62)

�±²LXeO�L§��β�ìCk��O"
1�Úµl(5.8.28)~þ����NK�αi§=

yit − ȳi = (xit − X̄i)β + (uit − ūi) (4.2.63)

1 � Ú µ | ^(4.2.63)� � � ¦ í � � � O S � � ' Xêρ§ ½ |
^Durbin(1960)�{§ò(yit − ȳi)é(yi,t−1 − ȳi,−1)Ú(xi,t−1 − X̄i,−1)?1£

8§ρ��O�(yi,t−1 − ȳi,−1)�Xê§Ù¥ȳi,−1 = 1
T

T∑
t=1

yi,t−1, X̄i,−1 =

1
T

T∑
t=1

xi,t−1"(�{üå�§b�yi0Úxi0�*	.)

1nÚµ�Oσ2
εÚσ2

α

σ̂2
ε =

1

nT

n∑
i=1

T∑
t=1

{(yit − ȳi)− (1− ρ̂)µ̂− ρ̂(yi,t−1 − ȳi,−1)

− [(xit − X̄i)− (xi,t−1 − X̄i,−1ρ̂)]β̂}2 (4.2.64)

σ̂2
α =

1

(1− ρ̂)2
· 1

n

n∑
i=1

[ȳi − µ̂(1− ρ̂)− ρ̂ȳi,−1 − (X̄i − X̄i,−1ρ̂)β̂]2 − 1

T
σ̂2

ε
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(4.1.72)
1oÚµ|^ρ!σ2

εÚσ2
α��OO�(4.2.62) ¥αi(1 − ρ) + εit����


§^GLS�{�O(4.2.62)�ëê"
óóóØØØààà²²²111êêêâââ������ÅÅÅKKK������...
3�ÅK��.¥§Øà²1êâO\
�
�Oþ�(J"1�§

3(5.8.29)¥§VØ2´I ⊗ Ω,ù´dué�©¬
���ØÓ"V −1/2�
1i�é�©¬´µ

Ω
−1/2
i =

1

σu

(ITi
− θi

Ti

ee′),

θi = 1− σu

(Tiσ2
α + σ2

u)
1/2

��E¤î�¡mÉ���5
´î�¡��N��mS���
ê�É"ù�§éuGLS½I�O��¤©�FGLS§ÑI�3CþO
�(5.8.33)½(5.8.41)¥òθ�¤θi§òΩ�¤Ωi"

1��¯K´LSDV�OE�Ñσ2
u����O§�ØU�Ñσ2

α���

�O"Ï

V ar

[
αi +

∑Ti

t=1 uit

Ti

]
= σ2

α +
σ2

u

Ti

�Xî�¡�ØÓ
ØÓ"eQn = 1
n

∑n
i=1

1
Ti

�4��3§Kσ2
α��

��O�µ

σ̂2
α =

∑n
i=1 (ȳi − µ̃− X̄iβ̃)2

n− (K + 1)
−−σ̂2

uQn

�e�Ò�?1FGLS�O"

4.2.4 CCC���ååå���...¢¢¢~~~
�
¦ÖöU

)ïá²1êâC�å�.�Ì�Ú½§e¡ÀJ

ü�{ü�¢~"
îîî���������½½½KKK���CCC���ååå���...—···III¢¢¢			ØØØ¬¬¬;;;OOO���...
~4.1.1 ïá·I¢	Ø¬;O�."
(1)�.�½
±¢	Ø¬[Ì<þc;O���)ºCþ§±¢	Ø¬[Ì<þc

�|�Â\£Ù§Ï�²Lu�L²ØwÍ¤��)ºCþ"Ï�·I
ØÓ/«Ø¬²þÂ\Y²�å��§�
ò/«�m�K�Ú\�.§
æ^²1êâ����êâ"ÀJ�®!B²!�w!3�!#õ!S
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 !ìÀ!2À!ìÜ!�H!�°!þ°�12�/«1992-1996c�84|
êâ§¿�Ø
d�Ï�"|^þãu��{§O���µ

S1 = 1385549 S2 = 1744353 S3 = 4519840

F1 = 0.85 F2 = 3.70

�F©ÙL§�½10%�wÍ5Y²§���.�µ

F (22, 36) = 1.85 F (11, 36) = 2.07

duF2 > 1.85§¤±áýH2¶duF1 < 2.07§¤±�ÉH1"Ïd�
.ATæ^1�«/ª§��C�å�."äN/ª�µ

Sit = αi + β Iit + µit i = 1, 2, · · · , 12 t = 1992, · · · 1996

Ù¥S, I©OL«<þc;O�Ú<þc�|�Â\"
(2)�½K�C�å�.��O

ò�.b½��½K�C�å�.§Ú\JCþ¦�¤�(6.4.18)�/
ª"é�.?1�O§�~æ^Eviews^�§�,æ^Ù§^��´��

�"�O(J�µ

β̂ = 0.5219

α̂1 = −577.3510 α̂2 = −1029.709 α̂3 = −775.1573
α̂4 = −720.0573 α̂5 = −877.6264 α̂6 = −1004.523
α̂7 = −989.0625 α̂8 = −1628.885 α̂9 = −687.3832
α̂10 = −1144.251 α̂11 = −789.0931 α̂12 = −1191.264

�(Ø

l�.�±wÑ§é¤ÀJ�12�/«§�,k�Ó�;O��§�
´¢S;OY²k����É"XJ©/«©Oïá±�mS�êâ��

���.§ØU��ØÓ/«äk�Ó;O���(Ø¶XJ±ØÓ/«

��¡êâ���ïá�.§KØU�	ØÓ/«��ØÓ;OY²"
ïïï���������ÅÅÅKKK���CCC���ååå���...—···III¢¢¢			ØØØ¬¬¬���¤¤¤���...
~4.1.2 ïá·I¢	Ø¬�¤¼ê�."
(1) �.�½
�â²;�.¥'u�¤¼ê�.�?Ø§±¢	Ø¬[Ì<þc)

¹¤|Ñ��)ºCþ§±¢	Ø¬[Ì<þc�|�Â\ÚcÏ<þ
c)¹¤|Ñ��)ºCþ"Ï�·IØÓ/«Ø¬²þÂ\Y²�å�
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�§�
ò/«�m�K�Ú\�.§æ^²1êâ����êâ"ÀJ
�®!ìÜ!S��!�w!þ°!4ï!ôÜ!àH!�H!2À!B
²!oA!ñÜ!#õ�14�/«1994-1998c�70|êâ§¿�Ø
d�
Ï�"|^þãu��{§O���µ

S1 = 110795.4 S2 = 178591.7 S3 = 376378.5

F1 = 0.658980 F2 = 1.720966

�F©ÙL§�½10%�wÍ5Y²§���.�µ

F (39, 28) = 1.57 F (26, 28) = 1.63

duF2 > 1.57§¤±áýH2¶duF1 < 1.63§¤±�ÉH1"Ïd�
.ATæ^1�«/ª§��C�å�."äN/ª�µ

Cit = αi + β1Iit + β2Ci t−1 + µit i = 1, 2, · · · , 14 t = 1994, · · · 1998

Ù¥C, I©OL«<þc)¹¤|ÑÚ<þc�|�Â\"
(2) �½½ö�ÅK��.�(½
3�!¥¿vk0��½½ö�ÅK��.�(½¯K§�õ/´ò

§���«b�"William H. Greene35Econometrics Analysis6£Third
Edition§1997¤¥0�
�«u��{§¡�Hausmanu�"Tu��E
ÚOþWµ

W = [b− β̂ ]′Σ̂−1[b− β̂ ]

Ù¥b´LSDV�.��O(J§β̂´b½�.��ÅK��.�æ

^FGLS�O�(J§Σ̂�LSDV�.½ö�ÅK��.²L�O����
���å
"TÚOþÑlgdÝ�k�χ2©Ù"�
Oþ²LÆA^^

��Jø
O�TÚOþ�õU§~XSAS^�§¿��Ñu�(J§=

æ^�ÅK��.Ðu�½K��.�VÇ"
é�~?1Hausmanu�§æ^SAS^�§(JL²æ^�ÅK��

.Ðu�½K��.�VÇ´96.35%"¤±û½æ^�ÅK��.µ

Cit = α+ β1Iit + β2Ci t−1 + εi + µit i = 1, 2, · · · , 14 t = 1994, · · · 1998

��.��O

æ^FGLS�{�OT�ÅK�C�å�."3SAS^�¥%@�
´Ω����FGLS�{"�O(J�µ
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Ĉit = 260.277 + 0.5372Iit + 0.2488Ci t−1

i = 1, 2, · · · , 14 t = 1994, · · · 1998

¤ku��ÜÏL"
�?Ø

l(J5w§Öö�N¬¯§§��å�XêÑØC��.k�o«

OºXJæ^OLS�{�O�.µ

Cit = α+ β1Iit + β2Ci t−1 + µit i = 1, 2, · · · , 14 t = 1994, · · · 1998

���ëê�Oþ�g�18.119!0.5154Ú0.3760§w,ØÓucö§

�ØUÏL�Üu�"

lT~��§3?1�.�O�u��§ÀJÜ·�^�´�©­�

�"¦+ØÓ�^�Ñ�±�¤�.��O�u�§�´3,
A½�^

�¥äk,a�.�A½õU§ò�5é���B"

4.3 ²²²111êêêâââOOOþþþ²²²LLLÆÆÆ���...£££���¤¤¤—***ÐÐÐ���...
þ!?Ø
²1êâ���5�.¥C�å�.�nØ�{"�!ò

éäkA^d��ü«*Ð�.?1{��0�"

4.3.1 CCCXXXêêê���...

3§4.1?Ø�C�å�.¥��åCz�N
�§¥�Ñy�Cþé
�)ºCþ�K�§½´�X�¡�N
C§½´�X�m
C"�k
�§Cz�²L(�½ØÓ��¬²L�µÏ�¦��Aëê£�¡(�
ëê¤��X�m½î�¡�NØÓ
Cz"

�êâØ|±ØC�Aëê�.§�Cþ�m'X��½�éT�
�§Ò7L�Ä3�m½î�¡þXêCz�CXê�."Xê�î�¡

þ�N
UC��.�µ

yit = Xitβi + uit, i = 1, · · · , n; t = 1, · · · , T (4.3.1)

Ù¥XitÚβi´)ºCþÚëê�þ"���¤

yi = Xiβi + ui (4.3.2)

Ù¥
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yi =


yi1

yi2
...
yiT


T×1

Xi =


x1i1 x2i1 · · · xKi1

x1i2 x2i2 · · · xKi2
...

...
...

...
x1iT x2iT · · · xKiT


T×K

βi =


βi1

βi2
...
βiK

 ui =


ui1

ui2
...
uiT


1. ���½½½KKK������...
�òβiÀ��½�ØÓ�~ê�§��¤µ

y = Xβ + u (4.3.3)

Ù¥

y =


y1

y2
...
yn


nT×1

X =


X1 0 · · · 0
0 X2 · · · 0
...

...
...

...
0 0 · · · Xn


nT×nK

β =


β1

β2
...
βn


nK×1

u =


u1

u2
...
un


nT×1

w,§XJ�ÅZ6�3ØÓî�¡�N�mØ�'§=Euiu
′
j =

0,i 6= j�Euiu
′
i = σ2

i I§þã�.�ëê�O4�{ü§=±z��¡�
N��mS�êâ���§æ^²;ü�§�.��O�{©O�OÙë

ê"=¦æ^GLS�OÓ���β = (β′1, · · · , β′n)′�GLS�Oþ§�´�3
z�î�¡�Nþβi�²;ü�§�O��"

XJ�ÅZ6�3ØÓî�¡�N�m����Ø�"§Euiu
′
j 6= 0,

Kβ = (β′1, · · · , β′n)′�GLS�O'3z�î�¡�Nþβi�²;ü�§�O

�k�"
PΩij = Euiu

′
j

V =


Ω11 Ω12 · · · Ω1n

Ω21 Ω22 · · · Ω2n
...

...
...

...
Ωn1 Ωn2 · · · Ωnn


nT×nT

(4.3.4)
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ëê�GLS�O�µ

β̂GLS = X ′V −1X)−1X ′V −1y (4.3.5)

XÛ�����Ý
��Oþº�«�1��{´µÄkæ^æ^
²;ü�§�.��O�{©O�Oz�î�¡�Nþβi§O�í��O

�§±d�E���Ý
��Oþ§aqu²;ü�§�.�GLS@�"
2. ���ÅÅÅKKK������...
-βi = β + αi§Swamy(1970)b½

Eαi = 0 Eαiα
′
j =

{
∆ i = j
0 i 6= j

Exitα
′
j = 0 Euiu

′
j =

{
σ2

i IT i = j
0 i 6= j

(4.3.6)

(6.4.2)���¤µ

y = Xβ + X̃α + u (4.3.7)

Ù¥

y =


y1

y2
...
yn


nT×1

X =


X1

X2
...
Xn


nT×K

X̃ =


X1 0 · · · 0
0 X2 · · · 0
...

...
...

...
0 0 · · · Xn


nT×nK

u = (u′1, · · · , u′n)′α = (α′1, · · · , α′n)′EZ6X̃α + uœffiffΩffiΩ1iffi

Φi = Xi∆X
′
i + σ2

i IT (4.3.8)

3Swamyb�e§�(1/nT )X ′XÂñu�"~ê
�§yéX�{ü£
8ò��ëêβ�Ã ���O"�T�OØ´k��O§�O��Oþ
����
�ÊÏ���¦O�úªØ�(§~~��Ã��ÚOíä"

βœZ5fflOGLS�Oµ

β̂GLS =

[
n∑

i=1

X ′
iΦ

−1
i Xi

]−1 [ n∑
i=1

X ′
iΦ

−1
i yi

]
=

n∑
i=1

Wiβ̂i (4.3.9)

Ù¥
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Wi =

{
n∑

i=1

[∆ + σ2
i (X

′
iXi)

−1]−1

}−1

[∆ + σ2
i (X

′
iXi)

−1]−1

Ú

β̂i = (X ′
iXi)

−1X ′
iyi

(6.4.10)���L�ª`²GLS�O´z��î�¡�Nþ���¦�
O�Ý
\�²þ"��§�����¤'~"GLS�O����Ý


�µ

V ar(β̂GLS) =

[
n∑

i=1

X ′
iΦ

−1
i Xi

]−1

=

{
n∑

i=1

[∆ + σ2
i (X

′
iXi)

−1]−1

}−1

(4.3.10)

SwamyïÆ¦^���¦�Oβ̂i = (X ′
iXi)

−1X ′
iyiÚ§��í�ûi =

yi −Xiβ̂i��σ2
i Ú∆�Ã �Oµ

σ̂2
i =

û′iûi

T −K
=

1

T −K
y′i[I −Xi(X

′
iXi)

−1X ′
i]yi (4.3.11)

∆̂ =
1

n− 1

n∑
i=1

(β̂i − n−1

n∑
j=1

β̂j)(β̂i − n−1

n∑
j=1

β̂j)
′ − 1

n

n∑
i=1

σ̂2
i (X

′
iXi)

−1(4.3.12)

labeleq : gd040212(4.3.13)

4.3.2 ÄÄÄ������...
ùp�Ä��.§=��¹¢��)ºCþ��)ºCþ��."�

æ^²1êâ����*ÿ��§C�å�.��µ

yit = γyi,t−1 + xitβ + αi + uit i = 1, · · · , n; t = 1, · · · , T (4.3.14)

Ù¥Euit = 0

Euitujs =

{
σ2

u i = j( = s
0

(4.3.15)

1. ���½½½KKK������...
Äk�ÄØ�¹	))ºCþ��¹µ
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yit = γyi,t−1 + αi + uit |γ| < 1, i = 1, · · · , n; t = 1, · · · , T (4.3.16)

XJuit´��©Ù�yi0´�½�~ê§KÄ��½K��.ëê
�ML�O3T���´k �O§�[í���AndersonÚHsiao(1982)"
|^óäCþ{���3T�½!n→∞�ëê����O"

��©�Øαi�§k

(yit − yi,t−1) = γ(yi,t−1 − yi,t−2) + (uit − ui,t−1) i = 1, · · · , n; t = 1, · · · , T
(4.3.17)

Ï�yi,t−2Ú(yi,t−2− yi,t−3)�(yi,t−1− yi,t−2)�'§��(uit−ui,t−1)Ø�

'§¤±§�´k��óäCþ"±(yi,t−2 − yi,t−3)��(yi,t−1 − yi,t−2)�ó
äCþ§��µ

γ̂IV =

∑n
i=1

∑T
t=3 (yit − yi,t−1)(yi,t−2 − yi,t−3)∑n

i=1

∑T
t=3 (yi,t−1 − yi,t−2)(yi,t−2 − yi,t−3)

(4.3.18)

±yi,t−2��(yi,t−1 − yi,t−2)�óäCþ§��µ

γ̂IV =

∑n
i=1

∑T
t=2 (yit − yi,t−1)yi,t−2∑n

i=1

∑T
t=2 (yi,t−1 − yi,t−2)yi,t−2

(4.3.19)

3n→∞½T →∞�§Ñ´���O"u´?�Ú��µ

α̂i = ȳi − γ̂ȳi,−1, i = 1, · · · , n

3�¹	))ºCþ��¹e§=�.(6.4.13)§aq/§Äkæ^
óäCþ�{�O�©�§�.§��γÚβ��Oþ§,�¦�αi��O

þ"
2. ���ÅÅÅKKK������...
XJ�.(6.4.13)¥αi��ÅCþ§�±ò�.�¤µ

yit = γyi,t−1 + ziρ+ xitβ + vit i = 1, · · · , n; t = 1, · · · , T (4.3.20)

Ù¥|γ| < 1 vit = αi + uit Eαi = Euit = 0

Eαizi = 0 Eαixit = 0 Eαiujt = 0

Eαiαj =

{
σ2

α i = j
0
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Euitujs =

{
σ2

u i = j, t = s
0

Ù¥zi´ÃX5O!¬x���mØC�1 × K1�á5	)Cþ�

þ§xit´��mCz�1×K2�	)Cþ�þ§�4§�1�����1§
±�L�å§γ´1× 1�§ρÚβ©O´K1× 1�ÚK2× 1��ëê�þ"e

¡?ØØÓ��¹µ
�¹1µyi0�½"��î�¡�Nü �Um©u,�?¿ �yi0§

¿ìC/£�­½� �(αi +ziρ)/(1−γ)+
∑

j=0 xi,t−jβγ
j"�XJÛ�m

©Ä��û½´?¿���yi0��Ã'§Kòyi0À��½´��~¦�§
Ï�Eαiyi0 = 0¿�X�NK�αi310Ïé�.Ø�)K�§�K�1�

Ï±9���*	�"
�¹2µyi0�Å"�b½Ð©�´�Å�§þ��µy0§���σ2

y0"=

yi0 = µy0 + εi 4.2.21

ù�b½�Ün53u<�òyitÀ�G�§
�¿Ø'%N���Ð
©G�§�I���§�©Ùkk�þ�Ú��"

�¹2aµyi0Õáuαi§=Cov(εi, αi) = 0"3ù«�¹e§Ð©D��
K�Åì��m��"�.k:��¹1§Ð©��K�αi´Õá�§�Ø

Ly3�Ð©�Ø´�½�
´5gþ��µy0!���σ2
y0oN��ÅC

þ"
�¹2bµyi0�αi�'"P§������φσ2

y0§K�X�m�í£§
Ð©D�εi = yi0−µy0ÏL§�αi��'5K�yit��5�§¿�ª��µ

φεi/(1− γ) = lim
t→∞

E[yit − ziρ/(1− γ)−
∑t−1

j=0
xi,t−jβγ

j|εi]

(1)��q,�O

' u Ð©^ � � Ø Ó b ½ % ¹ X Ø Ó /ª� q , ¼ê" 3 b

½αiÚuit��©Ùe§�¹1�q,¼ê�µ

L1 = (2π)−nT/2|V |−n/2 exp

{
−1

2

∑n

i=1
(yi − yi,−1γ

−Ziρ−Xiβ)′V −1(yi − yi,−1γ − Ziρ−Xiβ
}

(4.3.21)

Ù¥yi = (yi1, · · · , yiT )′ yi,−1 = (yi0, · · · , yi,T−1)
′ Zi = ezi

e = (1, · · · , 1)′ Xi = (xi1, · · · , xiT )′ V = σ2
uIT + σ2

αee
′

�¹2a�q,¼ê�µ
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L2a = L1(2π)−n/2(σ2
y0)

−n/2 exp

{
− 1

2σ2
y0

n∑
i=1

(yi0 − µy0)
2

}
(4.3.22)

�¹2b�q,¼ê�µ

L2b = (2π)−
nT
2 (σ2

u)
−n(T−1)

2 (σ2
u + Ta)−

n
2

exp
{
− 1

2σ2
u

n∑
i=1

T∑
t=1

[yit − γyi t−1 − ziρ− xitβ − φ (yi0 − µy0)]
2

+
a

2σ2
u(σ

2
u + Ta)

n∑
i=1

{
T∑

t=1

[yit − γyi,t−1 − ziρ− xitβ − φ (yi0 − µy0)]

}2 }

×(2π)−
n
2 (σ2

y0)
−n

2 exp

{
− 1

2σ2
y0

n∑
i=1

(yi0 − µy0)
2

}
(4.2.24)
Ù¥a = σ2

α − φ2σ2
y0"

¦�þãq,¼ê����z§Ò���A�¹eëê���q,�
O"L4.2.1�Ñ
�«�¹eëê�Oþ�5�"

L 4.3.1: Ä��ÅK��.ëêMLE�O���5�

ëê n�½�T →∞ T�½�n→∞
�¹1µyi0�½ γ, β, σ2

u ���O ���O

ρ, σ2
α ����O ���O

�¹2µyi0�Å
2aµyi0�αiÕá γ, β, σ2

u ���O ���O

µy0, ρ, σ
2
α, σ

2
y0 ����O ���O

2bµyi0�αi�' γ, β, σ2
u ���O ���O

µy0, ρ, σ
2
α, σ

2
y0, φ ����O ���O

(2)óäCþ�O

�î�¡�Nü �õ!�Ï�Ý�á�§duØÓÐ©^�eq,

¼êØÓ§¤±Ð©^���ØÀJò������O��(��OØ

´ìC�d�§��UØ´���O"k�§'uÐ©^��ÀJ´Ä�

(§¿vk�o�ä�â"d�§�,F"���Ð©^�Ã'�ëê�
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���O§Ó���MLS�L§Jøëê�Ð©�"óäCþ{´�«

·^��{"e¡´ëê���O�O�Ú½µ
1�Úµé�§(6.4.19)?1�©§k

yit − yi,t−1 = γ(yi,t−1 − yi,t−2) + (xit − xi,t−1)β + uit − ui,t−1 (4.3.23)

�|^yi,t−2Ú(yi,t−2 − yi,t−3)��(yi,t−1 − yi,t−2)�óäCþ§¿|^ó
äCþ{��γÚβ��Oγ̃Úβ̃"

1�Úµò�OÑ�γ̃Úβ̃�\é(6.4.19)3�mþ¦²þ��§

ȳi − γȳi,−1 − X̄iβ = ziρ+ αi + ūi (4.3.24)

Ù¥ȳi =
∑T

t=1 yit/T§ȳi,−1 =
∑T

t=1 yi,t−1/T§X̄i =
∑T

t=1 xit/T§ūi =∑T
t=1 uit/T"é(6.2.22)^OLS��ρ��Oρ̃"

1nÚµ�Oσ2
uÚσ2

α§��

σ̂2
u =

n∑
i=1

T∑
t=2

[(yit − yi,t−1)− γ̃(yi,t−1 − yi,t−2)− β̃(xit − xi,t−1)]
2

2n(T − 1)
(4.3.25)

σ̂2
α =

n∑
i=1

(ȳi − γ̃ȳi,−1 − z̃iρ̃− X̄iβ̃)2

n
− 1

T
σ̂2

u (4.3.26)

þã�O�Ð©�Ã'"�n½TªuÃ¡��§γ, βÚσ2
u´���

O"
ρÚσ2
α��O�k�nªuÃ¡��§â´���O"

4.3.3 '''uuu²²²111êêêâââ���...���???ØØØ

3ïá²1êâ�.¿?1ëê�O�§Ýº±eA��:´ékÃ

?�"1�§3ïÄ²L¯K�§æ^²1êâ'üXæ^î�¡êâ½
�mS�êâ�`³3@pº1�§²1êâ�Û�´�oº©Û²1ê
â�Oþ²LÆ�.�{�Û�´�oº1n§¦^²1êâ�§N�U
O\ëê�O�k�5º

�
¦�U/~��O� �§«©)ºCþ�Ø���ü«�'5
´k�Ï�"1�«�'´�§S�¹�	)Cþ�AT�¹�vk�

¹�Cþ��'"1�«�'´Ä��.¥¢��)ºCþ�Ø����

'"
)�'�ØÓ5
ò�ëê����OJø­�&E"
XJ¢¦�Cþ�K�éu�½�î�¡�Nü 3ØÓ�mþ�±

ØC§½3�½��ãé¤kî�¡�Nü �±ØC§K¢¦CþE¤
� ��de�n«�{���±�Øµ(1)�©��*	�±�Ø3î�
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¡½�mþØC�á5Cþ�K�"(2)|^JCþ5�Lî�¡½�mþ

ØC�Cþ�K�"(3)3�½�*	�	)Cþe§�½Ø�*	CþK
��^�©Ù"

éu�5£8�.§þãn«�{Ñ�^u�Ødu¢¦CþE¤�
 �"XJØ���NÚ�m
Cz�ÕáÓ©Ù§JCþ(�½K�)�
{Ú�½�*	�Cþ§(½K�Ú^�©Ù��ÅK��.Ñ���Ç

Xê�����O"3Ù§b½e§¦+�ÇXê�����O�UØ´
k��§�%´Ã Ú���O"ù�§�½K��{3²�ïÄ¥�~
­�"

éue�ü« Ø5
AT\±�O§�«´du�À
�¢��)
ºCþ�'��mØ�¶,�«´duéÐ©*	�Ø�(��½"í�
�¢��)ºCþ��'¿ØÉ�mS�*	�ÝT�K�§
Ð©�¯

K=3vkAO�&E��½Ð©*	��T���â�)"�T���§
3q,¼ê¥Ð©*	���ê��ÑØO§d�â��ÀÐ©*	��
¯K"�T����.ÚêâÑ�¦òÐ©*	�À��Å�§�(�Ø
dÐ©*	�Úí���'E¤� Ø��{�6uØ��S��'�a
."

�mS�êâ�gdÝ"�Úî­�õ­��5~~¦(½z�)º
Cþ��NK��F"É��ò"ù�¯K´du��Jø�&EØU÷

v�.�I�
E¤"3ù«�¹e§7L½´O\��&E½´~��
.�¦�&E(Xéëê�k���å)"
²1êâduUJø�õ�g
dÝÚ�Ná5�¡�&E§¤±U ��.�&E�¦ÚêâJø�&
E�m�ål"

Ï�²1êâÏ~�¹�þ�*	��ê§Ï
q�ëê�Ok�
5�¯KØX��5�¯K­�§�¿�3?Û�¹eÑXd"3CX

ê�.¥§b½�.�½�(§¦+�À�ÅXêb½�OLS�OAT´
���O§�3¢�¥§��(JØ�&"���Ä�î�¡�Åá5
�GLS%´k��O"

¦+²1êâ�)î�¡Ú�mü��êâ§��õê�¹´���
*	��þ(Ï~´�mS�ù��)§
,���*	�éõ(Ï~´î
�¡ù��)"XJ1��§�¹3*	��õ���(Ï~´î�¡ù�

�)Cz�Cþ§Kk�/|^*	��õù��*	��m�Cz'X±

¦�,��Jø����&EU��k|/^u�Oú��ëê"
�k�¦^êâ���'�¯K´�½K��´�ÅK���ä¯

K"�íä�uî�¡ü �§A�Ä�½K��."�íä´'uoN
��ÿ§A�Ä�ÅK��."

AT`²�´§�
����ëê����O§  I�O\��O

ëê�'����êâ"ù�§«O²1êân½T½üö´ÄªuÃ¡�

´­��"Äuù
&E§<���äl²1êâ���ëê�O§=

´���O§=
Ø´���O"
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4.4 lll ÑÑÑ ��� )))ºººCCC þþþêêêâââ OOO þþþ ²²² LLL ÆÆÆ ��� ...
£££���¤¤¤—������ÀÀÀJJJ���...

3²;Oþ²LÆ�.¥§�)ºCþÏ~�b½�ëYCþ"
�´§²L©Û¥²~¡�Nõûü¯K§½ö¡�ÀJ¯K§=<

�7L3�øÀJ�A��Y¥�ÑÀJ"ù
�øÀJ��Y�±

^lÑ�êâL«§~X§,�¯�u)�Ä§©O^1Ú0L«¶é,
�ïÆ±r��é!�é!¥á!|±Úr�|±5«�Ý§�±©O

^0!1!2!3Ú4L«"±ù��ûü(J���)ºCþïá�Oþ
²LÆ�.§¡�lÑ�)ºCþêâOþ²LÆ�.£Models with
Discrete Dependent Variables¤§½ö¡�lÑÀJ�.(DCM, Discrete
Choice Model)"XJ�)ºCþ�U�3ü«ÀJ§¡���ÀJ�
.(Binary Choice Model)¶XJ�)ºCþ�3õ«ÀJ§¡�õ�ÀJ
�.(Multiple Choice Model)"�!Ì�0���ÀJ�."

lÑÀJ�.å
uFechneru1860c?1�ÄÔ^�����ï
Ä§1962c§WarnerÄgò§A^u²LïÄ+�§^±ïÄú��Ï
óäÚh<�Ïóä�ÀJ¯K"70!80c�§lÑÀJ�.�ÊHA^
u²LÙÛ!è�½:!�Ï¯K!Ò�¯K!	ïûü�²Lûü+�
�ïÄ"l1987cÑ��;Í5Econometric Analysis of Discrete Choice6
£Börsch-Supan, Springer¤¤Ú^�©z�±wÑ§�.��O�{Ì�

uÐu80c�ÐÏ"

4.4.1 ������lllÑÑÑÀÀÀJJJ���...���²²²LLL���µµµ

¢S²L)¹¥§<�²~����ÀJ¯K"
~X§ú��ÏóäÚh<�Ïóä�ÀJ¯K"ÀJ|^ú��Ï

óä�´h<�Ïóä§�ûuüaÏ�"�a´ú��ÏóäÚh<

�Ïóä¤äk�á5§ÃX�Ý!Ñ¤�m!¤��¶�a´ûü�N
¤äk�á5§ÃX��!c#!Â\Y²!èxG¹�"l�þ�ÚO

¥§�±uyÀJ(J�K�Ï��mäk�½�ÏJ'X"�«ù�Ï

J'X¿^uýÿïÄ§éu�½�ÏóäuÐ5yÃ¦´�©­��§
ÒI�ïáOþ²L�."

~X§é,«û¬�	ïûü¯K"û½	ï�Ä§�ûuüaÏ

�"�a´Tû¬��¤äk�á5§ÃX5U!d��¶�a´�¤ö
�N¤äk�á5§ÃXÂ\Y²!éTû¬� Ð§Ý�"l�þ�Ú
O¥§�±uyÀJ(J�K�Ï��mäk�½�ÏJ'X"�«ù�

ÏJ'X¿^uýÿïÄ§éu)��[Ã¦´�©­��§ù�I�ï

áOþ²L�."
2X§¦�öé,«���ÀJ¯K"û½�É½öáýT��§Ó

��ûuüaÏ�"�a´T����¤äk�á5§ÃXó��¸!ó
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]Y²!é¦�ö©zY²��¦�¶�a´¦�ö�N¤äk�á5§
ÃXc#!©zY²!é��� Ð�"l�þ�ÚO¥§�±uyÀJ
(J�K�Ï��mäk�½�ÏJ'X"�«ù�ÏJ'X¿^uýÿ

ïÄ§éu^<ü XÛ·AÒ�½|§w,´�©kÃ�§ù�I�ï

áOþ²L�."
dd��§��ÀJ¯K3·��²L)¹¥´�þ�3�"

4.4.2 ������lllÑÑÑÀÀÀJJJ���...
îîî���©©©���...
éuþã��ÀJ¯K§�±ïáXeOþ²LÆ�.µ

Y = XB + N (4.4.1)

Ù¥Y�*ÿ��1Ú0�ûü�)ºCþ§X�)ºCþ§�)ÀJ
é�¤äk�á5ÚÀJÌN¤äk�á5"3�.(6.5.1)¥§éu

yi = XiB + µi

Ï�E(µi) = 0§¤±E(yi) = XiB"-

pi = P (yi = 1) 1− pi = P (yi = 0)

u´

E(yi) = 1 · P (yi = 1) + 0 · P (yi = 0) = pi

¤±k

E(yi) = P (yi = 1) = XiB

éuTªmà�XiB§¿vk?u[0§1]��S���§¢Sþé�
U�Ñ[0§1]���¶
éuTª�à�P (yi = 1)§K�¦?u[0§1]��
S"u´þª�)
gñ",	§éu�ÅØ��§k

µi =

{
1−XiB yi = 1,ÙVÇ�XiB
−XiB yi = 0,ÙVÇ�1−XiB

w,§äkù«VÇ(���ÅØ��äkÉ��5"du�3ùü
�¡�¯K§¤±�.(6.5.1)ØU��¢SïÄ��ÀJ¯K��."

ïïï���^̂̂���...
�
¦���ÀJ¯K�ïÄ¤��U§·�7LÄkïá�Å�^

�."
±ú��ÏóäÚh<�Ïóä�ÀJ¯K�~"XJ,��NÀJ

ú��Ïóä§¦��^�U1
i §þIL«ÀJ(J§eIL«1i��N"
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T�^´�ÅCþ§¿�dú��Ïóä¤äk�á5Úûü�N¤äk
�á5)º§u´kµ

U1
i = XiB

1 + ε1
i (4.4.2)

aq/§XJ,��NÀJh<�Ïóä§¦��^�U0
i §T�^´

�ÅCþ§¿�dh<�Ïóä¤äk�á5Úûü�N¤äk�á5)
º§u´kµ

U0
i = XiB

0 + ε0
i (4.4.3)

�5¿§3�.(6.4.2)Ú(6.4.4)¥§�^´Ø�*ÿ�§·�U

���*ÿ�E,´ÀJ(J§=1Ú0"�´éw,§XJØ�*ÿ

�U1
i ¿U0

i §=éAu*ÿ��1§Ï�T�NÀJú��Ïóä��^�

uÀJh<�Ïóä��^§¦�,�ÀJú��Ïóä¶��§XJØ

�*ÿ�U1
i ≤ U0

i §=éAu*ÿ��0§Ï�T�NÀJú��Ïóä�
�^�uÀJh<�Ïóä��^§¦�,�ÀJh<�Ïóä"

ò(6.4.2)�(6.4.4)�~µ

U1
i − U0

i = Xi(B
1 − B0) + (ε1

i − ε0
i )

P�

y∗i = XiB
+µ∗i (4.4.4)

ù Ò´·� � ï Ä � � � À J � . " ù´� � � 5 � . § Ù

¥y∗i ,Xi,B
,µ∗i ©O��.��)ºCþ!)ºCþ!��OëêÚ�Å

Ø��"
25w�NÀJyi = 1�VÇ"w,ATkµ

P (yi = 1) = P (y∗i > 0) = P (µ∗i > −XiB) (4.4.5)

ððð������qqq,,,���OOO

�¦��.(6.4.5)�±�O§Ò7L�µ∗i ÀJ�«A½�VÇ©Ù"
ü«�~^�©Ù´IO��©ÙÚÜ6£logistic¤©Ù§u´/¤
ü
«�~^���ÀJ�.—Probit�.ÚLogit�."
ÃØ´IO��©Ù�´Ü6£logistic¤©Ù§du§�´é¡�§

�3

F (−t) = 1− F (t)

Ù¥F (t)L«VÇ©Ù¼ê"u´(6.4.6)�±U��µ
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P (yi = 1) = P (y∗i > 0) = P (µ∗i > −XiB)
= 1− P (µ∗i ≤ −XiB)
= 1− F (−XiB) = F (XiB)

(4.4.6)

�d§�±���.(6.4.5)�q,¼ê

P (y1, y2, · · · , yn) =
∏
yi=0

(1− F (XiB))
∏
yi=1

F (XiB) (4.4.7)

=

L =
n∏

i=1

(F (XiB))yi(1− F (XiB))1−yi (4.4.8)

éêq,¼ê�

lnL =
n∑

i=1

(yi lnF (XiB) + (1− yi) ln(1− F (XiB))) (4.4.9)

éêq,¼ê��z���^��

∂ lnL

∂ B
=

n∑
i=1

[
yifi

Fi

+ (1− yi)
−fi

(1− Fi)

]
Xi = 0 (4.4.10)

Ù¥fiL«VÇ�Ý¼ê"w,§3��êâ�|±e§XJ�

�(6.4.11) ¥�VÇ©Ù¼êÚVÇ�Ý¼ê§¦)T�§|§�±�
��.ëê�Oþ"

4.4.3 ������ProbitlllÑÑÑÀÀÀJJJ���...999ÙÙÙëëëêêê���OOO

Probit�.£3�
��Ö¥òÙÈ¤“VÇü �.”¤´òIO�

�©Ù��(6.4.5) ¥µ∗i �VÇ©Ù
í����"Ï���©Ù�@�´
?Û©Ù�g,�ÚÄk�ÀJ§u´��Probit�.¤��~^���
ÀJkx"IO��©Ù�VÇ©Ù¼ê´

F (t) =

t∫
−∞

(2π)−
1/2 exp (−x2

/
2)dx (4.4.11)

VÇ�Ý¼ê´

f(x) = (2π)
−1/2 exp(−x2

/
2) (4.4.12)
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îîî­­­EEE***ÿÿÿ���ØØØ���±±±���������¹¹¹eee������ProbitlllÑÑÑÀÀÀJJJ���...���ëëëêêê���
OOO

3­E*ÿ�Ø�±���¹e§(6.4.11)�¤µ

∂ ln L
∂ B

=
∑

yi=0

−fi

1−Fi
Xi +

∑
yi=1

fi

Fi
Xi

=
n∑

i=1

(
qif(qiXiB)
F (qiXiB)

)
Xi

=
n∑

i=1

λ iXi

= 0

(4.4.13)

Ù¥qi = 2yi − 1
(6.4.14)´'uβ���5¼ê§ØU��¦)§Iæ^§3.1 ¥J9�

��&E��q,{¥¤æ^�S��{"
ùp¤¢“­E*ÿ�Ø�±��”§´�éz�ûüö�k��*ÿ

�"=¦kõ�*ÿ�§�òÙw¤�õ�ØÓ�ûüö"
~4.3.1 ùp^��{ü�~fü«��ProbitlÑÀJ�.9Ùëê

�O"3�gÀÞ¥§duÿÀ<épÂ\ök|§¤±Â\¤�z�Ý
¦öL«Ó¿½ö�é��Ì�K�Ï�"±Ý¦ö��Ý(y)���)
ºCþ§±Ý¦ö��Â\(x)��)ºCþïá�.§Ó¿öÙ*ÿ�

�1§�éöÙ*ÿ��0§��êâ�L4.3.1"
�©�.�µ

yi = α+ β xi + µi i = 1, 2, · · · , 30

|^�{ü�Probit��lÑÀJ�.ëê�O^�£~XTSP¥

�Probit�O¤§�O(J�µ

α̂ = −4.7539 β̂ = 0.00307 lnL = −6.0962

O����.(6.4.5)�ŷ∗i �uL4.3.1¥"��§�,Ñ<�´y�*ÿ

�§�´���Oé��Ø´�©�.§
´�.(6.4.5)"
ïïï­­­EEE***ÿÿÿ������±±±���������¹¹¹eee������ProbitlllÑÑÑÀÀÀJJJ���...���ëëëêêê���OOO

lnØþù§“­E*ÿ��±��”��¹´�3�§=éz�ûü

ökõ�­E*ÿ�"~X§*	,�<3	Ü^�ØC�¹eéú��
ÏóäÚh<�Ïóä�õg­EÀJ"3ù«�¹e§�±æ^2Â�
��¦{�O��ÀJ�."

é1i�ûüö­E*ÿnig§ÀJyi = 1�gê'~�pi§@o�±

òpi��ý¢VÇPi����Oþ"u´k

pi = Pi + ei = F (XiB) + ei (4.4.14)

Ù¥
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L 4.4.1: ~4.3.1 ��*ÿ�9�[�

xi yi ŷi
∗ ŷi

∗ xi yi ŷi
∗ ŷi

∗

xi yi (probit) (logit) xi yi (probit) (logit)
100 0 -4.4472 -7.6029 1600 0 0.1533 0.2622
200 0 -4.1405 -7.0786 1700 1 0.46 0.7865
300 0 -3.8338 -6.5543 1800 0 0.7667 1.3108
400 0 -3.5271 -6.0299 1900 1 1.0734 1.8352
500 0 -3.2204 -5.5056 2000 1 1.3801 2.3595
600 0 -2.9137 -4.9812 2100 1 1.6868 2.8839
700 0 -2.607 -4.4569 2200 1 1.9935 3.4082
800 0 -2.3003 -3.9326 2300 1 2.3002 3.9325
900 0 -1.9936 -3.4082 2400 1 2.6069 4.4569
1000 0 -1.6869 -2.8838 2500 1 2.9136 4.9812
1100 0 -1.3802 -2.3595 2600 1 3.2203 5.5056
1200 0 -1.0735 -1.8352 2700 1 3.527 6.0299
1300 1 -0.7668 -1.3109 2800 1 3.8337 6.5542
1400 0 -0.4601 -0.7865 2900 1 4.1404 7.0786
1500 1 -0.1534 -0.2622 3000 1 4.4471 7.6029

E(ei) = 0
V ar(ei) = pi(1− pi)/ni

éuIO��©Ù�VÇ©Ù¼ê(6.4.12)§½Â“*ÿ��”VÇü 

�

vi = F−1(pi) = F−1(Pi + ei) (4.4.15)

Ù¥F−1(•)´IO��©Ù�VÇ©Ù¼ê��¼ê"^�N?êÐ
m(6.4.16)§��3���§Kk

F−1(Pi + ei) = F−1(Pi) +
ei

f(F−1(Pi))
(4.4.16)

u´(6.4.16)�±U��

vi = F−1(Pi) + ui

Ù¥

E(ui) = 0

V ar(ui) = Pi(1−Pi)
ni(f(F−1(Pi)))2
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Ï�

F−1(Pi) = XiB

k

vi = XiB + ui

V = XB + U
(4.4.17)

æ^2Â���¦{�O(6.4.18)§��

B̂ = (X′Ω−1X)−1X′Ω−1V (4.4.18)

Ù¥Ω�U���—���Ý
"3¢S�OL§¥^§��Oþ�

O§=

B̂ = (X′ Ω̂−1X)−1X′ Ω̂−1V (4.4.19)


Ω̂KdPi��Oþpi�¤§�
Jp�Oþ��þ§�±æ^S��
{�E¦�Pi��Oþ"

(6.4.20)¥V�*ÿ�ÏL¦)IO��©Ù�VÇ©Ù¼ê

pi =

vi∫
−∞

(2π)−
1/2 exp (−t2

/
2)dt

��¼ê��§
Ù¥�pi´¢S*ÿ���"�
¦�pi�*ÿ�

'���§���¦éz�ûüöÑ?1�½êþgê£~X10g�m¤
�*ÿ"

4.4.4 ������LogitlllÑÑÑÀÀÀJJJ���...999ÙÙÙëëëêêê���OOO

Logit�.£3�
��Ö¥òÙÈ¤“éê¤}'~�.”¤´ò

Ü6£logistic¤©Ù��(6.4.6) ¥µ∗i �VÇ©Ù
í����"Börsch-
Supanu1987c�Ñ§XJÀJ´Uì�^��z
?1�§äk4��

�Ü6©Ù´�Ð�ÀJ§ù«�¹e���ÀJ�.ATæ^Logit�
."Ü6©Ù�VÇ©Ù¼ê´

F (t) =
1

1 + e−t
(4.4.20)

VÇ�Ý¼ê´

f(t) =
e−t

(1 + e−t)2
(4.4.21)
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(6.4.21)�±U�¤µ

F (t) =
et

1 + et
= Λ(t) (4.4.22)

ùpΛ(•)´Ï~^5L«Ü6©Ù�VÇ©Ù�ÎÒ"(6.4.22)�±U
�¤µ

f(t) =
et

(1 + et)2
= Λ(t)(1− Λ(t)) (4.4.23)

îîî­­­EEE***ÿÿÿ���ØØØ���±±±���������¹¹¹eee������logitlllÑÑÑÀÀÀJJJ���...���ëëëêêê���OOO

3­E*ÿ�Ø�±���¹e§ò(6.2.22) Ú(6.2.23)�\(6.4.11)§
��µ

∂ ln L
∂ B

=
n∑

i=1

[
yifi

Fi
+ (1− yi)

−fi

(1−Fi)

]
Xi

=
n∑

i=1

(yi − Λ(XiB) )Xi = 0
(4.4.24)

(6.2.24)´'uβ���5¼ê§ØU��¦)§Iæ^§3.1¥J9�
��&E��q,{¥¤æ^�S��{"

Ó�§ùp¤¢“­E*ÿ�Ø�±��”§´�éz�ûüö�k�

�*ÿ�"
éu~4.3.1§|^�{ü�logit��lÑÀJ�.ëê�O^�£~

XTSP¥�logit�O¤§�O(J�µ

α̂ = −8.1273 β̂ = 0.00524 lnL = −6.2599

O����.(6.4.5)�ŷ∗i �uL4.3.1¥"Ó���§�,Ñ<�´y�
*ÿ�§�´���Oé��Ø´�©�.§
´�.(6.4.5)"

ïïï­­­EEE***ÿÿÿ������±±±���������¹¹¹eee������logitlllÑÑÑÀÀÀJJJ���...���ëëëêêê���OOO

3­E*ÿ��±����¹e§Ó��±æ^2Â���¦{�O

��logitÀJ�."
d(6.4.21)�±��µ

F (t)

1− F (t)
= et (4.4.25)

Ó�/§é1i�ûüö­E*ÿnig§ÀJyi = 1�gê'~�pi§@
o�±òpi��ý¢VÇPi����Oþ"u´k

pi = Pi + ei = F (XiB) + ei (4.4.26)

Ù¥
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E(ei) = 0
V ar(ei) = pi(1− pi)/ni

^��­E*ÿ���pi�¤“¤}'~” pi/(1− pi)§�éê¿?1
�NÐm§k

ln(
pi

1− pi

) ≈ ln(
Pi

1− Pi

) +
ei

Pi(1− Pi)
(4.4.27)

3(6.2.25)¥§^Pi�OF (t)§2^XiB�\t§,��\(5.8.27) §�
�

ln(
pi

1− pi

) ≈ ln(eXiB) + ui = XiB + ui (4.4.28)

-vi = ln( pi

1−pi
)

Kk

vi = XiB + ui

V = XB + U
(4.4.29)

æ^2Â���¦{�O(5.8.29)§��

B̂ = (X′ Ω̂−1X)−1X′ Ω̂−1V (4.4.30)

Ù¥Ω̂dPi��Oþpi�¤§Ó�/§�
Jp�Oþ��þ§�±æ

^S��{�E¦�Pi��Oþ"V�*ÿ�ØI�¦)VÇ©Ù¼ê�
�¼ê§
´d¢S*ÿ���pi��O���"

4.4.5 ������lllÑÑÑÀÀÀJJJ���...���CCCþþþwwwÍÍÍ555uuu���

éu��lÑÀJ�.§²;�.¥æ^�CþwÍ5tu�E,´k
��"3?1ëê�O�Ó�§O�����)ºCþ�tÚOþ§�±û
½�Ñ=
Cþ"y3�¯K´§XJ�Ñ�Cþ��3�CþØ´��
�§@oéëê�Oþò�)K�§I�?�Úu�ù«�Ñ´ÄT�"

"b��µH0 : Y∗ = X1B1 + µ∗

�Jb��µH1 : Y∗ = X1B1 + X2B2 + µ∗

Ù¥X1´�3�Cþ�þ§X2´�Ñ�Cþ�þ"^uu��ÚO

þ�WaldÚOþ!LRÚOþ£��q,'¤ÚLMÚOþ£.�KF¦
f¤§äNO��{Xeµ

W = B̂′
2V

−1
2 B̂2 (4.4.31)

Ù¥V2 = AsyV ar(B̂2)"
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LR = −2(ln L̂0 − LnL̂1) (4.4.32)

Ù¥L̂0!L̂1©O�H0�/ÚH1�/e�q,¼ê���Oþ"

LM = g′0V
−1
0 g0 (4.4.33)

Ù¥g0´H1�/e�éêq,¼êéëê�Oþ����ê�þ§
^H0�/e���q,ëê�Oþ�\O�¶V0´H1�/eëê��q,

�Oþ���Ý
�Oþ"
þã3�ÚOþÑlχ2©Ù§gdÝ�X2¥Cþê8"�½wÍ5Y

²α§�χ2©Ù�.�§�O����ÚOþ¢S�?1'�§XJÚO

þ¢S��u�.�§áýH0§�ÉH1"
�*þ��±wÑþãÚOþ�u�õU"~XéuLRÚOþ§X

JX2¥�Cþ�Ñ�éëê�OþvkK�§@oH0ÚH1�¹e�éê
��q,¼ê�AT��Ø�§d�LRÚOþ��é�§g,¬�u�

.�§ØáýH0"2~XéuWaldÚOþ§XJ�ÑV2 = AsyV ar(B̂2)¥
ØÓëê�Oþ�m����§§´��é�
§���ëê�Oþ�
��"u´W = B̂′

2V
−1
2 B̂2 ¢Sþ��uH1�/eX2¥�CþéA�wÍ

5tu�ÚOþ�²�Ú"XJX2¥�Cþ(¢ØwÍ§¤k�tu�ÚO

þ��Ñ'��§¤±WaldÚOþ���¬é�§Ï�u�.�
Øá
ýH0"

4.5 lll ÑÑÑ ��� )))ºººCCC þþþêêêâââ OOO þþþ ²²² LLL ÆÆÆ ��� ...
£££���¤¤¤—õõõ���ÀÀÀJJJ���...

Ø
��ÀJ�.�	§70!80c�±5§�uÐ
NõÙ§a.�
lÑ�)ºCþOþ²LÆ�.§~Xõ�ÀJ�.£Model or Multiple
Choices¤!lÑOêêâ�.(Model for Count Data)!éá�§��À
J�.£Multivariate Binary Choice Model¤�"�!òéõ�ÀJ�
.�{ü�Vg50�§Àg5Econometric Analysis6£Third Edition,
William H. Greene, Prentice-Hall Inc. 1997¤�Ö§éõ�ÀJ�.ÚÙ

§a.�lÑ�)ºCþOþ²LÆ�.k,��Öö�±����TÖ
ÚÙ§;�Í�§~X5Econometric Analysis of Count Data6£Rainer
Winkelmann, Springer,1997¤�"

4.5.1 ²²²LLL)))¹¹¹¥¥¥���õõõ���lllÑÑÑÀÀÀJJJ¯̄̄KKK
3¢S²L)¹¥§²~��õ�lÑÀJ¯K"
�a¯K´òÀJé�Uì,�OKüè§dûüöl¥ÀJ"

~ X § � � < 	 ï , a û ¬ § ò � ø À J � û ¬ U ì � þ ü è §
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±0!1!2!3�SêL«"K��¤öÀJ�Ï�küa§�a´Tû

¬��¤äk�á5§ÃX5U!d��¶�a´�¤ö�N¤äk�á
5§ÃXÂ\Y²!éTû¬� Ð§Ý�"l�þ�ÚO¥§�±uy

ÀJ(J�K�Ï��mäk�½�ÏJ'X"�«ù�ÏJ'X¿^u
ýÿïÄ§ÒI�ïáõ�ÀJOþ²L�."ùa¯K�~f�k��

ÀJ!�x�?�ÀJ��"
,�a¯K´ûüöéÓ��ÀJé�� Ð§Ý"~X§E,´	

ï¯K"Ó�«û¬§ØÓ��¤öé§� Ð´ØÓ�§ÃX�©U

�!��U�!Ã¤¢!����!�©��§±0!1!2!3!4L«"
K��¤ö Ð�Ï�küa§�a´Tû¬��¤äk�á5§ÃX5
U!d��¶�a´�¤ö�N¤äk�á5§ÃXÂ\Y²!éTû¬

�I¦§Ý�"l�þ�ÚO¥§�±uyÀJ(J�K�Ï��mäk
�½�ÏJ'X"�«ù�ÏJ'X¿^uýÿïÄ§Ó��±ïáõ�
ÀJOþ²L�."2X§¦�öé,«���ÀJ¯K"��±£ã�
��õ�ÀJ¯K"��±*Ð�Ù§+�§��;.�~fÒ´Ý¦¯

K"3·�?1�?ÛÝ¦¥§3À¦þ��Ñk39µÓ¿!ï�!�
é§ùÒ´��3�ÀJ¯K"XJ?1Ý¦c�N�§$��±3N�L

þ�Ñ59µr�|±!��|±!ï�!���é!r��é§ùÒ´�

�5�ÀJ¯K"
±þüa¯KÑáuüSÀJ¯K"�k�a¯K´Ó��ûüö¡

�õ�ÀJ§
�õ�ÀJ�mvküS"~X��<XÛ�þ�§gC

m�!¦Ñu�!¦ú��!äg1�§�´��õ�ÀJ¯K"ùa¯
K�äkÊH5§·�ò§¡����õ�ÀJ¯K"

�e5Äk?Ø£ã���õ�ÀJ¯K��.�{"'uüSÀJ
¯K§=üS�õ�ÀJ�.(Model for Ordered Data)§ò3£n¤¥0
�"

4.5.2 ������õõõ���lllÑÑÑÀÀÀJJJLogit���...
3õ�lÑÀJ�.¥§Ï�Probit�.I�éõ���©Ù��N

?1µd§¤±§�A^É���"
Ü6©Ù�·Üu�^��z��
©ÙÀJ§¤±A^�õ�õ�lÑÀJ�.´Logit�.§ùp�=0�
ùa�."

îîî������õõõ���ÀÀÀJJJLogit���...���ggg´́́

3��ÀJ�.¥§ÏL�EÀJ��^�.§òÀJ¯K=z��
^'�¯K§�Ñ
���EÀJ(J�.£=±ÀJ(J��)ºC

þ¤¤�5�æN"3��õ�ÀJ�.¥§E,÷Xù�g´§ÏL�
EÀJ��^�.§±�^���z5L«é,��Y�ÀJ§���O

�.oNëê�8�"
aqu��ÀJ�.¥�(4.3.2)§XJûüöi3£J+1¤��øÀJ

�Y¥ÀJ
1j�§@oÙ�^�.�µ
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Uij = XijB + εij (4.5.1)

¿�ATkµ

P (Uij > Uik) k = 0, 1, 2, · · · , J k 6= j

McFaddenu1973c�Ñ§XJ£J+1¤��ÅØ��pØ�'§¿�

ÑlWeibull©Ù§=

F (εij) = e−εij

u´k

P (yi = j) =
eXijB

J∑
j=0

eXijB

(4.5.2)

ùÒ�Ñ
�¡�^�Logit�.£Conditional Logit Model¤Úõ�
¶ÂLogit�.(Multinomial Logit Model)"

�^�.�)ºCþ¥�)¤kK�ÀJ�Ï�§Q�)ûüö¤ä
k�á5§��)�À�Y¤äk�á5"�À�Y¤äk�á5´�

X�Y�Cz
Cz�§~X3ØÓ��Ï�ªÀJ¥§¤^!Ñ¤�
m!S�5�Ï�´�XØÓ��Ï�ªCz�¶ûüö¤äk�á5¥

�Ü©´�X�Y�Cz
Cz�§~XûüöéØÓ�Ï�ª� Ð§
Ý�§
�Ü©´Ø�X�Y�Cz
Cz�§~Xûüö�c#!Â\

�"^ZijL«�X�Y�Cz
Cz�@Ü©)ºCþ§WiL«Ø�X
�Y�Cz
Cz�@Ü©)ºCþ§u´(6.4.2)C�µ

P (yi = j) =
eZijΓ+WiA

J∑
j=0

eZijΓ+WiA

=
eZijΓeWiA

J∑
j=0

eZijΓeWiA

(4.5.3)

ª¥Γ,A©OL«ZijÚWi�Xê�þ§^γÚα���i1L«"
w,§WiéuÀJ1j��Y�VÇØ�)K�§�±l�.¥�

K"Ï�(6.4.4)�±�¤µ

P (yi = j) =
eZijΓeWiA

eWiA
J∑

j=0

eZijΓ

=
eZijΓ

J∑
j=0

eZijΓ

(4.5.4)

'�(6.4.5)Ú(6.4.2)§l/ªþvk«O§�´�¹�)ºCþêþ
ØÓ"�
Ö��B§3�¡��.¥§·�E,æ^(6.4.2)�/ª"
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¢^���õ�LogitÀJ�.q©3«�¹"�´ïÄÀJ,«�Y

�VÇ�ûüö�A�Cþ�m�'X¶�´ïÄÀJ,«�Y�VÇ�
ûüö�A�Cþ±9�Y�A�Cþ�m�'X¶n´�Ä�ØÓ�Y

�m��'5��¹"e¡ò©O0�A½��.9Ù�O"
ïïïõõõ���¶¶¶ÂÂÂLogitlllÑÑÑÀÀÀJJJ���...999ÙÙÙëëëêêê���OOO

ïÄ�aA½�¯K"~X��ÀJ¯K§k£J+1¤«��§±É
��§Ý!ó�²{!5O!«x��l¯�«����<�A�Cþ§
|^�þ���§ÁãïÄz«���ù
A�Cþ�'X"@oäkA
�Xi��NÀJ1j«���VÇ�µ

P (yi = j) =
eXiBj

J∑
j=0

eXiBj

(4.5.5)

ùpÝ
�eI�(6.4.2)ØÓ§Ï�3A½�ïÄ¯K¥§X¥��

¹�À�Y¤äk�á5�Cþ§
ëê�þBéØÓ�ÀJ�Y£=Ø

Ó��§¤´ØÓ�"
�
ïÄ�B§?1IOz?n§-B0 = 0"u´k

P (yi = j) =
eXiBj

1 +
J∑

k=1

eXiBk

j = 1, 2, · · · , J

P (yi = 0) =
1

1 +
J∑

k=1

eXiBk

(4.5.6)

�±O���éê¤}'�µ

ln(
Pij

Pi0

) = XiBj

ln(
Pij

Pik

) = Xi(Bj − Bk) (4.5.7)

dub�
��.(6.5.1)¥£J+1¤��ÅØ��pØ�'§¤±¤
}'ÇPj/Pk �Ù§�À�YÃ'"¢Sþù�b�l²L1�þù¿Ø

Ün§�!�¡ò?Ø�ïù�b���¹"
õ�¶ÂLogitlÑÀJ�.�ëê�O¿ØE,"éu1i�ûü

ö§XJÀJ
1j��À�Y§-dij = 1¶XJvkÀJ1j��À�
Y§-dij = 0"Ó�§éu1i�ûüö§3£J+1¤��À�Y¥§
�UÀJÙ¥��§=�U�31�dij = 1"u´§�±�Ñyij(i =
1, 2, · · · , n; j = 0, 1, 2, · · · , J)�éÜVÇ¼ê§déÜVÇ¼ê�Ñq,

¼ê§?
��éêq,¼ê�µ
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lnL =
n∑

i=1

J∑
j=0

dij lnP (yi = j) (4.5.8)

Ù�©/ª�µ

∂ lnL

∂ Bj

=
∑

i

(dij − Pij)Xi j = 1, 2, · · · , J

∂ 2 lnL

∂ Bj∂ B′
l

= −
n∑

i=1

Pij(1(j = l)− Pil)XiX
′
i (4.5.9)

Ù¥

l(j = l) =

{
1 XJj = l
0 XJj 6= l

(6.4.10)=0=�éêq,¼ê��z���^�§|^NewtonS��
{�±×�/���§|�)§���.�ëê�Oþ"

�´§T�.ëê�Oþ�²L¿ÂéJ��)º"ò(6.4.7)ª
éXi�©§��µ

∆j =
∂ Pj

∂ Xi

= Pi(Bj −
l∑

k=0

PkBk) = Pj(Bj − B̄) (4.5.10)

l¥�±wÑ§�.ëêäkéVÇ�>S�zÇ�²L¿Â"
ðððõõõ���^̂̂���LogitlllÑÑÑÀÀÀJJJ���...999ÙÙÙëëëêêê���OOO

l(6.4.6)��§3þ¡��.¥§��Ä
ÀJ,«�Y�VÇ�û
üö�A�Cþ�m�'X"XJÀJ,«�Y�VÇØ=�ûüö�A
�Cþk'§
����Y�A�Cþk'§@o(6.4.6)ATU��µ

P (yi = j) =
eXijBj

J∑
j=1

eXijBj

(4.5.11)

¡�^�Logit�.£Conditional Logit Model¤.
aqu¶ÂLogit �.�ëê�O�{§�.�éêq,¼ê�µ

lnL =
n∑

i=1

J∑
j=1

dij lnP (yi = j) (4.5.12)

Ù�©/ª�µ



§4.5 lÑ�)ºCþêâOþ²LÆ�.£�¤—õ�ÀJ�. 187

∂ lnL

∂ B
=

n∑
i=1

J∑
j=1

dij(Xij − X̄i)

∂ 2 lnL

∂ B∂ B′ = −
n∑

i=1

J∑
j=1

Pij(Xij − X̄i)(Xij − X̄i)
′ (4.5.13)

Ù¥

l(j = l) =

{
1 XJj = l
0 XJj 6= l

X̄i =
J∑

j=1

PijXij

(6.4.14)=0=�éêq,¼ê��z���^�§|^NewtonS��
{�±×�/���§|�)§���.�ëê�Oþ"

ñññNested Logit���...
XJ3õ�lÑÀJ�.(6.5.1)¥§�ï£J+1¤��ÅØ��pØ

�'�b�§=ØÓ�ÀJ�Y�mäk�'5§
�7L�Äù«�'
5§@o�«�1�g´´ò£J+1¤�ÀJ�Y©�l|§3z|SÜ�
ÀJ�Y�mØäk�'5§
|mKäk�'5"�Ò´ò^�Logit�
.¥Û¹�àg��5^��t§#N��3|m�±ØÓ§�3|SE

,´Ó���"ù���.�¡�Nested Logit�."
^Xj|l L«31l|SéÀJ1j«�Y�)K��Cþ§ZlL«éÀJ

1l|�)K��Cþ"u´

P (j, l) = Pjl =
eXj|l B+ZlΓ

L∑
l=1

Jl∑
j=1

eXj|l B+ZlΓ

(4.5.14)

=

Pjl = Pj|lPl =

 eXj|l B

Jl∑
j=1

eXj|l B


 eZlΓ

L∑
l=1

eZlΓ


(

Jl∑
j=1

eXj|l B

)(
L∑

l=1

eZlΓ

)
(

L∑
l=1

Jl∑
j=1

eXj|l B+ZlΓ

) (4.5.15)

(6.4.15) �(6.4.16)vk?Û«O§�´(6.4.16)^^�VÇL«"½Â
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Il = ln

Jl∑
j=1

eXj|l B

�1l|�“S�”£Inclusive Value¤"z{(6.4.16)��µ

Pj|l =
eXj|l B

Jl∑
j=1

eXj|l B

Pl =
eZlΓ+IlTl

L∑
l=1

eZlΓ+IlTl

eXj|l B

Jl∑
j=1

eXj|l B

eXj|l B

Jl∑
j=1

eXj|l B

eXj|l B

Jl∑
j=1

eXj|l B

(4.5.16)

ùp#�ëêTl7L�u1âU�)��."¤±�±|^Tl=1��
å­#£ã^�Logit�.§,�2�t�å��Nested Logit�."

Nested Logit�.äk(¹�(�§3�¤öÀJ¥�2�A^§
�

�*Ð�3�±þ�(�"�,�XNested Logit�.�g(��*Ð§Ù

E,§Ý�¥AÛ?êO�"
Nested Logit�.�ëê�O�{küa"�a´ü�ã��q,{§

´�«k�&E�O�{"ÙäNÚ½´µ
�3|S§����{ü�^�Logit�.§�OëêB¶
�O�z|�“S�”¶
�òz|w¤´�«ÀJ�Y§2?1{ü�^�Logit�.��O§

��ëêΓÚT��Oþ"d�^���zCþ´ZlÚIl"
,�a�{´��&E��q,{"òéêq,¼ê��µ

lnL =
n∑

i=1

ln (Pj|l × Pl)i (4.5.17)

��&E��q,{�O'ü�ã��q,{�O�k�"

4.5.3 üüüSSSõõõ���lllÑÑÑÀÀÀJJJ���...
üSõ�lÑÀJ¯KÊH�3u²L)¹¥"
éuüSõ�lÑÀJ¯K§þ¡?Ø���õ�lÑÀJ�.ÒØ

·Ü
"Ï�3(6.5.1)¥§XJûüöiÀJ
j§@oÒ¿�Xµ

Uij > Uik k = 0, 1, 2, · · · , J k 6= j

�´3üSõ�lÑÀJ¥§=¦ûüöiÀJ
j§�Ø¿�Xþã
�^'�'X�½¤á"

��òÀJ(J���)ºCþ§±0!1!2!3�����*ÿ�§
æ^ÊÏ£8©Û��{ïá�.§�ù
lÑêâU
ý¢�NØÓÀ
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J�Y��^�É�§�´�1�"�´¢Sþ§ù
lÑêâ�L«Ø

ÓÀJ�Y�m�^S§¿Ø�NØÓÀJ�Y��^�ý¢�É"
üSProbitÚLogit�.´^���ÀJ�.aq��{ïá�"±

y∗ = XB + µ

m©§ùp�y∗´Ã{*ÿ�"<�*ÿ��´µ

y = 0 XJ y∗ 6 0
= 1 XJ 0 < y∗ 6 u1

= 2 XJ u1 < y∗ 6 u2
...

...
= j XJ uj−1 6 y∗

b½µÑl��©Ù§¿�IOz�ÑlÏ"�0!���1���©
Ù"@o�±��Xe�VÇµ

P (y = 0) = Φ(−XB)
P (y = 1) = Φ(u1 −XB)− Φ(−XB)
P (y = 2) = Φ(u2 −XB)− Φ(u1 −XB)
...
P (y = J) = 1− Φ(uJ−1 −XB)

Ù¥ÎÒΦL«��©Ù�VÇ¼ê§=

Φ(x) =

x∫
−∞

(2π)
−1/2 exp(−t2

/
2)dt

�
�y¤k�VÇÑ´��§7Lkµ

0 < u1 < u2 < · · · < uJ−1

w,§ù´§4.3¥��ProbitÀJ�.�í2§Ùéêq,¼êéN´

��§æ^��q,{�±�O�.�ëê"

4.6 ÉÉÉ������)))ºººCCCþþþêêêâââOOOþþþ²²²LLLÆÆÆ���...
É��)ºCþ£Limited Dependent Variable¤��)ºCþ�*ÿ

�´ëY�§�´É�,«��§���*ÿ�¿Ø���N�)ºCþ
�¢SG�"ÏLù����*ÿ��O1N�ëê§Ò´É��)ºC

þêâOþ²LÆ�.�)û�¯K"



190 1oÙ êâa.�²;�Oþ²LÆ¯K

4.6.1 ²²²LLL)))¹¹¹¥¥¥���ÉÉÉ������)))ºººCCCþþþ¯̄̄KKK

²L)¹¥�É��)ºCþ¯Kéõ§ùpÌ�?Ø~��üa"
�a´“�ä”£truncation¤¯K§=“óÞ”½ö“��”"=ØUl�

Ü�N§
�Ul�Ü©�N¥�ÅÄ��)ºCþ���*ÿ�§
ù
Ü©�N�*ÿ�Ñ�u½ö�u,�(½�"~X§±Ø¬Â\��)
ºCþïáØ¬Â\�."lnØþù§Ø¬Â\��êâATl0�Ã¡

�§�´du�*^�¤�§�U3Â\?u,�ê�±þ½ö,�ê�

±e��N¥����*ÿ�"lù����êâÑu§XJæ^²;�
�{�O1N�ëê§w,´ØÜ·�"

�a´“8¿”¯K§=ò�)ºCþ�?u,������*ÿ�Ñ
^���Ó���O"ùa¯K²~Ñy3“u�”!“N�”¹Ä¥§Ïd

�¡�“u�”(censoring)¯K"~X§±Ø¬é,�«û¬�I¦þ��

)ºCþ§ïáI¦¼ê�."I¦þ�*ÿ�´Ã{���§��^¢
S	ïþ��I¦þ�*ÿ�"XJù«û¬´�þ	ï�§��·IL
���ÏS¤¢1�@�§'Xzr�õ�U	ï100§@o���*ÿ

�ò?u0�100�m§
�¬k��'~��*ÿ��100"éu	ïþ�
u100��N§knd@�ù�	ïþ�L
¦�I¦þ¶�´éu	ïþ
�u100��N§¦�I¦þé�U´�u100§¤±ù�	ïþ¿Ø�L

¦�I¦þ"�Ò´`§�´¢SI¦þ�u100�§Ñ^100����*
ÿ�§�u´ò�u100�*ÿ��
“8¿”"ùa¯K3�*²L¹ÄN
�¥ÊH�3"lù����êâÑu§XJæ^²;��{�O�.§
w,�´ØÜ·�"

4.6.2 ///���äää000¯̄̄KKK���OOOþþþ²²²LLLÆÆÆ���...

XJ��ü�§Oþ²LÆ�.§�Ul“óÞ”½ö“��”�ëY«

m�ÅÄ��)ºCþ���*ÿ�§@oéw,§Ä�z����*ÿ

��VÇ±9Ä��|��*ÿ��éÜVÇ§��)ºCþ���*ÿ

�ØÉ����¹´ØÓ�"XJU
��3ù«�¹eÄ��|��*
ÿ��éÜVÇ¼ê§@oÒ�±ÏLT¼ê4�z¦��.�ëê�O

þ"ùÒ´�OùaOþ²LÆ�.�Ä�g´"
îîî���äää©©©ÙÙÙ

¤¢“�ä©Ù”§´��©Ù��Ü©§�“�ä�ÅCþ”�©Ù"
XJ��ëY�ÅCþξ�VÇ�Ý¼ê�f(ξ)§a�T�ÅCþ©Ù

��S���~ê§@okµ

f(ξ |ξ > a) =
f(ξ)

P (ξ > a)
(4.6.1)

ù´d^�VÇ�½Â�Ñ�"
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~X§XJξÑlþ!©ÙU(a, b)§�´§�U3(c,b)S����*
ÿ�§@o��z����*ÿ��VÇ�µ

f(ξ |ξ > c) =
f(ξ)

P (ξ > c)
=

1/(b− a)
b∫
c

1
b−a

dξ

=
1

b− c

�Öö5¿§�5þ!©Ù�ÅCþ�VÇ�Ý¼ê´1/(b− a)§

“�ä�ÅCþ”�VÇ�Ý¼ê´1/(b− c)§=3(c, b)S����*ÿ

��VÇ�u3(a, b) S����*ÿ��VÇ"ù´�ä¯K�'��

:"
XJξÑl��©ÙN(µ, σ)§�´§�U3�u~êa���S���

�*ÿ�§@o��z����*ÿ��VÇ�µ

f(ξ |ξ > a) = f(ξ)
P (ξ>a)

= (2π σ2)−1/2e−(ξ−µ)2/(2σ2)

1−Φ(α)

=
1
σ

φ( ξ−µ
σ

)

1−Φ(α)

(4.6.2)

Ù¥§α = (a− µ)/σ§φ(·)´IO��©ÙVÇ�Ý¼ê§Φ(·)´IO
��©Ù^�VÇ¼ê"w,§

P (ξ > a) = 1− Φ(
a− µ

σ
) = 1− Φ(·)

ïïï���äää���)))ºººCCCþþþêêêâââOOOþþþ²²²LLLÆÆÆ���...���������qqq,,,���OOO

®��ä�)ºCþ�VÇ�Ý¼ê§g,¬��§�±æ^��q

,{�O�."éu�.

yi = B′Xi + εi εi ∼ N(0, σ2) (4.6.3)

k

yi |Xi ∼ N(B′Xi, σ
2)

XJyi�U3�ua���S��*ÿ�§l(6.4.2)�±��yi�VÇ

�Ý¼ê�µ

f(yi) =
1
σ
φ((yi − B′Xi)/σ)

1− Φ((a− B′Xi)/σ)

u´(6.4.4)�éêq,¼ê�µ
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lnL = −n
2
(ln(2π) + lnσ2)− 1

2σ2

n∑
i=1

(yi − B′Xi)
2

−
n∑

i=1

ln
(
1− Φ

(
a−B′Xi

σ

)) (4.6.4)

Téêq,¼ê�4�z^��µ

∂ lnL

∂

(
B
σ2

) =
n∑

i=1

( (
yi−B′Xi

σ2 − λ i

σ

)
Xi

− 1
2σ2 + (yi−B′Xi)

2

2σ4 − αiλ i

2σ2

)
=

n∑
i=1

gi = 0 (4.6.5)

Ù¥

αi = (a− B′Xi)/σ

λ i = φ(αi)/(1− Φ(αi))

¦)(6.4.6)=�±���.�ëê�Oþ"�,§duù´��E,
���5¯K§I�æ^S��{¦)(6.4.6)§~XÚî{"

XJé�.?12ëêz§�±¦��OL§��{ü"±a = 0�
~§-Γ = B/σÚθ = 1/σ§��µ

lnL = n
2

ln(2π) + n ln θ − 1
2

n∑
i=1

(θ yi − Γ′Xi)
2

−
n∑

i=1

ln Φ(Γ′Xi)

ùp|^
1 − Φ(−t) = Φ(t)"éTéêq,¼ê4�z§¦�
�ΓÚθ��Oþ�2|^σ = 1/θÚB = Γ/θ¦��ëê�Oþ"

±þ�´0�
�{g´§Öö3ïá�A^�ä�)ºCþêâO

þ²LÆ�.��I�?1�\�ïÄ"
ððð������ooo���äää���)))ºººCCCþþþêêêâââOOOþþþ²²²LLLÆÆÆ���...ØØØUUUæææ^̂̂ÊÊÊÏÏÏ���������

¦¦¦���OOO

éu�ä�)ºCþêâOþ²LÆ�.§XJE,r§w��²;
��5�.§æ^ÊÏ���¦{�O(6.4.4)§¬�)�o��(Jº

Ï�yi�U3�ua���S��*ÿ�§@oyi�^�þ��µ

E(yi |yi > a) =
∞∫
a

yiφ(yi |yi > a)dyi

= B′Xi + σ φ((a−B′Xi)/σ)
1−Φ((a−B′Xi)/σ)

(4.6.6)
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(6.4.7)¤«� ^ � þ �´)ºC þ Ú � � ëê� � � 5 ¼ê"
ò(6.4.7)P�µ

E(yi |yi > a) = B′Xi + σλ (αi) (4.6.7)

Ù¥αi = α−B′Xi

σ
,u´kµ

∂ E(yi|yi>a )
∂ Xi

= B + σ
(

dλ i

dαi

)
∂ αi

∂ Xi

= B + σ (λ 2
i − αiλ i)

(−B
σ

)
= B(1− λ 2

i + αiλ i)
= B(1− δ(αi ))

(4.6.8)

ò(6.4.8)�¤µ

yi |yi > a = E(yi |yi > a) + ui = B′Xi + σλ (αi) + ui (4.6.9)

Ù¥ui´�)ºCþ*ÿ��^�Ï"���§äk0þ�ÚÉ��"
Ù���

V ar(ui) = σ2(1− λ 2
i + λ iαi) = σ2(1− δi)

é'(6.4.4)�(6.4.10)�uy§du�)ºCþêâ��ä¯K§¦�
��.(6.4.4)C��(6.4.10)ª��."XJæ^ÊÏ���¦{���
O(6.4.4)§1�§¢Sþ�Ñ
����5�λ i¶1�§�Ñ
�ÅØ�
�¢Sþ�É��5"ùÒE¤ëê�Oþ� Ø§
�XJØ
))º
Cþ�©Ù§��OT Ø�î­5�´é(J�"

4.6.3 ///888¿¿¿000¯̄̄KKK���OOOþþþ²²²LLLÆÆÆ���...
îîîïïïÄÄÄ¯̄̄KKK���ggg´́́

±�«{ü��¹�~§?Ø“8¿”¯K�Oþ²LÆ�."=b�
�)ºCþÑl��©Ù§Ù��*ÿ�±0�.§��u0�Ñ8¿�0§
�u0�K�¢S�"XJ±y∗L«�©�)ºCþ§±yL«8¿���

)ºCþ§@oKkµ

y = 0 �y∗ 6 0
y = 1 �y∗ > 0

�Y ∗ ∼ N(µ, σ2) (4.6.10)

?Øù«{ü��¹¿Ø���5"XJ��*ÿ�Ø´±0�.§

´±,��ê�a�.§Kk

y = a �y∗ 6 a
y = y∗ �y∗ > a

�Y ∗ ∼ N(µ, σ2)
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ü�§�5“8¿”¯K�Oþ²LÆ�.�µ

yi = B′Xi + εi εi ∼ N(0, σ2) (4.6.11)

5¿§ùp��)ºCþ´y
Ø´y∗"XJU
��yi�VÇ�Ý¼
ê§@oÒ�±�B/æ^��q,{�O�.§ùÒ´ïÄùa¯K
�g´"duT�.´dTobinu1958c�@JÑ�§¤±�¡�Tobin�
."

ïïï///888¿¿¿000CCCþþþ���������©©©ÙÙÙ

du�©�)ºCþy∗Ñl��©Ù§�â(6.4.11)§k

P (y = 0) = P (y∗ ≤ 0) = Φ
(
−µ

σ

)
= 1− Φ

(
µ
σ

)
P (y) = P (y∗) �y∗ > 0

(4.6.12)

ððð888¿¿¿���)))ºººCCCþþþêêêâââOOOþþþ²²²LLLÆÆÆ���...���������qqq,,,���OOO

�â(6.4.13)§éN´���.(6.4.12)éêq,¼êµ

lnL =
∑
yi>0

−1

2

(
ln(2π) + lnσ2 +

(yi − B′Xi)
2

σ2

)
+
∑
yi=0

ln

(
1− Φ

(
B′Xi

σ

))
(4.6.13)

w,§(6.4.14)düÜ©|¤§�Ü©éAuvk���*ÿ�§´²
;£8Ü©¶�Ü©éAuÉ����*ÿ�"ù´���IO�q,¼
ê§§¢Sþ´lÑ©Ù�ëY©Ù�·Ü"

é(6.4.14)4�z§Ò�±¦�äkûÐ5��ëê�Oþ"XJ
é(6.4.14)?12ëêz§�¦��OL§��{ü"=-Γ = B/σÚθ =
1/σ§��

lnL =
∑
yi>0

−1

2

(
ln(2π)− ln θ 2 + (θ yi − Γ′Xi)

2
)

+
∑
yi=0

ln (1− Φ (Γ′Xi))

(4.6.14)
é(6.4.15)4�z§duHessianÝ
©ª´K�½�§A^Úî{

¦)���{ü§�Â|�Ý�¯"��ΓÚθ��Oþ�2|^σ =
1/θÚB = Γ/θ¦��ëê�Oþ"

4.7 ±±±YYY���mmmêêêâââ���)))ºººCCCþþþOOOþþþ²²²LLLÆÆÆ���...
±Y�m©Û@Ò�^ug,�Æ+�"~X§>f�ì��¦^Æ

·¯K§®²±Y¦^�ã�m��ì�´ÄI�9���§�,´<

��©'%�¯K"2X§²LÃâ�¾<��¹�m¯K§�´�)�
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�'%�¯K"�´§3�¬²LïÄ+�Ú\±Y�m©Û�{¤¿Ø

�"�!�{ü0�ùa�.�Ä�g´§k,��Öö3¢SA^��
I��\&?"

4.7.1 OOOþþþ²²²LLLÆÆÆ¥¥¥±±±YYY���mmm©©©ÛÛÛ¯̄̄KKK���JJJÑÑÑ

/±Y0(duration)¯K§=±,�¹Ä�±Y�m��ïÄé��²
L¯K"�±l±eü��¡JÑù�¯K"

îîî²²²LLL)))¹¹¹¥¥¥���±±±YYY���mmm¯̄̄KKK
~X§��¯K´<�ÊH'5�¯K"cÙ´E,?u��G��

��ö§F"��gC3�C�áÏmSU
­#Ò���U5kõ�"
l�*þw§�3ü«��ØÓ��Yµ�«´���m��§3�C�
áÏmSU
­#Ò���U5Ò��§Ï�\®²��
v
��m¶
,�«´���m��§3�C�áÏmSU
­#Ò���U5Ò�
�§Ï�\3�����mSÑvkU
­#Ò�§`²\Øä�­#Ò
��^�"ü«�Y§q�Ñk�n"

2X§3I	���Ö¥²~��~f�vó¯K"®²±Y
�ã
�m�vóUÄ3�C(åºl�*þw§��3ü«��ØÓ��Yµ
�«´±Y�m��§3�C�áÏmSU
)û¯K!(åvó��U
5Ò��§Ï�vó®²±Y
v
��m§V�Ñk¦¯(å��"¶
,�«´±Y��m��§3�C�áÏmSU
(å��U5Ò��§
Ï��¤±±Y
ùo��m§`²Úåvó��Ï´E,�§3ùo�
�mSÑvkU
)û§CÏ�éJk?Ð"ü«�Y§�Ñk�n"

Ù§ÃX	ï¯K§®²¦^
����m�Ô¬´ÄI�3CÏS
­#	ï��§Ñáu±±Y�m��ïÄé��²L¯K"

ïïï±±±YYY���mmm���)))ºººCCCþþþ���OOOþþþ²²²LLLÆÆÆ¯̄̄KKK
±���±Y�m©Û�~§wwùaOþ²LÆ¯K�A�"
±���±Y�mt���)ºCþ§±c#!É��§Ý![ÌG

¹!ó�²{!èxG¹���)ºCþ§ïáXe���.µ

Ti = B′Xi + εi i = 1, 2, · · · , n (4.7.1)

é�þ���ö?1N�§±¦����±Y�m���)ºCþ�
*ÿ�§,��O�.§´²;Oþ²LÆ�.¥Ï~��{"�´§3
ù�¯K¥k3�AÏ�?"

1�§��®²±Y��m¿Ø´��±Y�m�ý¢�N§ØU�
���±Y�m�*ÿ�"¤±7Lò��*ÿ�©�üa§�a´é®

²­#ó����ö?1�N�§�a´éE?u��G����ö?1
�N�"éucö§��±Y�m�*ÿ�´ý¢�¶
éu�ö§��

*ÿ�¢Sþ´þ�!¥0��“8¿”êâ"
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1�§��)ºCþ���*ÿ��3(J"Ï�3��±Y��m

S§c#![ÌG¹!èxG¹�´Cz�§ù´w
´��"U
��
�=´��®²±Y�t���)ºCþ���*ÿ�§¿ØU^5)º�

�±Y�m"
1n§�´�­��§��ö'%�Ø´XÛ)º��®²±Y��

m§
´F"��3*ÿ�t������á�mSU
­#Ò���U5
�õ�"
���O�.(6.5.1)§�´)º��®²±Y��m§ØU£
���ö�'%�¯K"

Äu±þAÏ�?§7LAÏïÄ±Y�m�)ºCþOþ²LÆ�
."

4.7.2 Hazard'''ÇÇÇ���Hazard'''ÇÇÇ���...
Äklþã±Y�m�)ºCþOþ²LÆ�.�13�A�\Ã§¿

b�)ºCþ���*ÿ�3��±Y��mS´ØCz�§=�Ñþã
12�¯K"

îîîHazard'''ÇÇÇ

b��ÅCþTäkëY�VÇ�Ý¼êf(t)§t´T���*ÿ�§=

¯�®²±Y��m"@oATk

P (T ≤ t) = F (t) =

∫ t

0

f(z)dz

Ï�±Y�m�K§¤±È©l0m©"ØJn)§±Y�mØ�
ut�VÇ�µ

S(t) = 1− F (t) = P (T ≥ t)

¡S(t)�)�¼ê"
<��'%�¯�3t�����á�m∆S(
å�VÇ�±L«�P (t ≤ T ≤ t+ ∆ |T ≥ t)§��±^e�¼ê5?�Ú

L«µ

λ (t) = lim
∆→0

P (t≤T≤t+∆|T≥t )
∆

= lim
∆→0

F (t+∆)−F (t)
∆S(t)

= f(t)
S(t)

(4.7.2)

¡(6.4.2)�Hazard'Ç"¯�±T'Ç3®²±Yt�m�(å§w,

T'Ç���=´<�'%�¯K��Y"
Hazard' Ç �t� V Ç � Ý ¼êf(t)! ^ � © Ù ¼êF (t)Ú)� ¼

êS(t)�m�3Xe'Xµ

λ (t) =
−d lnS(t)

dt
(4.7.3)
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f(t) = S(t)λ (t) (4.7.4)

d(6.4.4)��µ

lnS(t) = −
∫ t

0

λ(z)dz
-
= −Λ(t)

Kk

S(t) = e−Λ(t) (4.7.5)

ïïïØØØ���ÄÄÄ			)))CCCþþþ���Hazard'''ÇÇÇ���...
Q,<��'%¯�3t�����á�m∆S(å��U5§
T�

U5q�±ÏLHazard'Ç5£ã§@o�±��ïáHazard'Ç�.§
�OHazard'Ç�ëê§,�2ÏLÈ©��)�¼êS(t)Ú^�©Ù¼
êF (t)"ùÒ´±Y�m�)ºCþOþ²LÆ�.�o�ïÄg´"

XÛ�EÚ¦)Hazard'Ç�.,ÄkÏLü�{ü�~f5`².
(1)Hazard'Ç���~ê
b�Hazard'Ç���~êλ§=b�¯�3t�����á�m∆S

(å�VÇ´�Ó�§�®²±Y��mtÃ'"ù«¯�3¢S¥�´�

3�§�¡�“ÃPÁ”�L§"@o=k

−d lnS(t)

dt
= λ

T�©�§�)´µ

lnS(t) = k − λ t

S(t) = Ke−λt (4.7.6)

Ù¥K´È©~ê"Ï�

S(0) = P (T ≥ 0) = 1

d(6.4.7)��K = 1§?�Ú���.�)�µ

S(t) = e−λt

ùÒ´`t�)�¼êS(t)Ñl�ê©Ù"ù«©Ù®²�2�/^u
>f�ì��±Y�m�.¥"

XÛ�O~êλºÏ�éu�ê©Ù§k

E(t) = 1/λ



198 1oÙ êâa.�²;�Oþ²LÆ¯K

@oλ���q,�Oþ�µ

λ̂ = 1/t̄

Ù¥�t̄d��*ÿ�O���§u´��Hazard'Ç��Oþ"�

d§T±Y�mOþ²LÆ¯KïÄ�."
�Hazard'Ç����5¼ê
b�Hazard'Ç����5¼ê§=

λ (t) = α+ β t

@ok

Λ(t) =

∫ t

0

λ (z)dz = α t+ 1
2
β t2

f(t) = S(t)λ (t) = λ (t)e−Λ(t) (4.7.7)

dt��Ý¼êÚ��*ÿ�§|^��q,{§�±��ëêα, β�
�Oþ§?
��Hazard'Ç��Oþ§¦T±Y�mOþ²LÆ¯K�
�)û"

XJ��ëêβ��Oþ��§L«Hazard'Ç�X±Y�m�O�

O�§�L«3t�����á�m∆S(å¯��VÇ�X±Y�m�
O�
O�¶XJ��ëêβ��Oþ�K§K��"

ðððAAA«««~~~^̂̂���Hazard'''ÇÇÇ���...
3þ¡�£ã¥§ÄkéHazard'Ç�Ñb�§�Ñ)�¼êS(t)Ú

� Ý ¼êf(t)§ , � | ^ � � q , { � O ëê" X J < � ¿ ØÄk

éHazard'Ç�Ñb�§
´��é)�¼êS(t)¤Ñl�©Ù�Ñb

�§,����OT©Ù�ëê§(J´�Ó�"ùÒ´¢S¥Ï~æ^
�g´"ÙL§Xeµ

S(t)
(6.4.4)−→ λ (t)

(6.4.5)−→ f(t)
ML−→ ëê�Oþ −→ Hazard'Ç

Ø
�ê©Ù£éAuHazard'Ç�~ê¤	§²~���)�¼
êS(t)�©Ùb���k�Ë©Ù!éê��©Ù!éêÜ6©Ù�"é
u�Ë©Ù§k

S(t) = e−(λt)p

éuéê��©Ù§k

S(t) = Φ(−p ln(λ t))
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éuéêÜ6©Ù§k

S(t) = 1/(1 + (λ t)p)

éu)�¼êS(t)�z«©Ù§ÑkéA�Hazard'Ç¼ê"~XÑ
l�Ë©Ù�)�¼ê§ÙéA�Hazard'Ç¼ê´��üNO¼ê§/
ª�µ

λ (t) = λ p(λ t)p−1

�.ëê�O�?ÖÒ´�Où
©Ù¼ê¥�λ , p�"
ñññ���ÄÄÄüüüaaa������êêêâââ���������qqq,,,���OOO

�Xc¡J9�§7Lò±Y�m��*ÿ�©�üa§�a´é®

²(å�¯�?1�N�§�a´éE?u±YL§¥�¯�?1�N
�"éucö§±Y�m�*ÿ�´ý¢�¶
éu�ö§��*ÿ�¢
Sþ´“8¿”êâ"@o§ë�§4.5¥¤0��§Hazard'Ç�.�éê
q,¼ê�µ

lnL =
∑

�8¿*	�

ln f(t |(λ , p)) +
∑

�8¿*	�

lnS(t |(λ , p)) (4.7.8)

Ï�f(t) = S(t)λ (t)§¤±þª�±�¤µ

lnL =
∑

�8¿*	�

lnλ (t |(λ , p)) +
∑

�8¿*	�

lnS(t |(λ , p)) (4.7.9)

3¢SA^¥æ^=«/ª§��B
½"
5.���ÄÄÄ			)))CCCþþþ���Hazard'''ÇÇÇ���...
3þ¡�£ã¥§¢Sþ´�6±Y�m��*ÿ�Ú©Ùb��O

�.ëê§vkÚ\K�±Y�m��«Ï�"¤±þã�.Ø´²;¿

Âþ�Oþ²LÆ�.§vk�«¯�±Y�ÏJ'X"
é¯�±Y?1ÏJ©Û§K�Ú\K�±Y�m��«Ï�"�

´§<�¿Øïá(6.5.1)ª��.§
´±Hazard'Ç��)ºCþ§±

K�±Y�m��«Ï��)ºCþïá�.§
��
�O��B§é
�.�'Xa.�ÑA½�b�"~X§éu)�¼êS(t)Ñl�Ë©Ù

��¹§ïáXe�.µ

λ i = e−B′Xi (4.7.10)

¿�b�3±Y��mS§XiäkØC�*ÿ�"
�EXe�(6.4.11)�d��5�.µ
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wi = p ln(λ itt) = p(ln ti − B′Xi) (4.7.11)

éÑl�Ë©Ù�VÇ�Ý¼êÚ)�¼ê?1Cþ��§w,kµ

f(wi) = p exp (wi − ewi)

S(wi) = exp (−ewi)

cö��.(6.4.12)�VÇ�Ý¼ê§�ö�§�)�¼ê"u´Ò�
±æ^��q,{�O�.(6.4.12)"

�Ä�±Y�m��*ÿ�©�üa§-

{
δi = 1 XJ±Y�m*	��g®²(å¯���N
δi = 0 XJ±Y�m*	��gÿ�(å¯���N

u´éêq,¼ê�µ

lnL =
n∑

i=1

(δi ln f(wi) + (1− δi) lnS(wi)) (4.7.12)

�±?�Úz{�µ

lnL =
n∑

i=1

(δi(wi − lnσ)− ewi) (4.7.13)

Ù¥σ = 1/p"
é(6.4.14)¦4�§|^∂ wi/∂ σ = −wi/σÚ∂ wi/∂ B = −Xi/σ§��

'uëê�Oþ��§|§æ^ÚîS��{¦)�§|§=��ëê�
Oþ"

4.8 ���ÙÙÙggg���KKKÚÚÚnnnÜÜÜöööSSSKKK
���!!!ggg���KKK
î3²;Oþ²LÆ�.¥§é�)ºCþ��êâk=
b½º
ï3²;Oþ²LÆ�.¥§Ï~ÀJ=
a.�êâ����ê

âº
ðü�§²1êâ�.�3«/ª9Ù²L¹Â´�oºÏL�o�{

u�¿�½�.�/ªº
ñXÛÚ\J[CþL«²1êâ�.��½K�C�åº
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ò�ÅK�C�å²1êâ�.���L«!�5�¯KÚ�O�{
�g´´�oº

ó�½K�CXê²1êâ�.GLS�O�äNÚ½´�oº��o

Ù�Oþ'z��¡�N±�Sêâ����üÕ�O�k�º
ô�½K�CXê²1êâÄ��.óäCþ{�O�Ú½´�oº

XÛÀJóäCþº
õlÑÀJ�.�ïÄg´´�oº��o���ò�©�.C��

�^�.º��o7LÀJ,«A½�VÇ©Ùº
ö­E*ÿ��±��ÚØ�±���¹e�lÑÀJ�.��O�

{´�oº
÷'uõ�lÑÀJ�.!õ�¶ÂlogitlÑÀJ�.!õ�^

�logitlÑÀJ�.!Nested Logit�.�Vg"
ø��o`É��)ºCþêâOþ²LÆ�.�'�´�(£ãÉ

��)ºCþ�VÇ©Ùº
ù/�ä�ÅCþ0©Ù�ëY�ÅCþ©Ù�'X´�oº
ú��o�ä�)ºCþ�.ØUæ^OLS�{�Oº
û/8¿0¯K�/�ä0¯K�Ì�«O´�oº
ü±Y�mêâ�)ºCþ�.�ïÄé��A^+�´�oº
���!!!nnnÜÜÜöööSSSKKK
îÀJ��ïÄé�§~X±·I��!½!g£«��¡�N�)

�¼ê�.!�¤¼ê�.�§ïá²1êâOþ²LÆ�."�¤Xe

Ú½�ó�µ
�Â8Ø�u10c�êâ¶
�?1�.�½�u�¶
�ïá¿�O�½K���.¶
�é�.(J?1²L¿Â©Û"
ïïá��¢S���lÑÀJ�."�)µ
�ÀJïÄé�¿N���*ÿ�¶
�©O�O��probitÚlogit�.§'��O(J¶
�?1CþwÍ5u�¶
�A^�.?1ýÿ¶
�é��lÑÀJ�.�ïá�A^?1o("
ðïá��¢S�Oþ²LÆ�.¿�Oëê§,�<�/ò§C¤

��“�ä”¯K§2?1�O§é�ö�(J?1'�©Û"
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111ÊÊÊÙÙÙ ������555OOOþþþ²²²LLLÆÆÆ���...

��5Oþ²LÆ�.nØ�{´Oþ²LÆ�­�|¤Ü©§cÙ

´C30c5§duO�ÅA^Eâ�uÐ§¦�O��ÝÚ�m®²Ø2
´ïá�.�æN§<��±¦�U/l�.�þ�¡��Ä�.�(�
Ú�O�{§��5Oþ²LÆ�.��
é¯�uÐÚ2��A^"�

Ö§.1?Ø
DÚ���5Oþ²LÆ�.��
Ä�¯K§3�Ù¥ò�
��[/?ØC���5Oþ²LÆ�.�k'¯K"

5.1 ������555zzz���������555OOOþþþ²²²LLLÆÆÆ���...
�X3§2.1¥0��§Nõ²LCþ�m�'X�,´��5�§�

´�±ÏL,
{ü�C�§=���5¯K"�ù«=��3�
¯
K§§2.1l²LÆb���ÝJÑ
ù�¯K§�!òlOþ²LÆÚA

Û��Ýéù
¯K?1&?"

5.1.1 ÏÏÏLLLCCCþþþCCC������555zzz
l§2.1®�§ÏLCþC��±ò'uCþ���5�.Ú�
'u

ëê���5�.z��5�."òùa¯K��±©�Xeü«�¹?
1?Ø"

1. CþC�Ø�9�.ëê
�3�a�.§²LCþC���.ëêØu)Cz§�L«¤Xe

/ªµ

Y = g(β0 + β1f1(X1, X2, · · · , Xl) + · · ·+ βkfk(X1, X2, · · · , Xl)) + u(5.1.1)

Ù¥g´��®��¼ê¶f1, f2, · · · , fk´X1, X2, · · · , Xl�k�®��
¼ê"-

M = g−1(Y )

Zi = fi(X1, X2, · · · , Xl) i = 1, · · · , k

203



204 1ÊÙ ��5Oþ²LÆ�.

��5�.(5.1.1)Ò=���5�.µ

M = β0 + β1Z1 + · · ·+ βkZk + ε (5.1.2)

3²L©Û¥~^�ùa¼ê�uL5.1.1¥"

L 5.1.1: �5C�¼êL
��. C�¼ê
1
y

= a+ b
x

M = 1
y

Z = 1
x

y = a+ b lnx M = y Z = ln x
y = 1

a+be−x M = 1
y

Z = e−x

y = a+ bx+ cx2 M = y Z1 = x Z2 = x2

y =
√
a+ bx M = y2 Z = x

y = a+ be−2x M = y Z = e−2x

y = eaxxb M = ln y Z1 = x Z2 = ln x
y = ea−b/x M = ln y Z = − 1

x

±cvk?Ø
AT?Ø�¯K´§é£5.1.1¤?1��5���¦
�O�(J¬�é£5.1.2¤?1ÊÏ���¦�O�(J��íºXJ�

Y´Ä½�§@o3�o^�e§ü�(J´���Qº
ò£5.1.1¤���5���¦�O��5�§|µ

n∑
i=1

Yi =
n∑

i=1

g(β0 + β1Z1i + · · ·+ βkZki)

n∑
i=1

Z1iYi =
n∑

i=1

Z1ig(β0 + β1Z1i + · · ·+ βkZki)

· · · · · ·
n∑

i=1

ZkiYi =
n∑

i=1

Zkig(β0 + β1Z1i + · · ·+ βkZki)

(5.1.3)

�£5.1.2¤�ÊÏ���¦�O��5�§|µ

n∑
i=1

Mi = nβ0 + β1

n∑
i=1

Z1i + · · ·+ βk

n∑
i=1

Zki

n∑
i=1

Z1iMi = β0

n∑
i=1

Z1i + β1

n∑
i=1

Z2
1i + · · ·+ βk

n∑
i=1

Z1iZki

· · · · · ·
n∑

i=1

ZkiMi = β0

n∑
i=1

Zki + β1

n∑
i=1

ZkiZ1i + · · ·+ βk

n∑
i=1

Z2
ki

(5.1.4)
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?1'�§N´�Ñ(Øµü�(J´Ø���"�k�g(x)��5
¼ê�§üö�Ó",	�5�.£5.1.2¤Úe��5�.

M
f(Z1,··· ,Zk)

= β0
1

f(Z1,··· ,Zk)
+ β1

Z1

f(Z1,··· ,Zk)
+ · · ·+ βk

Zk

f(Z1,··· ,Zk)
+ v

(5.1.5)

�ÊÏ���¦�O�(J�´ØÓ�"Ù¥

v =
ε

f(Z1, · · · , Zk)
(5.1.6)

'�´Cþ�C�Úå
�Å6Ä�C�§@�ù:�~­�"Ï

�ùòK���Å6Ä�b�^�§?
K��ëê�O�ÚO5�"
XJb½��.��Å6Ä�´��ÕáÓ���§�éuC����
.5`§�Å6Ä�Ø2´��ÕáÓ���§
´ÕáÉ���"Ï

d§3£5.1.1¤��Å6Ä�´Õá��Ó��e§�oé���5�
.£5.1.1¤æ^��5���¦�O§�oé=���5��.£5.1.2¤
¦^\����¦�O§=é��êW = 1/f(Z1, · · · , Zk),é£5.1.2¤
?1\����¦�O"ù�dué(5.1.5)æ^ÊÏ���¦�O"e

£5.1.2¤��Å6Ä�´ÕáÓ��§K���é£5.1.2¤?1ÊÏ��
�¦�O"

éu�.(6.5.1)§3�ÅZ6��)ºCþØ�'�^�e§ÃØ�

ÅZ6�Ó��!É��½g�'�§OLS�OÑ����O"���

ÅZ6��3É��½g�'�§OLSØXGLSÚGMMk�"d�§A
æ^GLS�O½GMM�O"�æ^GLS�{�§du�ÅZ6����
�
��§¤±§ëê�OAæ^�1�2Â���¦{(FGLS)?1�
O"�æ^GMM�{�§Këê�GMM�O��OLS�O��Ó§�ë

êGMM�Oβ̂�IOØ��O�úª��âÉ��½g�'?1N�"N
��O�úª�ë�§3.6"

2.CCCþþþCCC������999���...ëëëêêê
ùa�.CþC���.ëêu)
Cz§éu�.

Y = h(X1, X2, · · · , Xl, α) + u (5.1.7)

b�²CþC�µM = f(Y )§Zi = fi(X1, X2, · · · , Xl)§i = 1, · · · , k (Ù
¥f´��®��¼êf1, f2, · · · , fk´X1, X2, · · · , Xl�k�®��¼ê)Ú
ëêC�µβ = ϕ(α)(Ù¥ϕ(·)´����N��þ¼ê)�§��5�
.(5.1.7)Ò=���5�.(6.5.1)"

L5.1.2�Ñ
3²L©Û¥~^A«C�¼ê"
¯K3ué£5.1.7¤?1��5���¦�O�(J�é£5.1.2¤?

1ÊÏ���¦�O�(J��íº�Y´Ä½�"����Ï�c¡�
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L 5.1.2: ~^A«�9ëêCz�C�¼ê
��. C�¼ê

y = axb M = ln y Z = ln x β1 = ln a β2 = b
y = aebx(a > 0) M = ln y Z = x β1 = ln a β2 = b

y = K(1− ae−x)3 M = y1/3 Z = e−x β1 = 3
√
K β2 = −a 3

√
K

�§3u�)ºCþ�
��5C�"lAÛþw§�½��Nþ�n�
�|��§����5�.y = η(x, β) + ε (y��)ºCþ�êâ��

þ§x�)ºCþ�êâÝ
§β�(k + 1) × 1ëê��þ§η(x, β)��)
ºCþ�Ï"¼ê�þ§ε �í���þ)���5���¦�O�Ò´
3n�î¼�m¥�:y�T�m¥k + 1�Ï"­¡η(x, β)þ�ÝK"�)
ºCþyC��§�)ºCþ�mC
§
ØÓ�)ºCþ�mþ�ål
´Ø���§3��)ºCþ�mþü:���ë�3#�)ºCþ�m

þØ2´��"¤±§ü��O(JØ��"T¯K�?n�{�c¯K
�Ó"

5.1.2 ÏÏÏLLLëëëêêêCCC������555zzz
�.ÏLëêC��§�.�CþØu)Cz§�L«¤Xe/ªµ

Y = g0(α0, α1, · · · , αk) + g1(α0, α1, · · · , αk)X1 + · · ·+ gk(α0, α1, · · · , αk)Xk + u(5.1.8)

-βi = gi(α0, α1, · · · , αk) i = 0, 1, · · · , k
�.(5.1.8)z�µ

Y = β0 + β1X1 + · · ·+ βkXk + u (5.1.9)

w,§(5.1.8)Ú(6.4.6)�LÓ�n��m�Ó�(k + 1)��²¡§Ï

^���¦�O���(J´���"�(5.1.8)�L��²¡�ëê�I

´�þ!�§Ø��������¦�OL�ª"
(6.4.6)�L��²¡

�ëê�I´þ!�§�����β����¦�OL�ª"

5.2 ������555���...���OOO¥¥¥���`̀̀zzzOOO������{{{
��5Oþ²LÆ�.ëê�O¯K�=z�Ã�å½��å���

½���`z¯K"3Oþ²LÆ¥~^�ü�ëê�O�{Ò´��z
í�²�ÚÚ��zéêq,¼ê"3,
�¹e§I�3éëê�\�
ª�å½Ø�ª�åeé8I¼ê(Xí�²�Ú½éêq,¼ê)¦��
½���"
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5.2.1 ÃÃÃ���ååå`̀̀zzz
�k�¼ê

f : Rk → R (5.2.1)

Pg(x)!H(x)©O´f(x)�FÝ�þÚ°l(Hessian)Ý
§=µ

g(x) =

(
∂f

∂x1

,
∂f

∂x2

, · · · , ∂f
∂xk

)
1×k

(5.2.2)

H(x) =

(
∂2f

∂xi∂xj

)
k×k

(5.2.3)

Ï�¼êf(x)� � � z¯K � d u ¼ê[−f(x)]� � � z¯K §
=min

x
f(x)�dumax

x
[−f(x)]"¤±§�±��Ä¼ê���z¯K"

=

max
x

f(x) (5.2.4)

éu��z¯K§d�È©��£§k±e½n"
½n5.2.1µx0�¯K(6.4.5)�)⇔ g(x0) = 0(¡���^�)�H(x0)K

½(¡���^�)"
X Jx0Ø´� � � § � df(x)3x0? � � � C qf(x) ≈ f(x0) +

g(x0)(x − x0)5U?"�gi(x0) > 0�§�∆xi = xi − x0i > 0¶�gi(x0) <
0�§�∆xi = xi − x0i < 0§¡∆x�Ú�§Kf(x) > f(x0)"~^��ÜÚ

�ÚÚîÚ��µ
�ÜÚ�µ∆x = g(x0)

′ (5.2.5)
ÚîÚ�µ∆x = −H(x0)

−1g(x0)
′ (5.2.6)

1. êêê���OOO���µµµÚÚÚ������������ÚÚÚ������

`z¯KÒ´ÏéÚ�§¦�`z���Ú��^���÷v"
4∆x = sd§Ù¥s > 0´Ú����§d´Ú����"��/`§Ú��
��d´�âFÝ�þ5ÀJ"4d = Mg′§Ù¥M´�½Ý
"

(1)Ú����(½
�½x0Úd§¦s > 0§¦�f(x0 + sd)����"df(x)3x0?���

Cq

f(x) ≈ f(x0) + g(x0)(x− x0) +
1

2
(x− x0)

′H(x0)(x− x0) (5.2.5)

kµ

f(x0 + sd) ≈ f(x0) + g(x0)sd+
1

2
s2d′H(x0)d (5.2.6)
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f(x0 + sd0)œŒˆ

g(x0)d+ sd′H(x0)d = 0 (5.2.7)

¤±§�`�Ú����µ

s = −(gd)/(d′Hd) (5.2.8)

�Ü�`Ú�µs = −(gg′)/(gHg′)§M = I (5.2.11)
Úî�`Ú�µs = 1§M = −H−1 (5.2.12)
3¢�¥§�`Ú�é�¦^§
´æ^XeV��5|Ï�{µ

ef(x0 + sd) > f(x0)§K*�Ú���s = 1.1s§��ØUU?��¶
ef(x0 + sd) ≤ f(x0)§K �Ú���s = 0.9s§��f(x0 + sd) > f(x0)�
�"ef(x)3dÚ��� �L§¥Ã{U?§Kf(x) = f(x0)®´�`½
´Q:"

(2)Ú����(½
Ï�d = Mg′§¤±�½Ý
M�ØÓ�(½�{Ò�)ØÓ�`z

�{"e¡´~��A«(½Ú�����{µ
a)Steepest ascent �{µM = I
b)Broyden-Fletcher-Goldfarb-Shanno(BFGS)�{

M i+1 = M i +

[
1 +

∆giM i(∆gi)′

(∆xi)′(∆gi)′

] [
∆xi(∆xi)′

(∆xi)′(∆gi)′

]

− ∆xi∆giM i +M i(∆gi)′(∆xi)′

(∆xi)′(∆gi)′
(5.2.9)

c)Davidon-Fletcher-Powell(DFP)�{

M i+1 = M i +
∆xi(∆xi)′

(∆xi)′(∆gi)′
+
M i(∆gi)′∆giM i

∆giM i(∆gi)′
(5.2.10)

d)Newton-Raphson �{µM = −H−1

e)Greenstadt �{

M = (
∑

(|wi|vi(vi)′))−1
∑

(|1/wi|vi(vi)′ (5.2.11)

Ù¥wiÚvi©O�Ý
H�1i�A��9ÙéA�A��þ"
f)Quadratic-hill climing�{µM = −(H − rI)−1"

��§a)!b)Úc)ØI�Ý
H�O�¶
d)!e)Úf) I�Ý
H�O

�§�f)¥r ≥ 0�À�A¦�H − rI�K½"
3�½��#NØ�ee§S�O��1iÚ�ÂñIO�µ
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a)f(xi+1) ≥ f(xi)¶
b)f(xi+1)− f(xi) ≤ e¶
c)||xi+1 − xi|| ≤ e¶
d)||g(xi+1)|| ≤ e"

�d§�±��`z¯K(6.4.5)S�¦)�Ú½µ�½Ð©�x0ÚÚ

���d0,(½Ú�s0¶O�x1 = x0 + s0d0, u�´ÄÂñ§XJÂñ§K
Ê�§XJvkÂñ§KO�Ú���d1,¿(½Ú�s1¶Xde�§��
Âñ��"

ïïï������~~~fff
~5.2.1 �ÑQ!]�Ý\KÚNÄÝ\L�êâXL5.2.1§CES)�¼

ê�.�ëê�OÒ´e�í�²�Ú���zµ

f(β1, β2, β3, β4) =
n∑

i=1

{lnQi − β1 − β4 ln[β2L
β3

i + (1− β2)K
β3

i ]}2 (5.2.12)

L 5.2.1: ~5.2.1êâ
L K Q L K Q

0.228 0.802 0.256918 0.664 0.129 0.186747
0.258 0.249 0.183599 0.631 0.017 0.020671
0.821 0.771 1.212883 0.059 0.906 0.100159
0.767 0.511 0.522568 0.811 0.223 0.252334
0.495 0.758 0.847894 0.758 0.145 0.103312
0.487 0.425 0.763379 0.05 0.161 0.078945
0.678 0.452 0.62313 0.823 0.006 0.005799
0.748 0.817 1.031485 0.483 0.836 0.72325
0.727 0.845 0.569498 0.682 0.521 0.776468
0.695 0.958 0.882497 0.116 0.93 0.216536
0.458 0.084 0.108827 0.44 0.495 0.541182
0.981 0.021 0.026437 0.456 0.185 0.31632
0.002 0.295 0.00375 0.342 0.092 0.123811
0.429 0.277 0.461626 0.358 0.485 0.386354
0.231 0.546 0.268474 0.162 0.934 0.279431

æ^Quadratic Hill-Climbing�{§3�½Ð©�β0
1=1,β0

2=0.5,β0
3 =

β0
4=-1Ú#NØ�e= 1e-005e§²L36ÚS���Âñ§O�(JXeµ

¼ê����1.7611
ëê�O�©O�0.12449!0.33668!-3.0109Ú-0.33631
FÝ�þ�(2.6755e-006, 4.6166e-007, 2.5664e-006, 1.7166e-006)



210 1ÊÙ ��5Oþ²LÆ�.

°mÝ
�
60.000 −5.7563 35.531 295.65
−5.7563 19.377 −3.4569 −23.595
35.531 −3.4569 35.461 298.10
295.65 −23.595 298.10 2509.4


ëê�O�ìC��Ú���
�

0.0055717 −0.0013729 −0.065566 0.0071194
−0.0013729 0.011684 0.16893 −0.019797
−0.065566 0.16893 5.2462 −0.61389
0.0071194 −0.019797 −0.61389 0.071948


L5.2.2�Ñ
ëê�O�IOØ�ÚìCtÚOþ"

L 5.2.2: ëê�O�ÚOþ
ëê�O IOØ� ìCtÚOþ
0.12449 0.074644 1.6678
0.33668 0.10809 3.1147
-3.0109 2.2904 -1.3145
-0.33631 0.26823 -1.2538

5.2.2 ���ååå`̀̀zzz¯̄̄KKK
þãÃ�å`z¥§vkN\?Û�å^�"�´3¢S¯K�ïÄ

¥§²~�3k�å��¹"e¡©ü«�¹�{ü0�"
�ª�å¯K
�f : Rk → R
�ª�å��z¯K�µ
max

x
f(x)st: c(x) = 0 (5.2.17)

Ù¥c(x)´J��å�þ"Ï���z¯Kmin
x
f(x),st:c(x) = 0�du

��z¯Kmax
x

(−f(x)),st: c(x) = 0,¤±§·���Ä�å��z¯K"
/Ïu.�KF¼ê

L(x, λ) = f(x)− λ′c(x) (5.2.13)

ò�ª�å¯K(5.2.17)=z�éxÚλ¦Ã�å��z�¯Kµ

max
x,λ

L(x, λ) (5.2.14)
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¿|^e�½n"
½n5.2.2µx0��ª�å¯K(5.2.17)�)���^��µc(x0) = 0§

�g(x0)− λ′∂c(x0)/∂x = 0"
Ø�ª�å¯K
Ø�ª�å��z¯K�
max

x
f(x)st: c(x) ≤ 0 (5.2.20)

Ï � � � z ¯ Kmin
x
f(x),st: c(x) ≤ 0� d u � � z ¯

Kmax
x

(−f(x)),st: c(x) ≤ 0;��z¯Kmin
x
f(x)§st: c(x) ≥ 0�du��

z¯Kmax
x

(−f(x))§st: (−c(x)) ≤ 0;��z¯Kmax
x

f(x)§st: c(x) ≥ 0�
du��z¯Kmax

x
f(x)§st: (−c(x)) ≤ 0"¤±§��ÄØ�ª�å��

z¯K(5.2.20)"
�E.�KF¼êµ

L(x, λ) = f(x)− λ′c(x) (5.2.15)

¿|^e�½n§�±�B¦)T¯K"
½ n5.2.3 x0�Ø �ª�å¯K(5.2.20)� ) � � � ^ ��Kuhn-

Tucker^�µg(x0) − λ′∂c(x0)/∂x = 0§c(x0) ≤ 0�λici(x0) = 0§i =
1, 2, · · · , J"

~5.2.2£Y~5.2.1) éëê�\Xe�åµ

0 ≤ β2 ≤ 1 β3 < −1 β4 = 1/β3

|^GAUSS^�¥NLPSolve§O�(JXeµ
3�åe§¼ê�����1.765907¶
ëê�O9ÙIOØ�ÚìCtÚOþXL5.2.3¶

L 5.2.3: ëê�OÚOþ
ëê�O IOØ� ìCtÚOþ
0.11849 0.070746 1.6748
0.32238 0.10325 3.1225
-3.4403 1.7792 -1.9337

ëê�O���Ú���
�µ 0.0050050 −0.0022037 −0.096838
−0.0022037 0.010660 0.097666
−0.096838 0.097666 3.1655


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5.3 ������555£££888���...£££���¤¤¤—���������OOO���{{{

Nõ²Ly�¥Cþ�m�ÏJ'X  Ø´�5�§~X�N)�
Ý\Ú�Ñ�m�CES)�¼ê"�!?Ø'uëê´��5�£8�.
����O�{§¦+ùa�.�ëê�O��(J§�duNõA^^

�§~XTSP!SPSS!SAS!GAUSSÚMATLAB���|^§¦���

5£8�.ëê�S�%C��OA�Ú�5£8�.�ëê�O��N

´"�!±9§.4Ú§5.5!Ì�?ØØ�=�¤�5���5�.§éu�
=�¤�5���5£8�.��±æ^ùn!��{?1?n"

5.3.1 ������555£££888���...

�y��)ºCþ§x = (x1, x2, · · · , xk)�)ºCþ�þ§§´K�C

þy�k�Ï�"~X§�ïá)�¼ê§ù�ïÄ�²LCþ��Ñþ§
K��Ñþy�Ï�kNõ§X]�Ý\!NÄåÝ\!EâY²�§
lK�Ï�¥ÀJ�Ì����*	�Ï�§X]�Ý\x1§NÄåÝ
\x2���)ºCþ"

��5£8�.���/ªµ

f(y, x, β) = u (5.3.1)

Ù¥f(y, x, β)´��5¼ê§β´l × 1��ëê�þ§u��ÅØ�"
b�®k��(y1, x1), (y2, x2), · · · , (yn, xn)§Ù¥xi = (x1i, · · · , xki)§i =
1, · · · , n"ò�.£5.3.1¤��

f(yi, xi, β) = ui i = 1, · · · , n (5.3.2)

�¤Ý
�/ª�

F (Y,X, β) = U (5.3.3)

Ù¥

Y =


y1

y2
...
yn

 , X =


x1

x2
...
xn

 =


x11 x21 · · · xk1

x12 x22 · · · xk2
...

...
...

...
x1n x2n · · · xkn


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F =


f(y1, x1, β)
f(y2, x2, β)
...
f(yn, xn, β)

 β =


β1

β2
...
βl

 U =


u1

u2
...
un


�~����5£8�.´yÚx�©l�/ªµ

f(y, x, β) = y − g(x, β) = u (5.3.4)

¡g(x, β)�Ï"¼ê§éA�Ý
L«�µ

Y = G(X, β) + U

Ù¥

G(X, β) =


g(x1, β)
g(x2, β)
...
g(xn, β)


~X§����5£8�.µ

yi = β1 + β2e
β3xi + εi i = 1, · · · , n (5.3.5)

Ú����5£8�.µ

yi = β1(β2x
β3

1i + (1− β2)x
β3

2i )
1/β3 + εi i = 1, · · · , n (5.3.6)

5.3.2 ������555£££888���...���������555���������¦¦¦���OOO

1©©©������555���������¦¦¦���OOO

�.(5.3.2)ëê���5���¦�O´Ò´��zØ�²�Úµ

S(β|Y,X) = U ′U = F (Y,X, β)′F (Y,X, β) (5.3.7)

d�È©�£�§T¯K=z�¦)�§|(��^�)

∂S(β|Y,X)

∂β
= 2(

∂U

∂β′
)′U = 0 (5.3.8)

Ù¥§∂S
∂β

=


∂S
∂β1
∂S
∂β2

...
∂S
∂βl

 § ∂U
∂β′ =


∂U1

∂β1

∂U1

∂β2
· · · ∂U1

∂βl
∂U2

∂β1

∂U2

∂β2
· · · ∂U2

∂βl
...

...
...

...
∂Un

∂β1

∂Un

∂β2
· · · ∂Un

∂βl


n×l
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¿u�e�Ý
3£5.3.8¤)β̂?´Ä��½Ý


∂2S(β|Y,X)

∂β′∂β
= 2

[(
∂U

∂β′

)′(
∂U

∂β′

)
+

n∑
i=1

ui
∂2ui

∂β′∂β

]
(5.3.9)

Ù¥

∂2S(β|Y,X)

∂β′∂β
=


∂2S(β|Y,X)

∂β2
1

∂2S(β|Y,X)
∂β1∂β2

· · · ∂2S(β|Y,X)
∂β1∂βl

∂2S(β|Y,X)
∂β2∂β1

∂2S(β|Y,X)

∂β2
2

· · · ∂2S(β|Y,X)
∂β2∂βl

...
... · · · ...

∂2S(β|Y,X)
∂βl∂β1

∂2S(β|Y,X)
∂βl∂β2

· · · ∂2S(β|Y,X)

∂β2
l



∂2ui

∂β′∂β
=


∂2ui

∂β2
1

∂2ui

∂β1∂β2
· · · ∂2ui

∂β1∂βl

∂2ui

∂β2∂β1

∂2ui

∂β2
2

· · · ∂2ui

∂β2∂βl

...
... · · · ...

∂2ui

∂βl∂β1

∂2ui

∂βl∂β2
· · · ∂2ui

∂β2
l

 (5.3.10)

~5.3.1 ^��5���¦{�O�.£5.3.5¤ëê���^��µ

∂S(β|Y,X)
∂β1

= −2
n∑

i=1

(yi − β1 − β2e
β3xi) = 0

∂S(β|Y,X)
∂β2

= −2
n∑

i=1

(yi − β1 − β2e
β3xi)eβ3xi = 0

∂S(β|Y,X)
∂β3

= −2
n∑

i=1

(yi − β1 − β2e
β3xi)β2xie

β3xi = 0

(5.3.11)

ïïï������555���������¦¦¦���AAAÛÛÛ
éu�.£5.3.4)§�ò�)ºCþ(�ACþ)�þYÀ�n�î¼�m

£¡��A�m¤���:§À¼ê�þG(X, β)�n��m���ëê�

þ�β�l�­¡(¡�Ï"­¡)"ù�§��5���¦�OÒ´:Y3Ï

"­¡þ�ÝK�ëê�Iβ̂"
ðððëëëêêêÐÐÐ©©©������ÀÀÀJJJ
Ï���5£8�.�Ï"­¡/GE,Úëê�I��þ!5§X

JëêÐ©��¿ÀJ§~¬E¤��5`zO��S�gê�õ§½S
�Ã{Âñ"�
(���5`zS�O��¤õ§���Ð��{´�
{¼�T��ëêÐ©�§±¦Âñ¦¯u)"éuÐ©��(½§�}
ÁXe��{µ
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(1)|^Ï"¼ê�éuëê�5�
��5£8�`:��´Ï"¼ê¥�ëêÏ~Ñk²L¿Â§ù

éû½ëêÐ©��~k^"~X§C¨D)�¼ê�.Q = β1K
β2Lβ3 +

u¥§ëêβ2Úβ3©O�]�ÚNÄé�Ñ��5Xê§Ï
�|^{
¤þ �� 5Xê��§� �Ð©�" k�§ï Ä Ï"¼ê3� : ½
Ù§A½:�/�U
¼�Ð©�"~X§�x = 10,�.g(x, β) =
β1 + β2 exp (−β3(x− 10))� ¼ê��β1 + β2¶ �x → ∞,g(x, β)k ì C
�β1(b�β3 > 0)" 2 X § é u � .g(x, β) = β1x/(β2 + x)§β1L«
�x→∞�g(x, β)�ìC�ỹ¶
β2´�y = ỹ/2�)ºCþx�ê�"

(2)|^Ï"¼ê��¼ê�éuëê�5�
k�§Ï"¼ê3A½:?�CzÇU
^5¼�ëê�Ð©�O"

~XéuV�ê�.

g(x, β) = β1 exp (−β2x) + β3 exp (−β4x) (5.3.12)

b�β2 > β4 > 0§¼ê�xé��Ly��{ü�ê�β3 exp (−β4x)�
q§
�xé��§KLy��β3 + β1 exp (−β2x)�q"u´§�xé�
�§¼ê�CzÇJø
β2���Ð©�O¶�xé��§CzÇJø

β4���Ð©�O"

(3)C�Ï"¼ê±¼��{ü�'X£AO´�5'X¤
Ï"¼ê�C�²~U
^5¼�Ð©�"~X§éu

g(x, β) = β1x/(β2 + x) (5.3.13)

�{ü/��.¼ê��ê���5/ªµ

1

g(x, β)
=

1

β1

+
β2

β1

1

x

ù�§ÊÏ���¦�{�A^uêâ��ê1/y'u1/x(�)~ê
�)��5£8§l
¼��5�.ëê��O§dd?�Ú¼���.ë

ê�Ð©�"éu�.

g(x, β) =
β1β3(x2 − x3/1.632)

1 + β2x1 + β3x2 + β4x3

(5.3.14)

�C���5/ª§Ï�

x2 − x3/1.632

g(x, β)
=

1

β2β3

+
β2

β1β3

x1 +
1

β1

x2 +
β4

β1β3

x3

�â(x2 − x3/1.632)/y'ux1, x2, x3(¹~ê�)��5£8�¼�ëê
�Ð©�"

CþC��´�~k��"�ln yéx�ã�²~¬�«êâý¢
�A5½ö¦<uy�.�,�Ü©Û�´Ì�Ï�§?
U
ÉG
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�Û?U
ÿþ��'Ç¿�,�ëêéXå5"~X§éuV�ê
�.(6.4.8),�xé��§�.g(x, β)Cq�du�.ln g = ln β3 − β4x§
d�ln yéx�ã�����§�±{ü/³Àú[Ü5¼�β3Úβ4�
Ð©�"ù
�qU
^5O�β3 exp (−β4x),?
¼�í�ỹ = y −
β3 exp (−β4x)",�§2�ln ỹéx�ã�§l
?�Ú��β1Úβ2�Ð©
�"ù�L§¡�ò�¶�Ï"¼ê´A��ê��Ú�§�±æ^ù�

L§"
(4)^ê�O�,
ëê½ö3,
A½:O�¼ê�

ÏLü$�ê(ëêÅg?1�O)±B¼�Ð©�´��~^�E

â§
ò�Ò´ù�Eâ���A~"z�ëê¼��O�§Ù§ëê¬
�N´�O"��ü��,��~f§�Ä�.g = β1 + β2 exp[−β3(x −
10)](β3 > 0)"�x → ∞�§�)ºCþ�4���β1§Ï
�¼�Ð©
�β0

1¶�x = 10�§�)ºCþ���β1 + β2§�|^�y(10) − β0
1��

Ð©�β0
2"��|^ln[(y − β0

1)/β
0
2 ]'ux − 10Ø¹�å��5£85¼

�β0
3"d	§��(½
β0

19β0
2§��òù
��\Ï"¼ê§¿3A½

�x?O�[1/(x− 10)]/ ln[(y − β0
1)/β

0
2 ]§l
��β0

3"
k�§�±ü$�.��ê¿ddm�/~�ëê��ê"~X§�

Ä�.

g(x, β) = exp[−β1x1 exp(−β2/x2)] (5.3.15)

XJk,
x2���~�§d�.Cq�exp(−β1x1)"ù�§éAu
ù
x2��§é�)ºCþ�éê�±N´/¼�β1�Ð©�"aq/§
éu�.

g(x, β) = β1β2x1/(1 + β1x1 + β2x2) (5.3.16)

�x2é��§|^1/y'u1/x1�£8§N´¼�ëê�Ð©�"
�|^^��5'X

3Nõ�.¼ê¥§�UkeZëê´�^��5�"3�½��5
ëê�Ð©��^�e§�ÏL�5£85¼�ù
ëê�Ð©�"�Ä

g(x, β) = β1 + β2 exp(−β3x) (5.3.17)

Ù¥β1, β2Ñ´�^��5�ëê§¤±��β0
3®²¼�§�±A^�

��¦{5¼�β0
19β0

2"
ñññëëëêêêCCC������ëëëêêê���ååå
3��5�.¥§C�ëêU
�)O(�õ��5Cq"ùéuU

õCqíä«�Ú\����¦�ÂñÑkkÃ��^"ëêC��U^
5?nék'ëê�\���"

ëêC���)ºCþ�C�éØ�Ó"�)ºCþ�C�¦�A�
mC/§¿ÚÑ#�Ï"­¡"Ï
K���Å6Ä�9Ùk'b�^�
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�k�5"�'�e§ëêC�==éëê�m9y1Ï"­¡þ�:�
Ñ
#��I"Ïd§ëêC��,K���5Cq�k�5±9�â�

5Cq�íä§�¿ØK��.�(½5Ü©9�Å5Ü©�k'b�"
|^ëêC�UõCqíä«��ë�5.4!"ùpò8¥?ØXÛ|

^C�éëê�\��"
�����ëê
3õê��5�.¥§ëê7L��3äk�Æ¿Â�«�S"�[

Ü�.�§²~�±�Ñ�å^�§{ü/�	¤Âñ�ëê�O´Ä÷

v�å^�"XJ�.éÐ/[Ü
êâ§ëê�OA�3k¿Â�«�
S"¦+Xd§3S�L§¥§#Nëê?\�{«�k�´é�x�§
Ï�@��{§ëê��Uì�ÅÄ½öÚåê�ÄÑ"3d�/e§A
�3���OL§¥éëê�\��"

3$�´§éu��5£8�.�ëê5`§Ù�åa.Ï~{ü�
v±dëêC�5?n"

��ê�åβ > 0

�ÏL­#��ëêθ = ln β"ù�§��S�L§β = exp(θ)ð�"
�«ma��åa ≤ β ≤ b

�æ^/�

β = a+
b− a

1 + exp(−θ)
(5.3.18)

�logistic.C�5¢y"
�gSa��å
gSa��å�±^5�yäk���ëê��.k���ëê�O

�"��ù��a�.���~f§�ÄV�ê�.

g(x, β) = β1 exp (−β2x) + β3 exp (−β4x) (5.3.19)

Ù¥ëêé(β1, β2)�(β3, β4)´����¶�ó�§(β1, β2)�(β3, β4)p
���Ø¬UCÏ"¼ê��"���ëê�UÚå5Ã��`z¯K§
Ï��5CqØU`²ù«ëê����5"�¦ëêkgSa��å

β2 > β4 > 0

U
�Øëê����5"
|^C�

β4 = exp(θ4)

β2 = [1 + exp(θ2)] exp(θ4) (5.3.20)
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K�¢yþã�å"Ï�β1, β3´�^��5�ëê§§���`�

�β2, β4Ø��´��(½�"ù�§�I�±β2�β4�gS�åÒU�Ø
ëê����5"

ò¼�Âñ
¼�Âñk�´(J�"XJ��ù�(J§Ø�u�eã��µ
Ï"¼ê�L�ª´Ä�(º
�¼ê�L�ª´Ä�(º
êâÑ\´Ä�(º
ëê�Ð©�´ÄkÜn�ê�º´Äk�(�ÎÒº´ÄéAX�

A�ëêº
XJéu¤kþã¯K�£�Ñ´�½�§c[u�`zS�L§�

ÑÑ(J"�õêÐ�^�Ñ�Jøz�ÚS�$���[(J±�Ïé
Ñ�Ø¤3"u�Ð©²�ÚS(β0)´Ä'�)ºCþ�oC�(¥%z²

�ÚSST)��"XJØ´§¼ê[Ü'vk¼ê[Ü��"¦+®²Ø�
L§�U�´á�
Ï"¼ê½ö´êâ§½ö´Ð©�"

u�ëêOþ�éuëê´Ä�Nþk�Ó�êþ?º�ëê�þ\

þOþ�§´Ä3ëê�m�,�Ø·¨�«�Sº~X§k���å�
ëê´Ä�
K�ºkvkëêÙ���ØÜn½ö��Ø·¨ºXJù
�§�¼ê¥´Äk�Øº

k�§�.�UÏ�k�õ�ëê±�uØUÂñ"�	,
ëê
�§wwvkù
ëê¬Ø¬C¤���{ü�."�A�ÄëêOþ�
�'5§wwkvk¤é�ëê��u�åCz"XJù�§�Uk��

5'X½öëê��Lõ"
óóó[[[ÜÜÜ���µµµ���ÚÚÚ���...���???���

?Û��5£8©ÛQ�µ��.éuêâ�[Ü§��µ�k'�

Å6Äb��Ün5"XJ�.ØÜ·§½ö�.Ün�,
b�ØÜ
n§@o�.A�\±?�§��¼�÷¿�(J��"[Ü�µ�Ú�
.�?��UìeãÚ½?1µ
a)��5`zS�O�¤Âñ�ëê��U´²w�Ø�½ö��~¦

�§ù´Ï�k�UÂñ�ÛÜ4��:§½öduÏ"­¡,«É~5
�
¦O�z�"Ïd§?Û�.[Ü�µ�ÄkA�c[�	ëê��
O�9Ù²L¿Â"XJëê�ØÜ·§	w´Ä$^
�(�Ð©�§
��	wO�§S´Ä¿�{ü�ª�§
´du"y?Ð½ö�õ�S
�gê�¢Sþ¿�Âñ"
b)A�ïÄS�?Ð&E§á�ÙÂñ´Ä²w"XJS�O�L§²­

/?1¿��²wÜ·�Âñ:�ëê¿ØÜn§�	wÏ"¼ê�L�

ª§	w�¼ê�L�ª§u�ëêÐ©�Úêâ�"Ó�§��u�í

��5�´Ä��º
c)XJþãu�´÷¿�§�ëê�þ¿Ø-<÷¿§�}Á�����
ØÓ�ëêÐ©��þ"XJÂñ�Ó��:§êâ�UÁãL²µÏ"

¼ê´ØÜ·�"
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d)�Ün�Âñ����§u�ëê�CqIO�ÚCqt�[T��£ë

ê�O¤/(CqIO�)]"XJ,�t�ØwÍ§��ÄlÏ"¼ê¥íØ
Tëê¿­#[Ü�."
e)�A�u�ëê�Oþ�Cq�'Ý
§á�Ù´Äk
ëê�Oþk
L©p��'�§Ï�Lp��'��UL²ëêLõ(éêâ8
ó§�
.�E,)"�¤p�'�Ï�(�/�6u¤ïÄ��.9êâ�a."
��§��0.8�ýé�'�A�Úå5¿"±�ÆÜn��ª}Á{z�
.½öCþÚëê±ü$ëê�Oþ���5§Ý"
f)�{ü
Ü·�Ï"¼êé��§[Ü�'u*ÿ��Ñ:ã´µ�[
Ü���k^�óä"í�é[Ü�9)ºCþ�Ñ:ã�´rkå�
óä"�Aéí��Ù§d3�U�Ï��ã±�Ïuÿ�.�Ü·5"
AAO5¿í�´Äkþ!�©Ù§Ï�í�ã¥?Û��Å5�y�Ñ
J2·��UÑyÉ��"XJkÉ��§��ÄC�êâ5¼�~ê�
�¶Ó�§C��.¼ê±�±�.��(5"
g)XJí�é)ºCþ½Ù§Cþ�ã�w«Ñí�k��Å5�Ly§
Kù�U¿�XÏ"¼êØÜ·"3ù���¹e§A�±�Æ��{}
Á*Ð�.±B�Ø��Å5"
h)A�±�í��VÇã±By¢�Å6Ä���5b�"XJ²w/"

y��5§A�{(½ù«"y´du�êÉ~:¤Úå��´duØÜ
·�Ï"¼ê¤Úå"éu²w�É~:§Au�êâP¹´Ä�(§�
�Ä´Äò§�íØ"XJí�²w���§XJ´Ï"¼êØÜ·§�
ÄC�êâ½�.¶XJ´�3É~:§Aò���¦OKUC�­è�
OOK"

ôôô���...���'''���
3,
�¹e§�UØ���¼êU
^5���."~X§3��

V�ê�.

g(x, β) = β1 exp (−β2x) + β3 exp (−β4x) (5.3.21)

¥§β4�U´""3d�/e§�.{z�

g(x, β) = β1 exp (−β2x) + β3 (5.3.22)

½öβ3�U´"§d�§�.{z�

g(x, β) = β1 exp (−β2x) (5.3.23)

3ù«i@�.��¹eéÑ�{ü�!U
éÐ/[Üêâ��
."

3Ù§�¹e§�U�'��i@��."~X§�.1

g(x, β) = β1[1− exp(−β2x)] (5.3.24)
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é�.2

f(x, β) =
β1x

β2 + x
(5.3.25)

ü�.�x = 0�§Ñkg = 0,
�x → ∞�ÑìCª�uβ1"3ù

�/e§,���.�Uéêâ�Ñ��`��[Ü§�,ATÀJT�
."

�i@�.
�UkeZ��.§§�ÑUéÐ/[Üêâ"�
û½Ù¥�{ü

���§�±�3�5�¹e��§æ^��q,'u�"du¥/��
�b�§�±ÏLN\²�Ú?1µ�"N\²�Ú´dul �.*Ð
���.�Ú\N\ëê
Úå�"

�SL«²�Ú§vL«gdÝ§PL«ëê�ê8§
eIfÚpK^
5«O��.Ú �.§eIe`²N\§N\²�Ú� �.�í�²�
Ú~���.�í�²�Ú"O�o(3L5.3.1¥§·�ò'�S2

e/S
2
f�

�.�F (ve, vf ; a)?1'�"XJO��Ñ�'��u�.�§K�É 

�.¶ÄK§æ^��."
5¿§éu�5���¦§N\²�Ú©Û´(��§Ï��´ê

â�þy3�A�m��5f�m�ÝKû½
SpÚSf"3êÆþ§ �
.�Ï"²¡´��.Ï"²¡����5f�m" �.�í��þ
ÏdU
©)���.�í��þÚ�����þ§Ï���.�í�
²�ÚSfÑlσ2χ2©Ù§ÙgdÝ�N − Pf¶ �.�í�²�ÚSpÑ
lσ2χ2©Ù§ÙgdÝ�N − Pp§¤± �.�í��þ©)Ñ���.
í��þ����þ�²�Ú�Ñlσ2χ2©Ù§ÙgdÝ�uPf − Pp"

L 5.3.1: i@�.�N\²�Ú©Û
5
 ²�Ú gdÝ þ� F�

N\ëê Se = Sp − Sf ve = Pf − Pp S2
e = Se/ve S2

e/S
2
f

��. Sf vf = N − Pf S2
f = Sf/vf

 �. Sp vp = N − Pp

éu��5�.§�±ý�§ù�©Û==´Cq�§Ï�O��
Ñ�'�¿�(��F©Ù",
§'��©Ù==É�k��5�K
�§�¿ØÉëê�A��5�K�"
�k��5rÝ��´��(ë
�5.4!)"

��i@��.
�Áã(½A��i@��.¥=���Ð�§ÄkA�l²LÆ�

Ý�Ä"XJ3nØþknd@�,���.`uÙ§�.§A�AO­
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À²LÆnØÚ1�5Æ¤Jø�nd§Ï�êâ©Û�Ì�8�´)º
½ö`²²Ly�§
�{ü/¼��Ð��.[Ü"

XJl²LÆ�ÝØUJÑ-<&Ñ�nd5ÀJ,��.�§@o

ATA^ÚO©Û��{5(½�Ð��."�­���{�U´í�©
Û"��5`§e�.�í�²�Ú��§¿�wå5í���Åz§K
ù���.A��ÀJ"í�A�éýÿ�§é)ºCþ§±9é?ÛÙ

§d3�U�)ºCþ�í�ã"
õõõ···III÷÷÷   )))������...
~5.3.2 ·I÷ )��.

Y

M
= A · ( L

M
)α · (K

M
)1−α + u (5.3.26)

��*ÿ��·I1975*1996c÷ �þ!à�NÄå!÷ Â«¡

ÈÚz��^þ�êâ§�L5.3.2"ëê���5���¦�O(J�

L5.3.3"
·I1975*1996c÷ �þ,à�NÄå,÷ Â«¡ÈÚz��^þ

5.3.3 ������555£££888���...���������555\\\������������¦¦¦���OOO

þã��5���¦�{b½ØÓ�Ï*	:�­�§Ý´��

�§ØØ´@Ï�*	:�´CÏ*	:Ñ��­�§�Ï~@�CÏ

*	:'@Ï�*	:�­�"d�§Ò�æ^��5\����¦�
O"P�êÝ
�W = W (β|Y,X)´��é���K�é�n��
"½
ÂU∗ = WU�\�Ø��"��5\����¦�{�Ò´��z\�Ø

�²�Úµ

S∗(β|Y,X) = (U∗)′(U∗) (5.3.27)

~5.3.3(Yþ~) �W=diag(1,2,Λ,23)§Këê���5\����¦
�O(JXL5.3.4"

5.3.4 ������555£££888���...���������qqq,,,���OOO

b½

U ∼ N(0, σ2I) (5.3.28)

Ù¥I�n�ü 
§K1i�*	:q,¼ê�µ

Li(β, σ
2|yi, xi) =

Ji(β)√
2πσ2

exp[−u2
i /(2σ

2)]
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L 5.3.2: ·I1975 1996c÷ �þ,à�NÄå,÷ Â«¡ÈÚz��^
þ

c° ÷ �þ à�NÄå ÷ Â«¡È z��^þ
£c¤ Y£�ë¤ L£�<¤ M £Zú�¤ K£�ú6¤
1975 28452 27561 121062 550000
1976 28631 27965 120743 597000
1977 28273 28124 120400 679000
1978 30477 28373 120587 884000
1979 33212 28692 119263 1086000
1980 32056 29181 117234 1269000
1981 32502 29836 114958 1335000
1982 35450 30917 113463 1513000
1983 38728 31209 114047 1660000
1984 40731 30927 112884 1740000
1985 37911 31187 108845 1776000
1986 39151 31311 110933 1931000
1987 40298 31720 111268 1999000
1988 39408 32308 110123 2141500
1989 40755 33284 112205 2357400
1990 44624 33336.4 113466 2590300
1991 43529 34186.3 112314 2805100
1992 44266 34037 110560 2930200
1993 45649 33258.2 110509 3151900
1994 44510 32690.3 109544 3317900
1995 46662 32334.5 110060 3593700
1996 50454 32260.4 110060 3827900

L 5.3.3: �.(5.3.25)���5���¦�O(J
ëê ëê�O� IO� t-ÚOþ
A 0.4777665 0.0404860 11.800777
α 0.7668588 0.0199345 38.468979

L 5.3.4: �.(5.3.25)���5\����¦�O(J
ëê ëê�O� IO� t-ÚOþ
A 0.3482549 0.0461061 7.5533395
α 0.6960095 0.0292356 23.806898
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éêq,¼ê�

lnLi(β, σ
2|yi, xi) = −1

2
[ln(2π) + ln(σ2) + u2

i /σ
2] + ln(Ji(β)) (5.3.29)

Ù¥ui = f(yi, xi, β)�Ji(β) = |∂ui/∂yi|´ui�yiC��ä�'1�ª"
�.ëê���q,�O�du��éêq,�O§�Ò´��zn�*
	:�éêq,¼ê�Úµ

lnL(β, σ2, |y, x) = −1

2
n[ln(2π) + ln(σ2)]− 1

2
U ′U/σ2 +

n∑
i=1

ln(Ji(β))(5.3.30)

Ï�

∂ lnL(β, σ2|Y,X)

∂σ2
= −1

2
· n
σ2

+
1

2

U ′U

σ4
(5.3.31)

òσ2 = U ′U/n�\£5.3.29¤,��

lnLc(β|Y,X) = −1

2
n[1 + ln(2π)− lnn]− 1

2
n× ln(U ′U) +

n∑
i=1

ln(Ji(β))(5.3.32)

¡��¥%zéêq,¼ê"-

U∗ = U/[(J1 × · · · × Jn)1/n] (5.3.33)

(5.3.31)��¤

lnLc(β|y, x) = −1

2
n[1 + ln(2π)− lnn]− 1

2
n× ln[(U∗)′(U∗)] (5.3.34)

Ï
§��z¥%zéêq,¼êlnLc(β|Y,X)�du��z\�Ø

�²�Ú

S∗(β|Y,X) = (U∗)′(U∗) (5.3.35)

Pβ���q,�O�β̂§Kσ2���q,�O�
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σ̂2 = Û ′Û/n

é²w§�.���éêq,�O��Ø�du��5���¦�
O§
´��\���5���¦�O"3f(y, x, β) = y − g(x, β)�¹
e§duJ1 = · · · = Jn = 1§¤±��éêq,�Oâ�du��5��
�¦�O"

~5.3.4 �Ä�.

ln

(
Y

M

)
= β0 +

1

β1

· ln(β2

(
L

M

)β1

+ β3

(
K

M

)β1

) + u (5.3.36)

êâ�L5.3.2§Këê���éêq,�O(JXL5.3.5"

L 5.3.5: �.(5.3.35)���éêq,�O

ëê ëê�O� IO� t-ÚOþ
β0 -0.60875 1.27191 -0.47861
β1 0.83021 0.5244 1.5832
β2 1.4941 2.2384 0.66746
β3 0.015437 0.0026109 5.9126

e¡?Ø3f(y, x, β) = y − g(x, β)e5Θ´fflOœC5”

b�

U ∼ N(0, σ2I) (5.3.37)

5�1µ�.(6.4.2)�ëê��5���¦�OÚ��éêq,�
Oβ̂´ìCÃ !���O�ìC/Ñl��©ÙN(β,Q)”

Ù¥

Q =

[
−E

(
∂2 lnLc

∂β′∂β

)]−1

= σ2

[(
∂U

∂β′

)′(
∂U

∂β′

)]−1

(5.3.38)

5�2µ�.(6.4.2)�ëêσ2��éêq,�Oσ̂2 = Û ′Û/n´ìCÃ 

Ú���O"
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5.3.5 ������555£££888���...���óóóäääCCCþþþ���OOO

�Ä��5�.

yi = g(xi, β) + ui (5.3.39)

b�U = (u1, · · · , un)′ ∼ N(0, σ2I)¶)ºCþxi�U�Z6��'¶
b��3óäCþ[z1, · · · , zL]¦�

p lim
1

n
Z ′U = 0 (5.3.40)

�

p lim
1

n
Z ′X0 6= 0 (5.3.41)

Ù¥X0 = ∂G(X,β)
∂β

"
��5óäCþ{�ëê�O�eª����)bIV µ

MinβS(β) = 1
2
{[Y −G(X, β)]′Z}(Z ′Z)−1{Z ′[Y −G(X, β)]}

= 1
2
U(β)′Z(Z ′Z)−1Z ′U(β)

(5.3.42)

¿�k

bIV
a−→ N [β, σ2Q] (5.3.43)

Ù¥σ2ÚQ��O©O�µ

σ̂2 = U(β)′U(β)/n |β=bIV
(5.3.44)

Q̂ = Z ′X̂0)−1(Z ′Z)(X̂0′Z)−1 (5.3.45)

Ù¥

X̂0 =
∂G(X, β)

∂β
|βˆIV

5.4 ������555£££888���...£££���¤¤¤—ÚÚÚOOOíííäää
�!ÄkïÄ��5rÝ�­ÇÝþ§¿?ØXÛA^§�5�«Û

Ü�5Cq�Ün5"¿é67�ý¢�êâ8��.A^­ÇÝþ§dd

`²üa��5(�k��5Úëê�A��5)3¢^¥�­�5§�k
å/|±
Ï"­¡²"5b��k�5"Ùg§òé��5£8¥ëê
�íä«�Úíä«m�ÚOíä¯K?1?Ø"
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5.4.1 ������555rrrÝÝÝ���­­­ÇÇÇÝÝÝþþþ
��5£8�.�±L«�

yi = g(xi, β) + ui i = 1, · · · , n (5.4.1)

Ù¥g�Ï"¼ê§yi��)ºCþ§xi�1 × k(½5)ºCþ�

þ§β�l × 1ëê�þ"
�En× 1�þη(β)§Ù1i�©þ�

ηi(β) = g(xi, β) i = 1, · · · , n

¿P��5£8�.�

Y = η(β) + U (5.4.2)

b½UÑl¥/��©Ùµ

U ∼ N(0, σ2I) (5.4.3)

�û½Ï"­¡�²"§Ý±9ëê�3�²¡þ�Øþ!§Ý§�
±|^Ï"¼ê����ê§¿dd�Ñ�k��5Úëê�A��5�
­ÇÝþ"­Ç��^5ïÄÏ"­¡ëê�­#��§±B¼���k
���5Cq�ëêíä«�"

1. ���ÝÝÝ���þþþÚÚÚ\\\���ÝÝÝ���þþþ
�5�.�Ä�A���´Ï"¼ê'uëê���½�p���ê

�""Ïd§ÏLïÄÏ"¼ê����ê5Ýþ�.���5rÝ´Ü
�Ü6�(Bates,1978;BatesÚWatts,1980;Beale,1960)"�
�ßå�§^
:ÎÒL«���êÚ���ê"ù�§éu����5�.§n×���
�êÝ
�P�V̇µ

{V̇ }ip =
∂g(xi, β)

∂βp

i = 1, · · · , n, p = 1, · · · , l (5.4.4)

n× l × l����êáN
�P�V̈µ

{V̈ }ipq =
∂2g(xi, β)

∂βp∂βq

i = 1, · · · , n, p, q = 1, · · · , l (5.4.5)

±Ý
�ÎÒL«§K�

V̇ =
∂η

∂β′
(5.4.6)

Ù¥V̇�z�1´η(β)�éA©þ�éuβ�FÝ§��@�V̇dl��

�þ£�Ý�þ¤v̇p(p = 1, · · · l)
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v̇p =
∂η

∂βp

(5.4.7)

|¤"Ó��P

V̈ =
∂2η

∂β∂β′
(5.4.8)

Ù¥áN
V̈�z�¡£�n�¡¤´η(β)���©þ'uβ�l × l�
��êÝ
½öHessianÝ
"��@�áN
V̈d��þ£\�Ý�

þ¤v̈pq(p, q = 1, · · · l)|¤"
w,§�Ý�þv̇´��þ§§��Ñ
η�éuëê�CzÇ"�A

/§\�Ý�þv̈�Ñ
�Ý�þ�éuëê�Cz§=

v̈pq =
∂v̇p

∂βq

(5.4.9)

��5�.�

g(x, β) =
β1x

β2 + x

L5.4.1�C þ �êâ § L5.4.2�3 � � 5 � � � ¦ � Oβ̂ =
(212.7, 0.0641)′?��Ý�þÚ\�Ý�þ"

L 5.4.1: Cþ�êâ

x 0.02 0.02 0.06 0.06 0.11 0.11 0.22 0.22 0.56 0.56 1.10 1.10
y 76 47 97 107 123 139 159 152 191 201 207 200

(1)��\�ÝÚ{�\�Ý
Ï�v̈pq = v̈qp§¤±\�Ý�þ3�A�m)¤�ê��Ø�Ll(l +

1)/2�f�m"\�Ý�þ�±©)��²¡þ�©þÚ��u�²¡�
©þ§©O¡�\�Ý�þ���©þÚ{�©þ"�
(½\�Ý�þ
���©þÚ{�©þ§ò\�Ý�þÝK�l���m§�ÝK���
u��m�d\�Ý�þ)¤�l∗��m"ù�±deãÚ½5�¤"k

òl(l + 1)/2�\�Ý�þ(v̈pq, v̈qp����)¿\Ý
Ẅ ,¿�V̇���þÜ
¿§ù���µ

D = (V̇ , Ẅ ) (5.4.10)

, � § éD? 1QR© ) £ ë � � ! N ¹ ¤ µD = QR =
(Q1|Q2|Q3)R§Ù¥Q´n × n���Ý
§Q′Q = QQ′ = I,Q1, Q2, Q3©
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L 5.4.2: �Ý�þÚ\�Ý�þ
x v̇1 v̇2 v̈11 v̈12 v̈22

0.02 0.237812 -601.458 0 -2.82773 14303.4
0.02 0.237812 -601.458 0 -2.82773 14303.4
0.06 0.483481 -828.658 0 -3.8959 13354.7
0.06 0.483481 -828.658 0 -3.8959 13354.7
0.11 0.631821 -771.903 0 -3.62907 8867.4
0.11 0.631821 -771.903 0 -3.62907 8867.4
0.22 0.774375 -579.759 0 -2.72571 4081.4
0.22 0.774375 -579.759 0 -2.72571 4081.4
0.56 0.897292 -305.807 0 -1.43774 980
0.56 0.897292 -305.807 0 -1.43774 980
1.10 0.944936 -172.655 0 -0.81173 296.6
1.10 0.944936 -172.655 0 -0.81173 296.6

O´n× l§n× l∗Ún× (n− l − l∗)Ý
§R�n1�þn�
£Ù�"�1

ê�uD��¤§�L«�R =

(
R1

0

)
"R�z���D��A�3Q�

Ie�#L«§Ù¥R�z��cl�©þ�D��A�3��mþ�ÝK
�I§�e��l∗�©þ�D��A�3��u��m�d\�Ý�þ)
¤�l∗��mþ�ÝK�I"

òáN
V̈¦±(Q1|Q2)
′§Kk

Ä = [(Q1|Q2)
′][V̈ ] (5.4.11)

ù�Ñ
;n�(l+ l∗)× l× l\�ÝáN
Ä"ùp§�)ÒL«¦È
¥�¦ÚUeã�ª?1µ�B´N1 × N2�Ý
§C´N2 × N3 × N4�á
N
§KÈA = [B][C]´N1×N3×N4�áN
§A�1i¡1p11q���
��

{A}ipq =

N2∑
j=1

{B}ij{C}jpq

~5.4.2(Yþ~) |^L5.4.2�Ñ��Ý�þÚ\�Ý�þ5|¤Ý

D,éD?1QR©)��µ

R1 = [(Q1|Q2)
′][D] =

[
R11 R12

0 R22

]
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=

 −2.44 1568.7 0 7.378 −16185.7
0 1320.3 0 6.210 −25030.4
0 0 0 0 8369.1


w,�þ�2 × 2Ý
R11´dV̇�QR©)���þn�Ý
�"Ü

©§mþ�2 × 3Ý
R12�Ñ
\�Ý�þ3�²¡�ÝK[Q′
1][Ẅ ],
m

e�1 × 3Ý
R22�Ñ
\�Ý�þ3���m���\�Ý�m�Ý
K[Q′

2][Ẅ ]"
­#�nR12ÚR22�Ï�§����3× 2× 2�\�ÝáN
Ä§=

Ä =

[
0 7.378
7.378 −16185.7

] [
0 6.210
6.210 −25030.4

] [
0 0
0 8369.1

]
\�Ý�þ3�²¡	��Ð§ÝÝþ
Ï"­¡��²¡� l

Ý§Ï
�Ýþ
Ï"­¡��²"§Ý"¡ù«�²"§Ý��k��

5§Ý"§¿Ø�6uÏ"­¡¤À^�ëê��§
=�6uÏ"­¡

þ:� �ÚÏ"¼ê�L�ª"\�Ý�þ3�²¡þ�ÝK7,�6
uëê�ÀJ§Ï
�±^5Ýþëê�3Ï"­¡þ��þ!§Ý"ù
«�þ!§Ý¡�ëê�A��5rÝ§½{¡�ëê�A"

Ï�áN
Ä¥���Jø
k'ëê�AÚ�k��5�&E§
PÄ�cl�¡�AβL«ëê�A\�ÝáN
§
PÄ��l∗�¡�Aτ §
L«�k\�ÝáN
"

(2)?¿��þ�\�Ý
�Ý�þÚ\�Ý�þ=UJøëê3ëê�m¥÷ëê¶Cz
Ú

åÏ"­¡�A�Cz�&E"�
Ýþ3ëê�m¥β3β̂NC÷?��
�hþ��ÝÚ\�Ý§yÚ?ålëêb§¿�β = β̂ + bh§Ù¥h´l�ü

 �þ£h′h = 1¤"ò��β(b) = β̂ + bhN��Ï"­¡§dd��ÏL
:η(β̂)�­�ηh(b) = η(β̂ + bh)"ÏLéb�©¿3b = 0?O�§��T­

�3β̂?���þÚ\�Ý�þ"Ïd

dηh

db

∣∣∣∣
b=0

=
∑l

p=1

dη

dβp

∣∣∣β̂ dβp

db

∣∣∣∣
b=0

=
∑l

p=1
v̇php

±�;n�/ª§Tª�L«�

η̇h = V̇ h (5.4.12)

�d�q§�Au��h�\�Ý�þ�µ

d2ηh

db2

∣∣∣∣
b=0

=
∑l

q=1

∂
∑l

p=1 v̇php

∂βq

∣∣∣β̂ dβq

db

∣∣∣∣
b=0

=
∑l

p=1

∑l

q=1
v̈pqhphq

(5.4.13)
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Ó�§Tª�L«�µ

η̈h = h′V̈ h (5.4.14)

d(6.4.13)��§��hþ��ÝTÐ´�Ý�þv̇��5|Ü¶

d(6.4.14)Ú(6.4.15)� � § \ � Ý � T Ð´\ � Ý � þv̈� � 5 | Ü "
3(6.4.15)¥§n × 1��þη̈h�dn × l × l��áN
¦±1 × lÚl × 1�
�þ��"η̈h�z��Iäk/ªh′V̈ih§Ù¥V̈i´V̈�1i�¡"

Ï�¯K � Ì � , �´� ² ¡ þ Ú { ² ¡ þ � \ � Ý § �
òV̈U(6.4.12)ªL«�Ä§ù��L«��{'"ù�§��hþ�\�

ÝC¤µ

(Q1|Q2)
′η̈h = h′Äh

½ö

(Q1|Q2)
′η̈h =

l∑
p=1

l∑
q=1

{Ä}pqhphq (5.4.15)

Ù¥{Ä}pq´áN
Ä¥(l + l∗) × 1��þ"5¿§ù
�þ�dR1�
���§
R1�d�§(6.4.11)¤½Â�Ý
D?1QR©)��"PÝ
[

R12

R22

]
= [r11, r12, r22, · · · , rll] (5.4.16)

K(6.4.16)�L«�µ

(Q1|Q2)
′η̈h =

l∑
p=1

rpph
2
p + 2

l∑
p=1

l∑
q=p+1

rpqhphq (5.4.17)

dªéuO�´���B�"
~5.4.3(Yþ~) O���h = (0.6, 0.8)′þ�\�Ý"|^þ~¥

�R1��§��µ

(Q1|Q2)
′η̈h = (0.6)2r11 + (0.8)2r22 + 2(0.6)(0.8)r12

= 0.36

 0
0
0

+ 0.64

 −16185.7
−25030.4
8369.1

+ 0.96

 7.378
6.210
0

 =

 −10351.8
−16013.5
5356.2


2. ���ééé­­­ÇÇÇ
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�,\�Ý�y
Ï"­¡���5A�§�´§�¿Ø´��5r

Ý�k^Ýþ§Ï�§��6uêâÚëê�ºÝ"�
;�ù«éuº
Ý��65§ò�Ý=���é­Ç"

��hþ�­Çch½Â�\�Ý�þ��Ý���þ�Ý�²��'§
=

ch =
||η̈h||
||η̇h||2

éuëê�A­Ç§k

cβh =
||η̈β

h ||
||η̇h||2

(5.4.18)


éu�k�A­Ç§Kk

cτh =
||η̈τ

h||
||η̇h||2

(5.4.19)

lAÛþw§�k­Ç´��ηhþÏ"­¡�Ð�Cq	��»��
ê"Ïd§XJÏ"­¡�²"5b�Ün§K�k­Çé�"

é\�Ý�þÚ��þ¦±Q′¿ØUC©fÚ©1�ê�"¤±æ^
�;n�áN
Aβ¿|^

||h′Aβh||2 =
l∑

p=1

(h′Äph)
2

�O�(6.4.19)¥�©f§Ó�æ^áN
Aτ ¿|^

||h′Aτh||2 =
l+l∗∑

p=l+1

(h′Äph)
2

�O�(6.4.20)¥�©f"
©1K|^

||η̇h||2 = ||V̇ h||2 = h′R′
11R11h = ||R11h||2

5O�§Ù¥R11d�§(6.4.11)½Â�Ý
D�QR©)�Ñ"
�
{z­Ç�O�§�½é?Ûü �þhÑk||η̇h|| = 1"ùU
Ï

Lβ���ëê�5C�5¢y§=

φ = R11(β − β̂) (5.4.20)

?�Ú§Ï�­Ç´d�)ºCþ�ê�ü 5Ýþ�§§��
��6uêâ�ºÝ"�
�Øù«��5§ò�ACþÚ­ÇÑ¦
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±s
√
l[s2 = S(β̂)/(n − l)]§ddò­Ç=��Ãþj��é­Ç§���

��é­ÇáN
(||η̇h|| = 1)µ

C = (R−1
11 )′ÄR−1

11 s
√
l (5.4.21)

áN
Cd��l×l×l��ëê�A�é­ÇáN
CβÚ��l∗×l×l�
��k�é­ÇáN
Cτ |¤§Ù¥Cβ´C�cl�¡§Cτ´C��l∗�
¡"

~5.4.4(Yþ~) s = 10.93§l=2§

R−1
11 =

[
−0.4092 0.4861
0 0.0007574

]
�â~5.4.1§k

Ä =

[
0 7.378
7.378 −16185.7

] [
0 6.210
6.210 −25030.4

] [
0 0
0 8369.1

]
¤±

C =

[
0 −0.035
−0.035 −0.059

] [
0 −0.030
−0.030 −0.151

] [
0 0
0 0.074

]
Ù¥c2�Ý
�Ñ
Cβ§1n�Ý
�Ñ
Cτ "
C�ëêU
�)O(�õ��5Cq�éUõëê�Cqíä

«�±9\�ëê�O���¦�ÂñkÃ"bX�u�ëêC�θ =
G(β)�§Ï"­¡þ�ëê�I�þ!5´Ä��Uõ§K�|^ëêC

��ëê�AáN
=�úª

Cθ = Cβ − [R1][(R
−1
1 )′[Ġ−1][G̈]R−1

1 ] (5.4.22)

O�ëêC���ëê�AáN
",�§u�ëê�AáN
´Ä
k
Uõ"

,	§Ratkowsky(1983)JÑ
^ëê�O�Box �5ïþ#ëê�
Ð�§�´é�����"

~5.4.5(Yþ~) é�.­#��ëê�µ

θ =

(
β2

β1
1
β1

)
�k
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Ġ =

[
−β2

β2
1

1
β1

− 1
β2
1

0

]
�

G̈ =

[
−2β2

β3
1

− 1
β2
1

− 1
β2
1

0

] [ 2
β3
1

0

0 0

]
ù�§��

[Ġ−1][G̈] =

[
− 2

β1
0

0 0

] [
0 − 1

β1

− 1
β1

0

]
��§��

Cθ =

[
0.000 −0.035
−0.035 −0.059

] [
0.000 −0.030
−0.030 −0.151

]

−
[

0.000 0.003
0.003 −0.027

] [
0.000 0.002
0.002 −0.005

]

=

[
0.000 −0.038
−0.038 −0.059

] [
0.000 −0.032
−0.032 −0.146

]
��§ëê�A�Cz´���"
3. RMS­­­ÇÇÇ

�
n)�.���5§O��é­ÇáN
´kÃ�"�´§éu
êâ©Û§²~I���{ü
nÜ���5rÝ��I§¦�3A½|
ÜeU
µ��5Cq�`û5"�d§æ^þ��£RMS¤­Ç§=

¤k��þ­Ç²�Ú�þ��§y±cβL«RMSëê�A­Ç§±cτ L

«RMS�k­Ç(cτ Ø�6uÏ"­¡¤À^�ëê��§=�6uÏ"­

¡þ�:ÚÏ"¼ê�L�ª)"��RMS­Ç�L�ª3e¡�Ñ¶�

�3�A��§¥�\þIβ½τ§¿ÀJ�Ii�·���Ò�±��ëê
�AÚ�k�A�(J"

O�RMS­Ç

3�²¡þ��héA�­Ç�

ch = ||h′C|| =
√∑

i

(h′Cih)2

Ù¥Ci´C�1i�¡"3¤k��hþÈ©c2h¿Ø±l�¥¡¡ÈA§
K��þ�­Ç
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c2 =
1

A

∫ ∑
i

(h′Cih)
2dA (5.4.23)

Ù¥dA´¥¡¡È���"BatesÚWatts(1980)�Ñ
��(Jµ

c2 =
1

l(l + 2)

∑
i

2
l∑

p=1

l∑
q=1

c2ipq +

(
l∑

p=1

cipq

)2
 (5.4.24)

3£5.4.23¤Ú(6.2.24)¥§éucβ§iH�l1�l��ê§éucτ §iH
�ll + 1��õl(l + 1)/2��ê"

RMS­ Ç Û�â �´“�”� "BatesÚWatts(1988)@��c
√
F <

0.3�§��ÉÏ"­¡²"5b�½ëê�Iþ!5b�§ùpF =
F (l, n− l;α)"

~5.4.6(Yþ~) �α = 0.05§O���µ

cτ = 0.045 cβ = 0.05 cτ
√
F = 0.09 cβ

√
F = 0.21

(2)¢S¥�RMS­Ç

y30�BatesÚWatts(1988)é67�êâ8Ú�.|ÜO��RMS­

Ç",
êâ8Ø�æ^��Ï"¼ê§¤±=k37�ØÓ�êâ8

Ú19�Ï"¼ê"37�êâ85
Ú19�Ï"¼êë�¦��Ö£1988¤
¥N¹7"

éu¤ïÄ�67�êâ8�,
|Ü§L5.4.3�Ñ
RMS�kc
√
FÚ

ëê�Ac
√
F��§Ù¥αÀJ�0.05"L¥n´*ÿ�oê§l´�.¥

ëê��ê"ã5.4.1a�Ñ
ëê�Acβ
√
F'u�kcτ

√
F�Ñ:ã"

ã5.4.1bÚ5.4.1c�Ñ
ëê�Acβ
√
F���ãÚ�kcτ

√
F���ã"

ã5.4.1a¥�¢�´���"ddN´wÑ§�k­Ç'ëê�A­Ç�
�§A�3¤k�¹eÑ��õ"ã5.4.1a�w«Ñ�k��5rÝÚë

ê�A��5rÝ�m�3��'"
ë ì � � ã § � ± w � � k ­ Ç(ã5.4.1b)� � ¿ Ø �(� �93 

�cτ
√
F��u0.3)",��¡§ëê�A­Ç(ã5.4.1c)  ér(��

=10 �êâ©Û¥cθ
√
F���u0.3)"

±þ©Û´�â�«5
¼��ý¢êâ
�Ñ�"ù
(JL²§
�5Cq�íä«�3Nõ¢S�¹e�U´�~Ø��§Ï�§�¦þ
!�I�b�"þã(J�kå/|±
²"5b��k�5"²"5b

�®²3^5�Ñ�¡tãÚ�¡�éã"
ã5.4.1 ­Çã

5.4.2 ������555£££888���...���bbb���uuu���

b�
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L 5.4.3: RMS�kc
√
FÚëê�Ac

√
F��

êâ8 �. l n cβ
√
F cτ

√
F

1 A 2 7 0.12 0.05
2 11 0.26 0.12
3 12 0.21 0.09
4 B 7 1.02 0.10
5 8 1.04 0.06
6 6 3.09 0.09
7 6 4.55 0.26
8 6 1.33 0.11
9 6 1.63 0.17
10 6 1.17 0.27
11 6 3.50 0.49
12 4 1.91 0.10
13 C 44 0.93 0.10
14 D 38 0.02 0.01
15 E 43 46.28 0.11
16 F 9 93.49 0.13
17 15 11.21 0.14
18 9 2.66 0.17
19 15 30.43 0.14
20 27 1.18 0.16
21 6 2.10 0.32
22 4 25.67 3.11
23 13 1.80 0.04
16 G 9 0.65 0.07
17 15 2.24 0.14
18 9 0.55 0.12
19 15 1.52 0.11
24 7 2.65 0.25
25 7 2.26 0.22
26 7 3.47 0.22
27 7 2.36 0.26
28 7 3.64 0.22
16 H 9 2.27 0.09
17 15 0.62 0.22
18 9 0.64 0.13
19 15 0.76 0.21
24 7 5.11 0.19
25 7 4.80 0.18
26 7 9.35 0.19
27 7 5.02 0.23
28 7 12.51 0.20
24 I 7 42.21 0.17
25 7 88.93 0.18
26 7 410.78 0.19
27 7 147.59 0.21
24 J 7 1.03 0.15
25 7 0.89 0.14
26 7 1.70 0.16
27 7 1.38 0.21
28 7 2.48 0.20
29 K 5 4.70 0.10
30 5 4.76 0.24
31 L 40 1.17 0.14
32 M 4 24 81.92 0.08
33 N 57 0.68 0.11
34 57 2.13 0.53
16 O 9 27.52 0.17
17 15 20.26 0.19
18 9 0.94 0.09
19 15 16.12 0.16
16 P 9 55.26 0.22
17 15 58.45 0.27
18 9 39.00 0.31
19 15 52.16 0.23
35 Q 5 33 29.49 0.01
36 R 6 24 13.52 0.47
37 S 9 53 0.30 0.10
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U ∼ N(0, σ2I)

�Äëê�J(< l)��å§�å�§�µ

H0 : c(β) = 0 (5.4.25)

Ù¥c(β)�J × 1�þ"
1. Fu�

3b�(6.2.25)e§

F =
(S(b)− S(β̂))/J

S(β̂)/(n− l)
(5.4.26)

ìC/ÑluF (J, n − l)©Ù"Ù¥b�3�å(6.2.25)e�.ëêβ�
��5���¦�O§β̂�3Ã�åe�.ëêβ���5���¦�O"

2. Waldu�

3b�(6.2.25)e§

W = c(β̂)′[Est.Asy.V ar(c(β̂))]−1c(β̂)

= c(β̂)′
[(

∂c(β̂)

∂β′

)
V ar(β̂)

(
∂c(β̂)

∂β′

)′]−1

c(β̂) (5.4.27)

ìC/Ñluχ2(J)©Ù"
3. .�KF¦fu�

3b�(6.2.25)e§

LM = (
∂ lnL(b)

∂β′
)V ar(b)(

∂ lnL(b)

∂β′
)′ (5.4.28)

ìC/Ñluχ2(J)©Ù"Ù¥

V ar(b) = H−1[I −G′(GH−1G′)−1H−1] (5.4.29)

H =

(
−∂

2 lnL(b)

∂β′∂β

)

G =

(
∂c(b)

∂β′

)
LMu�ÚOþ�de�Cq��µ
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LM = {[U ′(
∂U

∂β′
)] · [(∂U

∂β′
)′(
∂U

∂β′
)]−1[U ′(

∂U

∂β′
)]′}/(U

′U

n
) (5.4.30)

Ù¥

U = F (Y,X, b)

∂U

∂β′
=
∂U(b)

∂β′
(5.4.31)

4. q,'u�

3b�(6.2.25)e§

LR = −2(lnL(b)− lnL(β̂)) = n ln(S(b)/S(β̂)) (5.4.32)

ìC/Ñluχ2(J)©Ù"
5¿µþãb�u�©Û=´Cq�§u�ÚOþÑ´ìC/Ñlu

,©Ù"Ï
§æ^þãu�7L3���e?1"
~5.4.7(Y5.2.1) � ÑQ! ] � Ý \KÚ N Ä Ý \L� ê â X

L5.2.1§CES)�¼ê�.�µ

f(β1, β2, β3, β4) =
n∑

i=1

{lnQi − β1 − β4 ln[β2L
β3

i + (1− β2)K
β3

i ]}2

u�b�µβ4 = 1/β3"
² O �W=0.071253,LM=0.092612,LR=0.082175" 
 3 w Í 5 Y ²

�5 e§gdÝ�1�χ2©Ù�.�´3.84"¤±§Waldu�!.�K
F¦fu�Úq,'u�Ñ3wÍ5Y²�5 e�É
b�"

5.4.3 ������555£££888íííäää������555CCCqqq���{{{
e¡ÏL�êÝ
?1�5Cq5íä��5�.§¿3���¦�

O?O�"�â

η(β) ≈ η(β̂) + V̂ (β − β̂) (5.4.33)

�±�ÑCq�q,«�Ú�&�"
3�5£8¥§�&Y²�1− α�ëêíä«��±L«�¶

(β − β̂)′X ′X(β − β̂) ≤ ls2F (l, n− l;α) (5.4.34)
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lAÛþw§Ï�Ï"­¡´²¡§¿�í��þR�uÏ"²¡§
¤±ëêÜn��«�éA�Ï"²¡þ�����"ÏL�5N��±

òÏ"²¡¥��þ�:N��ëê²¡þ�:§u´��N��ëê²

¡þ�ý�"
aqu�§(5.8.34)§��5£8�Cqíä«�½Â�

(β − β̂)′V̂ ′V̂ (β − β̂) ≤ ls2F (l, n− l;α) (5.4.35)

½�d/

(β − β̂)′R̂′
1R̂1(β − β̂) ≤ ls2F (l, n− l;α)

Ù¥�êÝ
V̂ Q̂1R̂13β̂?O�"ù�íä«��>.�µ

{β = β̂ +
√
ls2F (l, n− l;α)R̂−1

1 d | ||d|| = 1} (5.4.36)

��5£8íä��5Cq�{´ïá3Ï"­¡²"5b�Úëê
�Iþ!5b��Ä:�þ�§¤±3$^T�{����ùü�b��
Ün5"

5.4.4 ������555íííäää������ããã«««{{{
Ø3�´§3Nõ��5©Û¥�5CqØU
¿©/£ã��5©

Û�íä(J"e¡ò�ÑU?�ã«{§dd�N��5©Û�íä(
J"

éÜëêq,«�
éu��5�.

yi = g(xi, θ) + ui i = 1, · · · , n

½

y = η(θ) + u

3�.¥§®b½�Å6Ä��¥/��5§ù�Ò�rq,�{�
ÚOíä�Ï"�m¥Ï"­¡�AÛ5�éXå5"éu�5Ú��5
�.§XJÑb½¥/��5§@oq,>.�´d¤k÷vη(θ)�y�å
l�u½��θ|¤§�Ò´`§¤k¦S(θ)�~ê�θ|¤"�
éX“�

&Y²”�>.�§aqu�5�.§b½VÇ�y§Ý�1 − α�éÜq

,«�´d¤k÷vµ

S(θ) ≤ S(θ̂) +

[
1 +

l

n− l
F (l, n− l;α)

]
(5.4.37)
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�θ|¤§��5�.��§§´Ï"­¡�±y�¥%��¥��
�",
§y3�Ï"­¡®Ø´��²¡§=¦U
(½��þ�:§
�ØU{ü/rÏ"­¡þ�:N£�ëê�m"

�l¸2�§�ÏLO���þθ�éA�S(θ)§,�|^��S��ã
5Cq>.�"�l > 2�§A£±�¡tã!�¡,ãÚ�¡�éã§±�
Nq,>.�Ú��5§Ý"

~5.4.8(Y~5.4.1) ã5.4.2�+Ò?L«�.ëê���5���¦�
O§¢�w«
�.ëê��&Y²�80 Ú95 �q,>.�§J�L

«�5Cqý�"d�§�5Cq��JØ�"
ã5.4.2 ~5.4.8ã«ã5.4.3 ~5.4.9ã«
L5.4.4 ~5.4.9Cþêâ

x 1 2 3 4 5 7
y 8.3 10.3 19.0 16.0 15.6 19.8

~5.4.9 ��5�.

y = θ1[1− exp(θ2x)]

L5.4.4�Cþêâ§ã5.4.3�+Ò?L«�.ëê���5���¦
�O§¢�w«
�.ëê��&Y²�80 Ú95 �q,>.�§J�

L«�5Cqý�"d�§�5Cq�ý���ØÜ·"
2. �¡tã
�
����5�.ëê�>�q,«m§ÄkQã�5�.�&«

m�²�Ú¼ê�'X"éu���5�.§θp�1 − α>�«m�±ÏL
ëê�Æ)zµ

θp − θ̂p

se(θ̂p)
= δ(θp) (5.4.38)

L«�µ

− t(n− l;α/2) ≤ δ(θP ) ≤ t(n− l;α/2) (5.4.39)

�´Æ)zëê��L«�µ

θp − θ̂p

se(θ̂p)
= sign(θp − θ̂p)

√
S̃(θp)− S(θ̂)/s (5.4.40)

Ù¥

S̃(θP ) = min
θ−p

S((θp, θ
′
−p)

′) = S((θp, θ̃
′
−p)

′) (5.4.41)
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�f 8 ² � Ú ¼ê§θ̃−p = (θ̃1, · · · , θ̃p−1, θ̃p+1, · · · , θ̃n)′�θ−pé
A uθp� ^ � � � � ¦ � O " P Ò(θp, θ̃

′
−p)

′ L « � �

�(θ̃1, · · · , θ̃p−1, θp, θ̃p+1, · · · , θ̃n)′��þ"
éu��5�.§|^�Ó�PÒ5½Â�¡t¼êµ

τ(θp) = sign(θp − θ̂p)

√
S̃(θp)− S(θ̂)/s (5.4.42)

aqu�5�.§ëêθp��&Y²�1 − α�q,«m�±½Â�¤

k÷v

− t(n− l;α/2) ≤ τ(θP ) ≤ t(n− l;α/2) (5.4.43)

�θp|¤�8Ü"¡τ(θp)'uθp½δ(βp)�ã���¡tã"
�¡t¼êτ(θp)'uβp�ã��Ñ
üëê�°(q,«m§¿�«


�O���5§Ý"�
`²ù�:§b½�.´�5�"u´τ(θp)'
uβp�ã���^��"τ(θp)'uÆ)zëêδ(θp)�ã�´�^L�:
���§Ù�Ç�1"é��5�.5`§τ(βp)'uδ(θp)�ã�´�^­

�§
­Ç���Jø
�.��5�&E"­���­(­Ç��)§�
�5§Ý�p"

~5.4.10(Y ~5.4.8) ã5.4.4� � . � � ¡tã § © O '
uβ1(ã5.4.4a)Úθ2(ã5.4.4b)� � ¡tã "¢��� ¡tã § � ��� 5
Cq":J��99 >�q,«m"ëêθ1��&Y²�99 �q,«m

�[191.1,236.7],Ù�5Cq«m[190.7,234.7]´��éÐ�Cq"ã5.4.4a¥

�¡tãÑk�­§`²��5rÝé�"ëêβ2��&Y²�99 �q

,«m�[0.0408,0.0972],Ù�5Cq«m[0.0379,0.0907]�´��éÐ�C
q"ã5.4.4b¥�¡tãÑk�­§�θ1���5�'§β2���5rÝ�
�§�§E,��"

ã5.4.4 ~5.4.10��¡tã
3. �¡,ã
�Ñ^�4��θ̃−p�©þ'uθp�¼êã�§�±��,��¢^

ã——�¡,ã"~X§O��θ1�f8q,§�±£Ñθ̃2'uθ1�ã
�§��§��θ̃p'uθ1�ã�"�X§¦)θ2�f8q,§¿�Ñθ̃1'
uθ2�ã�§θ̃3'uθ2�ã�§��§��θ̃3'uθ2"lëêθ3�θp,·�E

,UYþãL§§O�Ù§ëê�^����§¿�Ñ�¡,ã"��§
nÜθ̃q'uθpÚθ̃p'uθq�ã�§ù����é��¡,ã"

éu��5�.§�¡,ã´�­�"XJq,>.�éd�§@o

�¡,ã¬��éC¶XJq,>.�é°�§@o�¡,ãªuR�¶
XJq,>.�C�uý�§@o�¡,ãé²�"

~5.4.11(Y~5.4.10) ã5.4.5��.ëê�q,�¡,ã"ã5.4.5�Ñ

θ̃2'uθ1 (¢�)Úθ̃1'uθ2 (J�)��¡,ã§¿V\
�&Y²�80 
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Ú95 �q,>.�(:J�)"ã/L²§¢��>.���§�:?�

�R�§J���>.���§�:?��Y²"
ã5.4.5 ~5.4.11q,�¡,ãã5.4.6 ~5.4.12q,�¡,ã
~5.4.12(Y~5.4.9) ã5.4.6��.ëê�q,�¡,ã"�Ñ
θ̃2'

uθ1 (¢�)Úθ̃1'uθ2 (J�)��¡,ã§¿V\
�&Y²�50 !80 
Ú95 �q,>.�(:J�)"ã/L²§¢��>.���§�:?�

�R�§J���>.���§�:?��Y²"
4.�¡�éã
éuõ�ëê��.§éJ(½q,>.�¿�ã"�|^f8²

�Ú±9�¡,ã�±O(Cqq,«����ÝK"u´§éu«�
����±k���*�
)"'�`§�
(½�&Y²�95 �q,

>.�3(θ1, θ2)²¡þ�ÝK§|^θ1�f8²�Ú�±éÑq,>.�

�θ̃2'uθ1�,ã��:§ù�Ò(½
q,>.�þü�:"d	§q

,>.�þùü�:���7½�p²1§Ï�ùü:L«q,>.�

3θ1��þ�>."aq/§�âθ2�f8²�ÚÚθ̃2'uθ1�,ã§�±

(½q,>.�þ,	ü�:"Ó���q,>.�3ùü:?�kY²

���"
|^¤kù
&E——�¡tã§q,>.�þ�:§>.�þù
:

�����§±9>.�.uù
:�ëê��m�¯¢——�±�Ñq

,>.����°(�Ö�§¡ù
Ö�­���¡�éã"Ö��Ú½

Xeµ
Äk§|^ng�^­�òC��τp,τq"
Ùg§òτ��IIOz§=rτØ±

√
lF (l, n− l;α)"ù�§3τ�I

Oz�Ie§��/-1≤ τp,τq ≤ 1.½
�&Y²�1-α�éÜq,>.
�"

1n§3τ�IOz�Ie§�&Y²�1-α�éÜq,>.��±L

«�Xeëê/ªµ

τp = cos(a+ d/2)

τg = cos(a− d/2) (5.4.44)

ùp�Ýad−πO�π§� d��ê"�>.�´ý��§� �~
ê¶�>.�Ø´ý��§� òCÄ"Ïd§3�|�½:(θp,i, θq,i),i =
1, · · · , 4��/e§�±O��{usp,i = arccos θp,iÚsq,i = arccos θq,i¿

O��{u�²þ�Ú��"2�â�{uC��U��[0, π]�m��

�cos(−x) = cosx5(½�ÝÚ� "
1o§3�ÝÚ� ãþ§?1±Ï�^­��Ö�"
1Ê§|^(5.8.44)C�£�τp,τq"��§lτp,τqC�£�"
~5.4.13(Y~5.4.11) ã5.4.7 �Ñ
τ�Ie�.ëê��¡,ã"

L5.4.5�Ñ
τ�Ie§d�¡,ã�Ñ��.ëê��&Y²�95 �
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>.�þ:��I9Ù�{u�§Ó���Ñ
�{u�²þ�Ú��9

N����ÝÚ� "
ã5.4.7 ~5.4.13�¡,ã
L5.4.5 �.ëê�>.�þ:��I9Ù�{u�

IOz �{u �Ý � 

τ1 τ2 1 2 ²þ � a d
1.000 0.801 0.000 0.641 0.321 -0.641 -0.321 0.641
0.795 1.000 0.651 0.000 0.326 0.651 0.326 0.651
-1.000 -0.762 3.142 2.437 2.789 0.704 2.789 0.704
-0.769 -1.000 2.448 3.142 2.795 -0.693 -2.795 0.693

ã5.4.8 ~5.4.13ãã5.4.9 ~5.4.13ã
ã5.4.8�Ñ
�.ëê�95 q,>.��Ö�"ã5.4.8a�Ñ
é

Au�¡,þ:�� (·)�Ö�­�§ã5.4.8b�Ñ
éA:(·)ÚÖ�
�a+ d/2Úa− d/2"ã5.4.8cÚã5.4.8d©O�Ñ
τ�IeÚθ�Ie,þ

:(·)�Ö�>.�"
ã5.4.9a�Ñ
�.ëê�éAu�&Y²�50§80§95Ú99 �,

ãþ:��I§±9dù
:����Ö�>.�£�¡�éã¤"
ã5.4.9b�Ñ
°(>.�ã"TãL²§3¤k�&Y²þÖ��¡�

éãÑéO("
�ëêØ�ü��§�±Uìaq�Ú½���éã"

5.4.5 NNN¹¹¹µµµQR©©©)))
�
 O �N × PÝ 
X�QR© ) §·�¦^HouseholderC �(ë

�Householder§1958)§§´²¡þ����«í2"P

Hu = I − 2uu′

ùpI´N × Nü 
§u���N × 1�ü �þ(u′u = 1)"N´�

y§Hu´é¡��Ý
"
òHu¦±N × 1�þy§��

Huy = y − 2uu′y

§ é Ay' u L � : � R � uu� � � ? 1 ��� � � � þ § �

ã5.4.10"À�

u =
y − ||y||e1
||y − ||y||e1||

(5.4.45)

½
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u =
y + ||y||e1
||y + ||y||e1||

Ù¥e1 = (1, 0, · · · , 0)′§|^HouseholderC��±¦�þyC��x¶

þ¶�Ò´`§3#�IXe§�þHuy��I�(±||y||, 0, · · · , 0)′"
ã5.4.10 QR©)
~Aµ�
O�

X =

 1 1.26
1 1.82
1 1.22


�QR©)§æ^(5.8.45)§�

u1 =
(1, 1, 1)′ −

√
3(1, 0, 0)′

1.5925
=

(−0.7321, 1, 1)′

1.5925

¦X�1��C��x¶þ"

X1 = Hu1X =

 1.7321 3.0600
0 −0.6388
0 −0.2388


y3?11�g^=§�§�R�u1�g^="ù�ÀJ�u2�

¦Hu2ØUCX1�1��§¿U¦X1�1��Ìé��e����""�

�yØUCX1�1��§À�u2�1�����0"u´§�þu2À½
�

u2 =
(0,−0.6388,−0.2388)′ − 0.6820(0, 1, 0)′

1.3422

dd��

R = Hu2Hu1X =

 1.7321 3.0600
0 0.6820
0 0


�Xþ~¤ã§3��Householder ���þu1, · · · , up�Ó�§��

�
Ý
µ

R = HuP
· · ·Hu1X

�âR = Q′X§�±í�µ

Q = Hu1 · · ·HuP
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5.5 ������555£££888���...£££nnn¤¤¤—;;;���¯̄̄KKK
� ! ? Ø � � 5 £ 8 � . ¥ � A � ; �¯K § � ) Í ¶ �Box-

CoxC�Ú37K½|Oþ²LÆ¥��2�A^�g£8^�É�
��.£ARCH§Auto Regressive Conditional Hoteroskedasticity)!2Â

g£8^�É���.£GARCH§General Auto Regressive Conditional
Hoteroskedasticity)�"

5.5.1 ÏÏÏCCCþþþ���ëëëêêêCCC���
1. ÏCþ�ëêC�
(1) ÏCþ�ëêC��.
b½�.´

h(yi, θ) = g(xi, β) + ui i = 1, · · · , n (5.5.1)

Ù ¥h(·)Úg(·)´� � 5 ¼ê§yi´Ï C þ £ � )ºC þ ¤ §xi =(
x1i x2i · · · xki

)
´)ºCþ�þ§θÚβ´ëê§ui´�ÅZ6�"¿

b½

(u1, · · · , un)′ ∼ N(0, σ2I) (5.5.2)

(2)ëê�O

�.ëê��«�O�{´���¦{§=��z

S(θ, β) =
∑

i

[h(yi, θ)− g(xi, β)]2 (5.5.3)

ØL§éuù«£8�.§��q,�Oþ´�k��¿�Ï~¿�
�æ�"db�(6.4.2),´í�yi��Ý¼ê´µ∣∣∣∣∂ui

∂yi

∣∣∣∣ (2πσ2)−1/2 exp

(
− [h(yi, θ)− g(xi, β)]2

2σ2

)
(5.5.4)

C��ä�'1�ª´µ

J(yi, θ) =

∣∣∣∣∂ui

∂yi

∣∣∣∣ =

∣∣∣∣∂h(yi, θ)

∂yi

∣∣∣∣ = Ji

2db�(6.4.2)§��ÏCþ���éêq,¼ê�µ

lnL = −n
2

ln 2π − n

2
lnσ2 +

∑
i

ln J(yi, θ)
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− 1

2σ2

∑
i

[h(yi, θ)− g(xi, β)]2 (5.5.5)

A5¿éêq,�ü��¡"1�§é²wevkä�'1�ª§ë

ê���5���¦�Oò´��q,�O§,
§XJä�'1�ª�

)θ§���¦{Ø´��q,{"1�§�u§�ÃÏCþëêC���
�5£8�.aq§���q,�Oþ´µ

σ̂2 =
1

n

∑
i

[h(yi, θ̂)− g(xi, β̂)]2 (5.5.6)

Ù¥θ̂, β̂���q,�O"��zéêq,¼ê���^��µ

∂ lnL

∂β
=

1

σ2

∑
i

ui
∂g(xi, β)

∂β
= 0

∂ lnL

∂θ
=
∑

i

1

Ji

(
∂Ji

∂θ

)
−
(

1

σ2

)∑
i

ui
∂h(yi, θ)

∂θ
= 0

∂ lnL

∂σ2
= − n

2σ2
+

1

2σ4

∑
i

u2
i = 0 (5.5.7)

òσ2 = 1
n

∑
i

u2
i �\(6.4.6)§��¥%zéêq,¼êµ

lnLc =
∑

i

ln J(yi, θ)−
n

2
[1 + ln(2π)]− n

2
ln

[
1

n

∑
i

u2
i

]
(5.5.8)

��z(6.4.9)§Ò��ëêθÚβ���q,�Oθ̂Úβ̂"
(3)�AXêÚ�5Xê

ui = h(yi, θ)− g(xi, β) = f(yi, xi, θ, β)

∂yi

∂xji

= − ∂f

∂xji

/
∂f

∂yi

=
∂g

∂xji

/
∂h

∂yi

εyj =
∂y

∂xji

· xji

yi

= (
∂g

∂xji

/
∂h

∂yi

) · (xji

yi

) (5.5.9)

2. Box-CoxC�
ïá�.�­��Ò´(½Cþ�m�¼ê/ª§�²LÆ[Ï~Ø

��Cþ�m�(�¼ê/ª"BoxÚCox£1964¤Ú\Box-CoxC�§�

dZarembka(1968,1974)3²LÆ¥���«ï�Ãã���½�Ê9"
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(1)Box-Cox��5£8�.
BoxÚCox£1964¤JÑ
C�µ

x(λ) =
xλ − 1

λ
(5.5.10)

�¦Cþx���"¦+λ����±´��¢ê��õêA^k
¿Â������[-2§2]§�λ=2§´�gC�¶�λ=05§´²��C

�¶�λ=1§´�5C�¶�λ=-1§´�êC�¶�λ=0§´éêC�
£lim

λ→0
x(λ) = lim

λ→0

xλ−1
λ

= ln(x)¤"

b��)ºCþyi§)ºCþx1i, x2i, · · · , xki�Ñ���§éz��)
ºCþÚ)ºCþ©O?1Box-CoxC�ïá��5£8�.µ

ui = f(yi, xi, λ, β) = y
(λ0)
i − (β0 + β1x

(λ1)
1i + · · ·+ βkx

(λk)
ki ) (5.5.11)

(2)Box-Cox��5£8�.�ëê�O

b�
u = (u1, · · · , un)′ ∼ N(0, σ2I)

Kø.(6.4.12)æ)C¸Æœq,

lnL(λ, β, σ2|y, x) = −1
2
n[ln(2π) + ln(σ2)]− 1

2
(u′u/σ2) + (λ0 − 1)

n∑
i=1

ln yi

(5.5.12)
¥%zéêq,¼ê
lnLc(λ, β|y, x) = −1

2
n[1 + ln(2π)− lnn]− 1

2
n ln(u′u) + (λ0 − 1)

n∑
i=1

ln yi

= −1

2
n[1 + ln(2π)− lnn]−

n∑
i=1

ln yi −
1

2
n ln(u∗′u∗) (5.5.12)

Ù¥u∗ = u/[(y1 × · · · × yn)λ0/n]
��z(6.4.13)§Ò��ëêλÚβ���q,�Oλ̂Úβ̂"σ2���q

,�O�µ

σ̂2 =
1

n

n∑
i=1

f 2(yi, xi, λ̂, β̂) (5.5.13)

(3)AXΣ5X

∂yi

∂xji

= − ∂f

∂xji

/
∂f

∂yi

= βjx
λj−1
ji /yλ0−1

i

εyj =
∂yi

∂xji

· xji

yi

= −(
∂f

∂xji

/
∂f

∂yi

) · (xji

yi

) = βjx
λj

ji /y
λ0
i
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L5.5.1¥y�êâ´^eã�.)¤�

y = β∗1 + β2x+ β3z + u (5.5.14)

ª¥β∗1 = 2, β2 = β3 = 1,u´i.i.d.N(0, σ2),σ2 = 2.25"(6.4.15)�w�

y(λ1) = β1 + β2x
(λ2) + β3z

(λ3) + v (5.5.15)

ª¥λ1 = λ2 = λ3 = 1,β2 = β3 = 1,β1 = β∗1 + β2 + β3 − 1 = 3"�
§(6.4.16)^��q,{�O§Äkb½λ�Ó§(J�3L5.5.2¥",�
�ÄλØÓ§(J�3L5.5.3¥"

L5.5.1 )¤êâL

x z y x z y
5.381719 3.336064 11.00728 5.331691 5.716792 10.80478
3.009112 5.232138 9.48510 4.800605 5.066528 11.58843
4.375199 3.546423 6.444172 3.941124 3.141868 9.877543
5.472562 5.590764 13.44912 5.720727 2.194553 8.04193
4.701641 2.12414 11.50133 4.536456 2.789461 13.27586
4.047996 3.869655 12.35815 3.084652 4.212297 9.501099
5.855000 4.078571 12.99527 4.508164 5.634752 10.30391
4.820906 3.933097 14.13140 5.632088 4.536204 14.21714
2.453591 5.121045 8.881935 4.889667 4.324151 9.392368
2.453289 3.521771 5.953811 4.028880 3.201167 11.79774
2.512200 2.927539 7.790439 3.825508 5.426684 13.31844
3.462947 4.706172 10.50841 5.364851 4.563735 10.90918
3.816963 3.639600 10.39946 4.445447 3.734707 13.38010
2.723284 4.589414 9.679147 3.971793 4.092285 8.883878
4.203508 2.221079 7.571837 5.899375 3.708031 7.875557
3.493063 5.657767 12.43048 5.514231 3.824409 11.76839
4.294265 3.375917 13.01008 4.328222 2.222048 9.82212
3.345298 5.094239 10.55083 2.191853 5.540067 13.19992
5.096056 3.493393 9.798799 5.982851 4.974421 14.95182
3.257751 2.634803 9.098704 3.787909 4.886206 10.57826

3λ�Ó�b½e¼��1�|�O�´Ün�§�,λ��O���
$§¦�95 �&«m(0.607,0.951)ØU�¹ý�λ=1"β2, β3��O�Ú
�'§��ý��$§�éA�95 �&«m(¢�¹
ý�"

3λØÓù�b½e¼���O����"�,��Nþ�40éu
Ù§Nõa.��.5`¬�@����
§�éuù��.5`w

,Ø
�"�*/w§ù�(J3u§±x�~§�3ü�ëêβ2Úλ2§
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�öÑ�mXxéy (½éy(λ1))�K�"�U�3��é°�β2Úλ2�§
§����xéy�K�aq"~X§p�β2Ú$�λ2äk�K��Ua
qu$�β2Úp�λ2�K�"ù«�U5q��dβ2Úλ2��O�©O

�25.846Ú-1.536±9IOØ�©O�73.34Ú2.305y¢"w,§3Áã�
Oùa�.�7L4Ù>&§vké����NþØATÁã��"

L5.5.2 λ�Ó���O(J

fflO IOff tO
β1 3.380 1.128 2.99645
β2 0.746 0.278 2.68345
β3 0.574 0.278 2.06475
λ 0.779 0.088 8.85227
σ2 1.240 0.392 3.16327

L5.5.3 λØÓ���O(J

fflO IOff tO
β1 -8.471 26.127 -0.3242
β2 25.846 73.338 0.35245
β3 1.610 5.264 0.30585
λ1 0.969 0.089 10.8876
λ2 -1.536 2.298 -0.6684
λ3 0.391 2.613 0.14964
σ2 2.876 0.910 3.16044

5.5.2 ÉÉÉ������555���������555���{{{
éu��5�.

f(yi, xi, β) = ui i = 1, · · · , n

b�

U = (u1, · · · , un)′ ∼ N(0, σ2Ω(α)) (5.5.16)

Ù ¥Ω(α)� é � � � � � é � � 
 § � � 6 u ë êα =
(α1, α2, · · · , αm).=uiØ�3S��'��3É��y�"

�)ºCþ���éêq,¼ê�µ

lnL(β, α, σ2|y, x) = −1

2
n[ln(2π) + ln(σ2)]
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−1
2
ln(|Ω|)− 1

2
U ′Ω−1U/σ2 +

n∑
i=1

ln(|∂ui

∂yi
|) (5.5.18)

òσ2^σ2 = U ′Ω−1U/n�O��¥%zéêq,¼ê�µ

lnLc(β, α|y, x) = −1

2
n[1 + ln(2π)− ln(n)]

−1
2
ln(|Ω|)− 1

2
n ln(U ′Ω−1U) +

n∑
i=1

ln(|∂ui

∂yi
|) (5.5.19)

e¡±É���ØÓ(�éΩ�ëêα9�.ëêβÓ�?1��q,

�O"
1.ui ∼ N(0, σ2

i )
éêq,¼ê�µ

lnL(β, σ2
1, · · · , σ2

n|y, x) = −1

2
n ln(2π)

−1
2

n∑
i=1

ln(σ2
i )− 1

2

n∑
i=1

(u2
i /σ

2
i ) +

n∑
i=1

ln(|∂ui

∂yi
|) (5.5.20)

2.σ2
i = σ2hi(α)

éêq,¼ê�µ

lnL(β, α, σ2|y, x) = −1

2
n[ln(2π) + ln(σ2)]− 1

2

n∑
i=1

ln(hi)

− 1

2
(1/σ2)

n∑
i=1

(u2
i /hi) +

n∑
i=1

ln(|∂ui

∂yi

|) (5.5.17)

4u∗i = ui/h
1/2
i §U∗ = (u∗1, · · · , u∗n)′" òσ2 = (U∗)′(U∗)/n�

\(6.4.18)§��¥%zéêq,¼êµ

lnLc(β, α|y, x) = −1

2
n[1 + ln(2π)− ln(n)]

−1
2

n∑
i=1

ln(hi)− 1
2
n ln[(U∗)′(U∗)] +

n∑
i=1

ln
∣∣∣∂ui

∂yi

∣∣∣ (5.5.22)

e¡´hi = h(α|zi) = h(ziα)�~�/ª§Ù¥z´�|)ºCþ§�
±´x��Ø´"

(1)σ2
i = σ2(ziα)§ziα > 0

(2)σ2
i = σ2(ziα)2

(3)σ2
i = σ2 exp(ziα)

(4)σ2
i = σ2

m∏
j=1

z
αj

ij

~5.5.2 1979c{I�²�úáÆ�²þm|YÚ<þÂ\X�êâ�

L5.5.4"ïá�.µ
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Y = β0 + β1X + β2X
2 + u (5.5.18)

L5.5.4 êâL

² m| Â\ ² m| Â\ ² m| Â\

AL 275 6247 AK 821 10851 AZ 339 7374
AR 275 6183 CA 387 8850 CO 452 8001
CT 531 8914 DE 424 8604 DC 428 10022
FL 316 7505 GA 265 6700 HI 403 8380
ID 304 6813 IL 437 8745 IN 345 7696
IA 431 7873 KS 355 8001 KY 260 6615
LA 316 6640 ME 327 6333 MD 427 8306
MA 427 8063 MI 466 8442 MN 477 7847
MS 259 5736 MO 274 7342 MT 433 7051
NB 294 7391 NV 359 9032 NH 279 7277
NJ 423 8818 NM 388 6505 NY 447 8267
NC 335 6607 ND 311 7478 OH 322 7812
OK 320 6951 OR 397 7839 PA 412 7733
RI 342 7526 SC 315 6242 SD 321 6841
TN 268 6489 TX 315 7697 UT 417 6622
VT 353 6541 VA 356 7624 WA 415 8450
WV 320 6456 WI NA 7597 WY 500 9096

e¡�Äü«�Å6Ä��É��(�,¿©O^��q,�{Ó��
OÑ�.ÚÉ��(�¥�ëê"

(1)σ2
i = σ2Xα

i

��q,�O�(J�uL5.5.5"
L5.5.5 (1)�¹��O(J

fflO IOff tO
β0 831.02 354.36 2.3451
β1 -1833.2 936.60 -1.9573
β2 1588.7 611.87 2.5964
α 3.0100 1.3644 2.2061

(2)σ2
i = σ2 exp(αXi)

��q,�O�(J�uL5.5.6"
L5.5.6 (­)�¹��O(J
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fflO IOff tO
β0 831.21 362.81 2.2911
β1 -1833.1 961.84 -1.9058
β2 1588.5 630.65 2.5189
α 3.9094 1.7291 2.2610

5.5.3 SSS������'''555���������555���{{{
�Ä��5�.µ

ut = f(yt, xt, β)t = 1, 2, · · · , T (5.5.19)

b½utÓ��Ø�3É��y�§��3S��'"e¡©S��'
�ØÓa.?1?Ø"

1.AR£1¤µut = ρut−1 + εt

b½ε ∼ N(0, σ2I)§�|ρ| < 1£�.­½�^�¤"é²wk
σ2 = V ar(εt) = (1− ρ2)V ar(ut)
4

ε1 = (1− ρ2)1/2u1, εt = ut − ρut−1 t = 2, 3, · · · , T (5.5.20)

|∂εt/∂yt| =

 (1− ρ2)1/2
∣∣∣∂u1

∂y1

∣∣∣ t = 1∣∣∣∂ut

∂yt

∣∣∣ t > 1
(5.5.21)

�)ºCþ���éêq,¼ê�µ

lnL(β, σ2, ρ|y, x) = −1

2
T [ln(2π) + ln(σ2)]

−1

2
ε′ε/σ2 +

1

2
ln(1− ρ2) +

T∑
t=1

ln

∣∣∣∣∂ut

∂yt

∣∣∣∣ 5.5.32

òσ2 = ε′ε/T�\(5.5.32)§��¥%zéêq,¼êµ

lnLc(β, ρ|y, x) = −1

2
T [1 + ln(2π)− lnT ]

− 1

2
T × ln(ε′ε) +

1

2
ln(1− ρ2) +

T∑
t=1

ln

∣∣∣∣∂ut

∂yt

∣∣∣∣ (5.5.22)
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��z(5.5.33)§Ò��ëêβÚρ���q,�Oβ̂Úρ̂"σ2���q,

�O�µ

σ̂2 = ε̂′ε̂/T (5.5.23)

2©MA£1¤µut = εt − θεt−1

b½ε ∼ N(0, σ2I)§�|θ| < 1£�.­½�^�¤"-

ε0 = E(ε) = 0 εt = ut + θεt−1 t = 1, 2, · · · , T (5.5.24)

|∂εt/∂yt| =
∣∣∣∣∂ut

∂yt

∣∣∣∣ (5.5.25)

lnL(β, σ2, θ|y, x) = −1

2
T [ln(2π) + ln(σ2)]− 1

2
ε′ε/σ2 +

T∑
t=1

ln

∣∣∣∣∂ut

∂yt

∣∣∣∣
5.5.37¤
¥%zéêq,¼ê�µ

lnLc(β, ρ|y, x) = −1

2
T [1 + ln(2π)− lnT ]− 1

2
T × ln(ε′ε) +

T∑
t=1

ln

∣∣∣∣∂ut

∂yt

∣∣∣∣
(5.5.38)

��z(5.5.38)§Ò��ëêβÚρ���q,�Oβ̂Úρ̂"σ2���q,

�O�µ

σ̂2 = ε̂′ε̂/T

3©ARMA£1§1¤µut = ρut−1 + εt − θεt−1

b½ε ∼ N(0, σ2I)§�|ρ| < 1,|θ| < 1£�.­½�^�¤"-

ε1 = (1− ρ2)1/2u1 εt = ut − ρut−1 + θεt−1 t = 2, · · · , T (5.5.26)

|∂εt/∂yt| =

 (1− ρ2)1/2
∣∣∣∂u1

∂y1

∣∣∣ t = 1∣∣∣∂ut

∂yt

∣∣∣ t > 1
(5.5.27)

lnL(β, σ2, ρ, θ|y, x) = −1

2
T [ln(2π) + ln(σ2)]
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−1

2
ε′ε/σ2 +

1

2
ln(1− ρ2) +

T∑
t=1

ln

∣∣∣∣∂ut

∂yt

∣∣∣∣ 5.5.41

¥%zéêq,¼ê�µ

lnLc(β, ρ, θ|y, x) = −1

2
T [1 + ln(2π)− lnT ]

− 1

2
T × ln(ε′ε) +

1

2
ln(1− ρ2) +

T∑
t=1

ln

∣∣∣∣∂ut

∂yt

∣∣∣∣ (5.5.28)

��z(5.5.42)§Ò��ëêβÚρ���q,�Oβ̂Úρ̂"σ2���q,

�O�µ

σ̂2 = ε̂′ε̂/T

~5.5.3 Ý]Y!|Ç!GNPÚd��ê�êâ�L5.5.7"ïá�.

Y = β0 + β1X1 + β2X2 + u (5.5.29)

Ù¥Y�¢SÝ]=£¶Â¤Ý]/d��ê§X1�¢S|Ç=£¶

Â¤|Ç-d��êCzÇ§X2�¢SGNP=£¶Â¤GNP/d��ê"
L5.5.7 êâL

e¡�Äü«�Å6Ä��S��'(�,¿©O^��q,�{Ó�
�OÑ�.ÚS��'(�¥�ëê"

AR£1¤µut = ρut−1 + εt

��q,�O�(J�uL5.5.8"
L5.5.8 �¹£1¤��O(J
(2)MA£1¤µut = εt − θεt−1

��q,�O�(J�uL5.5.9"
L5.5.9 �¹£2¤��O(J

5.5.4 ^̂̂���ÉÉÉ������555���������555���{{{
Ï~î�¡êâ¬�)É��§
���mS�vkÉ��y�"3

é÷*²Lêâ�©Û¥§AO3	®Ú�¦½|�ÝÅ½|§uyk

²Ly��mS�êâ�.§Ù6Ä�3��ÌÝ�ÅÄ����X��

ÌÝÅÄ3��ÌÝ�ÅÄ����X��ÌÝÅÄ§=�Å6Ä��Ã
^���´~þ§�^���%´Cz�þ"��]�±kö§¿Ø¬é
�ÅÇ�Ã^���a,�§
´a,�u§�^���"Engle(1982)�
ïÄùay�JÑ
^�É���."
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c° GNP Ý] d��ê |Ç

1963 596.7 90.0 0.7167 3.23
1964 637.7 97.4 0.7277 3.55
1965 691.1 113.5 0.7436 4.04
1966 756.0 125.7 0.7676 4.50
1967 799.6 122.8 0.7906 4.19
1968 873.4 133.3 0.8254 5.16
1969 944.0 149.3 0.8679 5.87
1970 992.7 144.2 0.9145 5.95
1971 1077.6 166.4 0.9601 4.88
1972 1185.9 195.0 1.0000 4.50
1973 1326.4 229.8 1.0575 6.44
1974 1434.2 228.7 1.1508 7.83
1975 1549.2 206.1 1.2579 6.25
1976 1718.0 257.9 1.3234 5.50
1977 1918.3 324.1 1.4005 5.46
1978 2163.9 386.6 1.5042 7.46
1979 2417.8 423.0 1.6342 10.28
1980 2631.7 401.9 1.7842 11.77
1981 2954.1 474.9 1.9514 13.42
1982 3073.0 414.5 2.0688 11.02

fflO IOff tO
β0 -14.861 29.747 -0.49959
β1 -0.78573 2.5254 -0.31114
β2 0.17027 0.024658 6.9050
ρ 0.30096 0.25994 1.1578

fflO IOff tO
β0 -13.912 29.103 -0.47802
β1 -0.88807 2.5289 -0.35117
β2 0.16943 0.024133 7.0207
θ -0.43252 0.29298 -1.4763
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��@�§Ý]ö�Ý]ûü´Äué�¦�Å©Ù�@£§Ïd§
�¦�Å��½IO�´K�Ý]1��­�Ï�"Ó�§��
)�
¦½|ÅÄ(ºx)§©ÛÚåÅÄ��Ï§¿ýÿÅÄ§�?�æ��A
��ü$½|ÅÄ"¤±§&?�¦½|�ÅÄ±9�ýÏ�¦�Å�'
X§éu�?�½�½Zý�ü97K�ü§Ý]öµd�¦d�Úë�
½|�´üÑäk�©­��¿Â"

1. ARCH£q¤�.
�ut = f(yt, xt, β)´��¢ê�þ�lÑ�m�ÅL§§ψt´��t�

m�¤k&E8(=du1, · · · , ut�)�σ¨�)"ARCH(q)L§de¡�
Ñµ

ut|ψt−1 ∼ N(0, ht), (5.5.30)

ht = α0 +

q∑
i=1

αiu
2
t−i = α0 + α(B)u2

t (5.5.31)

Ù¥q > 0;α0 > 0, αi ≥ 0, i = 1, · · · , q"
dBollerslev(1986)��µ��=�α(1) < 1�,d(5.4.44)Ú(5.4.45)½Â

�ARCH(q)L§´°²­�,Ùþ�E(ut) = 0,Ã^���V (ut) = α0(1 −
α(1))−1����cov(ut, us) = 0, t 6= s"

���kn�*	�ê§Kéêq,¼ê�µ

lnL(β, α|y, x) = −1

2
T ln(2π)− 1

2

T∑
t=1

ln(ht)−
1

2

T∑
t=1

(u2
t/ht) +

T∑
t=1

ln

∣∣∣∣∂ut

∂yt

∣∣∣∣
(5.5.46)
¦T¼ê����§Ò���ëêβ, α��O"
2. GARCH£p,q¤�.
GARCH(p,q)L§de¡�Ñµ

ut|ψt−1 ∼ N(0, ht), (5.5.32)

ht = α0 +

q∑
i=1

αiu
2
t−i +

p∑
i=1

θiht−i = α0 + α(B)u2
t + θ(B)ht (5.5.33)

Ù¥p ≥ 0, q > 0;α0 > 0, αi ≥ 0, i = 1, · · · , q;θi ≥ 0, i = 1, · · · , p"
dBollerslev(1986)� � µ � � = �α(1) + θ(1) <

1�,d(5.8.28)Ú(5.8.31)½ Â �GARCH(p,q)L § ´ ° ² ­ �,Ù þ
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�E(ut) = 0,Ã^ � � �V (ut) = α0(1 − α(1) − θ(1))−1� � �
�cov(ut, us) = 0, t 6= s"

éêq,¼ê�µ

lnL(β, α, θ|y, x) = −1

2
T ln(2π)− 1

2

T∑
t=1

ln(ht)−
1

2

T∑
t=1

(u2
t/ht) +

T∑
t=1

ln

∣∣∣∣∂ut

∂yt

∣∣∣∣
(5.5.48)
¦T¼ê����§Ò���ëêβ, α, θ��O"
3. ARCH-M(q¤�.
ARCH-M(q¤�.�µ

ut = f(yt, xt, β, hi) = yi − xiβ − γhi

ut|ψt−1 ∼ N(0, ht)

ht = α0 +

q∑
i=1

αiu
2
t−i = α0 + α(B)u2

t (5.5.34)

Ù¥q > 0;α0 > 0, αi ≥ 0, i = 1, · · · , q,α(1) < 1"
éêq,¼ê�µ

lnL(β, γ, α|y, x) = −1

2
T ln(2π)− 1

2

T∑
t=1

ln(ht)−
1

2

T∑
t=1

(u2
t/ht)

4. GARCH-M(p,q) �.
GARCH-M(p,q) �.�

ut = f(yt, xt, β, hi) = yi − xiβ − γhi

ut|ψt−1 ∼ N(0, ht)

ht = α0 +

q∑
i=1

αiu
2
t−i +

p∑
i=1

θiht−i = α0 + α(B)u2
t + θ(B)ht (5.5.35)

Ù¥p ≥ 0, q > 0;α0 > 0, αi ≥ 0, i = 1, · · · , q;θi ≥ 0, i = 1, · · · , p,α(1) +
θ(1) < 1 "
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éêq,¼ê�µ

lnL(β, γ, α, θ|y, x) = −1

2
T ln(2π)− 1

2

T∑
t=1

ln(ht)−
1

2

T∑
t=1

(u2
t/ht)

5. .�KF¦fu�

� ± æ � dEngle(1982)J Ñ � . � K F ¦ f u �(Lagrange multi-
plier test)éεt´ÄkARCH½GARCHy�?1u�"Äk§éεt²�§
��ε2

t ",�§éε2
t ?1AR(q)g£8�O��[Ü`ÝR2"��,|^

(Jµ3Ø�3ARCH½GARCH��b�e§ÚOþnR2ÑlugdÝ
�q�χ2©Ù"ewÍ5Y²�5%§�nR2��uχ2©Ù��.��§K
áýεtØ�3ARCH½GARCH�b�,=@��3ARCH½GARCHy�"

~5.5.4 ·IÏÀ)ä�GARCH(1,1)�.9Ù�O"ÏÀ)ä�C

þæ^100*ln(�ccÓÏ'��Ø¬�¤d��ê),�©æ^1993c4�
�1998c11�68����Ý]�§k'Ø¬�¤d��ê]�5g5¥I
Ôd6"

Äk§^ÊÏ���¦{��ÏÀ)äg£8��Z�.Xeµ

πt = β1πt−1 + β2πt−3 + εt (5.5.36)

, � § éεt´Ä kGARCH y � ? 1 . � K F ¦ f u � § O �

ÑNR2¸4.45221 (R2�ε2
t ?1AR(q)g£8�O�[Ü`Ý) ,�uχ2©Ù

��.�3.84(3wÍ5Y²�5%e)§u´áýεtØ�3GARCH�b�"
��§éεtïáGARCH(1,1)�.§£8�.(5.8.34) �ÊÏ���¦

{�OÚGARCH�.���q,�O�O�(JXL5.5.10§ëê�O�

�e��ÙtÚOþ"
L5.5.10 �O(J

β1 β2 α0 α1 θ1

£8�.
(���¦{)

1.179823
(17.48936)

−0.194254
(−2.94192)

0.88937 0 0

GARCH�.
(��q,�O)

1.1893
(18.576)

−0.2095
(−3.4233)

0.36193
(2.7923)

0.296
(2.8598)

0.5337
(4.8159)

��α1Úθ1ÑwÍØ�0, �α1 + θ1=0.8297¡1§Ï
GARCH(1,1)�.
�Ð/[Ü
ÏÀ)äS�"ã5.5.1Úã5.5.2©O�395%wÍ5Y²

e§£8�.ÚGARCH(1,1)�.éÏÀ)ä�ýÿ�&«m"lã¥�
wÑ§ÏÀ)ä£8�.�ýÿ�&«m��Ý�~þ§
GARCH�.
�ýÿ�&«m�Ý´Cz�"93¨94cÏÀ)äGARCH�.�ýÿ�

&«m�u£8�.,96¨98cÏÀ)äGARCH�.�ýÿ�&«m�u
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£8�."ù�Ð�93¨94cÅÄÌÝ���pÏÀ)ä�g95c.·I
²L¢y
“^Xº”�§96¨98cÅÄÌÝ���$ÏÀ)ä��¹�Î
Ü"

ã 5.1: £8�.�ýÿ�&«m

ã 5.2: GARCH(1,1)�ýÿ�&«m
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5.6 222ÂÂÂ���êêê©©©ÙÙÙ���...
|^2Â�ê©Ùïá���5�.�~(¹!kå§cÙUék�

�lÑa��S)²LCþïá�n���.§
ùaCþØ·Üæ^å
Cþé�5�.?���{5ïá�.§Ï�ùI�°((½²LCþÛ
�u)a�"3yò½|½	®½|§�d½®Ç�a�¿Ø��K�Ï

����Cz"=�é���)ºCþ�Cz��é��)ºCþ�Cz
���"2Â�ê©Ù��5�.�ïÄùay��5Æ5Jø
rkå
�óä"

T�{����~­�A�´§Jø
{ü²L�.Ú²LCþ©Ù

/ª�éX"T©Ù/ª���l�.�(�/ª��
Ø´ïá3�O

�ã¤��©Ù/ª�Ì*b�Ä:�þ"T�{�(¹53u§�¹


é2��a��.§Ï
�3ù�����.��S'�éÓ�²Ly�

ïá�ØÓ�.�`�"

5.6.1 222ÂÂÂ���êêê©©©ÙÙÙ���...
2Â�ê©Ù�.���/ª�µ

yt =

∫
ztf(zt; β)dzt + εt (5.6.1)

Ù¥εt��ÅZ6�§f(·)´3�½)ºCþxt = (x1t, · · · , xlt)e§�

)ºCþyt�^�©Ù¼ê§b½§äkXe/ªµ

f(yt; β) = exp(θ1,tyt + θ2,ty
2
t /2 + · · ·+ θk,ty

k
t /k − ηt) t = 1, · · · , T

(5.6.2)

ηt = ln

∫
exp(θ1,tyt + θ2,ty

2
t /2 + · · ·+ θk,ty

k
t /k)dyt (5.6.2)

Ù¥θj,t�)ºCþ�¼ê§�±´�5�§��±´��5�"�5
�L�ª�

θj,t = βj,0 + βj,1x1t + · · ·+ βj,lxlt = Xtβj (5.6.3)

Ù¥Xt =
(

1, x1t, · · · , xlt

)
§t = 1, · · · , T�~ê�Ú)ºCþ�

¤�1×(l+1)�þ§βj =
(
βj,0 βj,1 · · · βj,l

)′§j = 1, · · · , k�(l+1)×1ë

ê�þ"
e¡òw��5Ú��5�.Ñ´2Â�ê©Ù�.�A~"
éu�5�.
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yt = β0 + β1x1t + · · ·+ βlxlt + ut (5.6.4)

b��ÅZ6�ut´ÕáÓ©Ù�ut ∼ N(0, σ2)§K3�½)ºCþ
e§yt�^�©Ù�µ

f(yt; β) =
1√
2πσ

exp

[
− 1

2σ2
(yt − β0 − β1x1t − · · · βlxlt)

2

]

= exp

(
β0 + β1x1t + · · ·+ βlxlt

σ2
yt −

1

σ2
y2

t /2− ηt

)
(5.6.5)

Ù¥

ηt = ln(
√

2πσ) +
1

2σ2
(β0 + β1x1t + · · · βlxlt)

2 (5.6.6)

��§�5�.´2Â�ê©Ù�.�A~"
éu��5�.

yt = h(xt, β) + ut (5.6.7)

Ù¥yt��)ºCþ§xt�)ºCþ�þ§β�ëê�þ§ut��ÅC

þ"b��ÅZ6�ut´ÕáÓ©Ù�ut ∼ N(0, σ2)§K3�½)ºCþ
e§yt�^�©Ù�µ

f(yt; β) =
1√
2πσ

exp

[
− 1

2σ2
[yt − h(xt, β)]2

]

= exp

(
h(xt, β)

σ2
yt −

1

σ2
y2

t /2− ηt

)
(5.6.8)

Ù¥

ηt = ln(
√

2πσ) +
1

2σ2
h2(xt, β) (5.6.9)

��§��5�.´2Â�ê©Ù�.�A~"
DÚ��5Ú��5�.Ï~b½�)ºCþ3)ºCþ�½e�^

�©ÙÑ´ü¸�§=¦b�^�©ÙØ´��©Ù��Xd§�äk�

Ó�¼ê/ª"
2Â�ê©Ù�.#N�)ºCþ�^�©Ù�X�m

�Cz
ØÓ§k�´ü¸�§k�´õ¸�"^�©Ù´ü¸��)º
Cþ�ê�����uì¸�NC§¤±¤���Ø¬Ñy��a�5�
Cz"^�©Ù´õ¸��)ºCþ�ê���3��ì¸NC��§¤

±¤���¬Ñy���a�§�lù�ì¸a�,��ì¸"d�§=

¦´)ºCþvk�oCz§�)ºCþ�^�©Ù�vk�oCz§�
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du�)ºCþ�^�©Ù´õ¸�§�)ºCþ�ê�%�±Ñy��

�a�"

5.6.2 222ÂÂÂ���êêê©©©ÙÙÙ���...õõõ¸̧̧���£££OOO

�~­���:´§2Â�ê©Ù��5�.#N^�©Ù�/ª�

�mCz§Ï
k��^�©Ù�U´õ¸�"£O2Â�ê©Ù´Ä3
?Û�ÏÑ�õ¸�§´�©­��"ù�&E�d�3u§õ¸�U�
�)ºCþ���lÑa��éX§¿�Xl��¸�,��¸$Ä§ù
��a�¿Ø��)ºCþ���Cz"

é�.?1C�k|u£Oõ¸"�Ä(5.6.2)(k = 4)§�|^

wt = yt(−θ4,t)
0.25 + θ3,t(−θ4,t)

−0.75/3 (5.6.10)

²L�¡��ê$�§k

g(wt; β) = exp(τ0,twt + τ1,tw
2
t /2− w4

t /4− η∗t ) (5.6.11)

Ù¥

η∗t = ln

∫
exp(τ0,twt + τ1,tw

2
t /2− w4

t /4)dwt (5.6.12)

Ù¥τ0,tÚτ1,t´θ�¼ê"5¿�w3
t /3�Xê�0§w4

t /4�Xê�1"
C �(6.4.11)� ­ � 5 3 u § C � � � © Ù(6.4.12)Ú C � c � ©

Ù(5.6.2)k � Ó � / G A � " A O / § X J(5.6.2)� © Ù´V ¸ � §
K(6.4.12)�©Ù�´V¸�"�Øá���Ð?´N´��u�©Ù

V¸5�^�"©Ù(6.4.12)õ¸�¿©7�^�´k�(Cardan)�Oª

δt =
τ 2
0,t

4
−
τ 3
1,t

27
(5.6.13)

�K"�íÑ©Ù(6.4.12)õ¸�7�^�´τ1,t��"��Oªl�

�C�K��§¿�X©Ù(6.4.12)lü¸C�õ¸"

5.6.3 222ÂÂÂ���êêê©©©ÙÙÙ������555���...������OOOÚÚÚýýýÿÿÿ

æ^��q,�{?1�O§éêq,¼ê�

lnL(β) =
T∑

t=1

ln f(yt; β) (5.6.14)

ëêβ���q,�O�¦éêq,¼ê�����ëê�§=
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β̂ = arg max
β

lnL(β) (5.6.15)

§����
�µ
COV(β̂) =

[
−E

(
∂2 ln L
∂β′∂β

)]−1

(5.6.17)

�)ºCþ�[Ü�½ýÿ��µ

ŷt =

∫
ztf(zt; β̂)dzt (5.6.16)

éu�5�.§�)ºCþ�[Ü�½ýÿ��µ

ŷt = β̂0 + β̂1x1t + · · ·+ β̂lxlt (5.6.17)

éu��5�.§�)ºCþ�[Ü�½ýÿ��µ

ŷt = h(xt, β̂) (5.6.18)

5.6.4 222ÂÂÂ���êêê©©©ÙÙÙ������555���...���AAA^̂̂
±�)ºCþd�ptÚK�§�ü�)ºCþxtÚyt�'X�~"Cþ

�êâS�Xã(6.5.1)"
ã5.6.1 pt!xtÚyt�êâS�

Äk§ïá�5�.

pt = α0 + α1xt + α2yt + ut (5.6.19)

Ù¥ut��ÅZ6�§b�§´ÕáÓ©Ù�ut ∼ N(0, σ2
u)"^ÊÏ

���¦{?1�O�(JXeµ

p̂t = − 1.746
(5.068)

+ 0.185
(59.166)

xt − 0.020
(0.663)

yt (5.6.20)

�σ̂u = 0.462¶R̄2 = 0.947¶DW = 1.327¶BP (2) =
69.142¶ARCH(1) = 45.018"

Ù ¥ � O � ë ê � e ) Ò p � ´tÚ O þ � "BP (2)� u

� É � � �Breusch-PaganÚ O þ,Ñ l u g d Ý�2�χ2© Ù £ ë

�Greene(1997)¤"ARCH(1)�u���g£8^�É���ÚOþ§
ÑlugdÝ�1�χ2©Ù(ë�§5.5)"lDÚ�[Ü`Ý�IO5w§�

5�.[Ü�éÐ"R̄2 = 0.947L²�)ºCþ�94.7%�C�d)ºCþ
¤)º"ã(5.6.2)��)ºCþ�¢S�Ú[Ü��é'ã§lã��§
3ý�õê��m§é�)ºCþ���ê�ÅÄU�éÐ/[Ü"

ã5.6.2 pt¢S�ÚOLS[Ü�é'ã
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,
§c[�	ã(6.5.1)§Ò¬uy�5�.ØUÓP3��êâ
mÞ!¥mÚ�n���ÌÝ�ÅÄ"�5�.�ù�£O��Ø��
lDW = 1.327ÚBP (2) = 69.142�NÑ5§©O`²
�5�.��ÅZ
6��3î­�S��'ÚÉ��"ù
(JL²Cþ�mk
Ä��A
�´Ã{d�5�.5�N"ARCH(1) = 45.018�L²3�5�.��Å
Z6�¥k²w���5(�"

u��ÅZ6�ut´���ÅCþ��{´�EÊÏ���¦�í�
��ã(ã5.6.3)§l��ãwÑvkndáýut�©Ù´ü¸�b�"u

���5��ª��{´Jarque-Berau�£ë�Greene(1997)¤§O�Ñ
Tu�ÚOþ�ê�´114.071§�gdÝ�2�χ2©Ù��.�L'��
�3wÍ5Y²1%e§ATáý�ÅZ6�ut���©Ù�b�"

)ûS��'!É��ÚARCH�IO�{´2Â���¦{GLS"
�3�)ºCþ�^�©Ù´ü¸�b�e§GLS�O´k �O"¯¢
þ§dJarque-Berau�áýut���5V«XA�Ä©Ù´õ¸��/"

ã5.6.3 í���ã
é�)ºCþptïá2Â�ê©Ù�.¿|^��q,�O§(JX

eµ

f(pt; β̂) = exp(θ̂1,tpt + θ̂2,tp
2
t/2 + θ̂3,tp

3
t/3 + θ̂4,tp

4
t/4− ηt)

θ̂1,t = 3.437
(3.333)

θ̂2,t = −5.663
(2.160)

− 0.174
(0.803)

yt + 0.220
(1.805)

xt

θ̂3,t = 3.805
(4.945)

+ 0.304
(6.684)

xt − 0.043
(1.073)

yt

θ̂4,t = − 2.261
(7.343)

(5.6.21)

�σ̂u = 0.328¶R̄2 = 0.973¶DW = 2.051¶BP (2) =
24.844¶ARCH(1) = 0.946" � � [ Ü ` Ý ® k U ? § l � 5 � .
�94.7%þ,���5�.�97.3%"u�tÚOþ§uy3θ3,t¥yt�Xê
ØwÍ§3θ2,t¥xtÚyt�XêÑØwÍ"

¡éù��(J§��θ3,t¥yt�§­#?1�O§(JXeµ

θ̂1,t = 3.374
(3.192)

θ̂2,t = −4.013
(1.861)

− 0.367
(3.812)

yt + 0.186
(1.357)

xt
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θ̂3,t = 3.260
(4.307)

+ 0.294
(6.083)

xt

θ̂4,t = − 2.203
(6.746)

ù�§θ2,t¥yt�XêC�wÍ§�xt�XêEØwÍ"
��θ2,t¥xt�§2?1�O§(JXeµ

θ̂1,t = 2.819
(3.260)

θ̂2,t = −5.563
(3.622)

− 0.380
(3.878)

yt

θ̂3,t = 2.633
(5.251)

+ 0.254
(7.940)

xt

θ̂4,t = − 1.982
(8.117)

�σ̂u = 0.379¶R̄2 = 0.965¶DW = 2.022¶BP (2) =
26.572¶ARCH(1) = 0.657"ã(6.4.4)´T�.��)ºCþ�[Ü��
¢S��'�ã"

ã5.6.4 ptML[Ü��¢S��'�ã
��µ[Ü`Ý96.5%'�5�.�94.7%EkU?¶¤kXêÑwÍ

Ø�0¶DW = 2.022`²vkS��'�y�¶ARCH(1) = 0.657L²2
Â�ê©Ù�.��ÅZ6�Ø�3��5(�¶BP (2) = 26.572`²E

k�½§Ý�É��§�'�5�.�É��§Ýk²w�eü¶'�
ã(6.4.4)Ú(5.6.2)§��2Â�ê©Ù�.3�m�mÞ!¥mÚ�n�

U[Ü��Ð"
�­��§dk�(Cardan)�Oª��µ3�m�mÞ!¥mÚ�

n§d��^�©Ù�õ¸�§3Ù§�m�ü¸�§Xã(6.4.5)¤«"
lã(6.5.1)��§d�3�m�mÞ!¥mÚ�n�Ù§�ã�'k²w

�a�5�Cz§
)ºCþxtÚytÑvk²w�a�5�Cz"Ï
æ

^2Â�ê©Ù�.ÒU�Ð/[Ü§��m�'X"
ã5.6.5 d�^�©Ù�k�£Oã

5.7 ������555éééááá���§§§���...
3²;Oþ²LÆ�.�éá�§�.¥§'uéá�§�.��


Ä�Vg®²�Öö¤ÙG"
�§'uCþ��5��.§3÷*²L

Oþ�.XÚ¥´²~Ñy�"�!éù
¯KØ20�§�´{ü?Ø

�����5¯K"
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5.7.1 ������555���§§§|||

y3�ÄXe��5�§|µ

yit = gi(Xt, β) + uit, i = 1, · · · ,m, t = 1, · · · , T (5.7.1)

Ù¥yit§i = 1, · · · ,m��)ºCþ,Xt = (x1t, · · · , xkt)�1 × k)ºC

þ�þ,β = (β1, · · · , βl)
′
�l × 1ëê�þ,gi(·)§i = 1, · · · ,m�)ºCþÚ

ëê���5¼ê"XJA^S)Cþ�	)Cþ�Vg§T�§|�z

��§ÑvkS))ºCþ"
b½�ÅZ6��þ��"§Ó��§ØÓ�m��ÅZ6�Ø�

'§ØÓ�§��ÅZ6��'§���
�Σ = (σij)m×m§=

Euit = 0i = 1, · · · ,m, t = 1, · · · , T

cov(uit, ujs) = σiji, j = 1, · · · ,mt, s = 1, · · · , T

Σ−1 =
(
σij
)

m×m

ò(6.5.1)�¤Ý
/ª�µ

Yi = Gi(X, β) + Uii = 1, · · · ,m (5.7.2)

Ù¥

Yi =


yi1

yi2
...
yiT


T×1

Gi(X, β) =


gi(X1, β)
gi(X2, β)
...
gi(XT , β)


T×1

X =


X1

X2
...
XT

 =


x11 x21 · · · xk1

x12 x22 · · · xk2
...

...
...

...
x1T x2T · · · xkT


T×k

Ui =


ui1

ui2
...
uiT


T×1

��ò(6.4.2)�¤µ

Y = G(X, β) + U (5.7.3)
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Y =


Y1

Y2
...
Ym


mT×1

G(X, β) =


G1(X, β)
G2(X, β)
...
Um(X, β)


mT×1

U =


U1

U2
...
Um


mT×1

1. GLS�O

�Σ®��§β�GLS�O�4�z

U(β)′Ω−1U(β) =
m∑

i=1

m∑
j=1

σij[Yi −Gi(X, β)]′[Yj −Gj(X, β)] (5.7.4)

�)�þ"Ù¥Ω = Σ⊗ IT "
�Σ���§I�Σ������O"�d§�ΩEmT ,4�z(6.4.5)§

=4�z

U(β)′U(β) =
m∑

i=1

[Yi −Gi(X, β)]′[Yi −Gi(X, β)]

=
m∑

i=1

T∑
t=1

[yit − gi(Xt, β)]2 (5.7.5)

��β����Oβ̃",�"�\(6.4.2)��σij����Oµ

sij =
1

T
U ′

i(β̃)Uj(β̃) (5.7.5)

S−1 =
(
sij
)

m×m

ò(6.4.5)¥σij^sij� O § Ò � � � ëêβ� � 1 2 Â � � � ¦
£FGLS¤�Oβ̂§§�ìC���
�µ

Est.Asy.V ar[β̂] = [
m∑

i=1

m∑
j=1

sijX0
i (β)′X0

j (β)]−1 (5.7.6)

Ù¥

X0
i (β) =

∂Gi(X, β)

∂β′
=
(

∂Gi(X,β)
∂β1

· · · ∂Gi(X,β)
∂βl

)
(5.7.7)

2. ML�O

b½�ÅZ6����©Ù§KY�éêq,¼ê�
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lnL = −mT
2

ln(2π)− T

2
ln |Σ| − 1

2

T∑
t=1

m∑
i=1

m∑
j=1

utiutjσ
ij (5.7.8)

´yéêq,¼ê�£Greene(1997)¤µ

lnL = −T
2

[M ln(2π) + ln |Σ|+ tr(Σ−1W )] (5.7.9)

Ù¥W = (Wij)m×m§Wij = 1
T
U ′

i(β)Uj(β)"¤±

∂ lnL

∂Σ
= −T

2
Σ−1(Σ−W )Σ−1

u´§¥%zéêq,¼ê�µ

lnLc = −T
2

[m(1 + ln(2π)) + ln |W |] (5.7.10)

Ï
§ëêβ���q,�O�µ

β̂ML = min
β

ln |W | (5.7.11)

,�«����q,�O�å»´S��FGLSµ1�Ú§Äk��
ëêβ����O¶��1l + 1Ú§|^ëêβ�1lÚ�Oβl§��Σ��
OΣ(βl)§2?1ëêβ�1l + 1ÚGLS�Oβl+1¶Xde�§��βÚΣ�
�OÑÂñ��"ù����ëê�OìC�du��q,�O"

3. GMM�O

b�)ºCþ��ÅZ6��'§d�§��5FGLSÚMLE�OØ

´���O"b�kóäCþ�þzt = (z1t, · · · , zpt),p ≥ l,¦�

E[ztuit] = 0 t = 1, · · · , T i = 1, · · · ,m (5.7.12)

éA���Ý�µ

1

T

T∑
t=1

zt[yit − gi(Xt, β)] = 0, i = 1, · · · ,m (5.7.13)

4Wij = 1
T 2E[Z ′UiU

′
jZ]

Ù¥

Z =


z1

z2
...
zT

 =


z11 z21 · · · zp1

z12 z22 · · · zp2
...

...
...

...
z1T z2T · · · zpT


T×p
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KGMM�O���z

q =
m∑

i=1

m∑
j=1

[Ui(β)′Z]W ij[Z ′Uj(β)] (5.7.14)

Ù¥W ij�1i1¬1j�¬Ý
�Wij�Ý
(Wij)�_Ý
(Wij)
−1�

1i1¬1j�¬Ý
"
�
��W ij����O§Äk§��z

m∑
i=1

m∑
j=1

[Ui(β)′Z](Z ′Z)−1[Z ′Uj(β)]

��ëêβ������Oβ̃"Ùg§�âÓ��§ØÓ�m��Å
Z6�Ø�'§ØÓ�§��ÅZ6��'cov(uit, ujs) = σij�b½§�
�Wij����O�µ

W̃ij =
1

T 2
Z ′Ui(β̃)U ′

j(β̃)Z

PW̃ ij�1i1 ¬ 1j� ¬ Ý 
�W̃ij� Ý 
(W̃ij)� _ Ý 
(W̃ij)
−1�

1i1¬1j�¬Ý
"KW̃ ij´W ij����O"ò(6.4.15)¥W ij^W̃ ij�

O§��z(6.4.15)���^��µ

∂q

∂β
=

m∑
i=1

m∑
j=1

(X0
i (β)′Z)W̃ ij(Z ′Uj(β)) = 0

ëê�GMM�O�ìC���
�µ

VGMM =

[
m∑

i=1

m∑
j=1

(X0
i (β)′Z)W̃ ij(Z ′X0

j (β))

]−1

(5.7.15)

5.7.2 ������555éééááá���§§§���...
��5éá�§�.���L�ª�µ

f1(Yt, Xt, β1) = u1t

f2(Yt, Xt, β2) = u2t
...
fm(Yt, Xt, βm) = umt

, t = 1, · · · , T (5.7.16)

Ù¥Yt = (y1t, y2t, · · · , ymt)´m�S)Cþ1tÏ�êâ�þ¶Xt =
(x1t, x2t, · · · , xkt)´k�kûCþ£�)	)CþÚ¢�S)Cþ¤1tÏ�
êâ�þ¶βi, uit©O´1i��§�ëêÚ�Å6Ä�"
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��5��ã���¦{
ù´�«ü�§�O�{"�ò(6.4.17)�¤�þ/ªµ

F1(Y,X, β1) = U1

F2(Y,X, β2) = U2
...
Fm(Y,X, βm) = Um

(5.7.17)

Ù¥

Fi(Y,X, βi) =


fi(Y1, X1, βi)
fi(Y2, X2, βi)
...
fi(YT , XT , βi)

 Ui =


ui1

ui2
...
uiT

 , (i = 1, · · · ,m)

Y =


Y1

Y2
...
YT

 =


y11 y21 · · · ym1

y12 y22 · · · ym2
...

... · · · ...
y1T y2T · · · ymT


T×m

X =


X1

X2
...
XT

 =


x11 x21 · · · xk1

x12 x22 · · · xk2
...

... · · · ...
x1T x2T · · · xkT


T×k

�
�O1i��§

Fi(Y,X, βi) = Ui (5.7.18)

�ëê§dAmemiyaJÑ���52SLS{´4�zµ

U ′
iX(X ′X)−1X ′Ui (5.7.19)

3�5�^�e(q�B,1988)§¤���Oþ´���O�ìC��
�"

��5n�ã���¦{
ù´�«XÚ�O�{"�±(6.4.18)L«¤µ

F (Y,X, β) = U (5.7.20)

Ù¥

F (Y,X, β) =


F1(Y,X, β1)
F2(Y,X, β2)
...
Fm(Y,X, βm)


mT×1

U =


U1

U2
...
Um


mT×1
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�
�O�.(6.4.21)�ëê§dJorgenson Laffont(1974)JÑ���

53SLS{´4�zµ

F ′[S−1 ⊗X(X ′X)−1X ′]F (5.7.21)

Ù¥S´Σ����O"��53SLS�O´���O�ìC���(q
�B,1988)"

¿©&E4�q,{£FIML¤
ò(6.4.17)L«¤µ

Gt(Y,X, β) = Ut , t = 1, · · · , T (5.7.22)

Ù¥

Gt(Yt, Xt, β) =
(
f1(Yt, Xt, β1) f2(Yt, Xt, β2) · · · fm(Yt, Xt, βm)

)
Ut = [u1t, u2t, · · · , umt]

��ò(6.2.22)L«¤µ

G(Y,X, β) = U (5.7.23)

Ù¥

G(Y,X, β) =


G1(Y1, X1, β)
G2(Y2, X2, β)
...
GT (YT , XT , β)


T×m

U =


U1

U2
...
UT

 =


u11 u21 · · · um1

u12 u22 · · · um2
...

...
...

...
u1T u2T · · · umT


T×m

b½Ó��§ØÓ�m��Å6Ä�Ø�'�Ó��§ØÓ�§�
�Å6Ä��'cov(uit, ujt) = σij§���
�Σ = (σij)m×m§KUt =
[u1t, u2t, · · · , umt]�éÜVÇ�Ý�µ

(2π)−m/2| det(Σ)|−1/2 exp(−1

2
UtΣ

−1U ′
t)

u´§Yt = [y1t, y2t, · · · , ymt]�éÜVÇ�Ý�µ

(2π)−m/2| det(Jt)|| det(Σ)|−1/2 exp(−1

2
UtΣ

−1U ′
t) (5.7.24)

Ù¥Jt(β) = det(∂Ut/∂Yt)"¤±§éêq,¼ê�µ
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lnL(β,Σ|Y,X) = −mT
2

ln(2π) +
T∑

t=1

ln| det(Jt)| − T
2

ln | det(Σ)|

− 1
2

T∑
t=1

UtΣ
−1U ′

t

(5.7.25)

òΣ = U ′U/T�\(6.2.25)§��¥%zéêq,¼êµ

lnLc(β|Y,X) = −mT
2

ln(1 + 2π) +
T∑

t=1

ln| det(Jt)|

− T
2

ln | det(U ′U/T )|
(5.7.26)

��z(5.8.26)§��ëêβ���q,�Oβ̂"

Σœq,fflO

Σ̂ = U(β̂)′U(β̂)/T (5.7.27)

5.8 ���þþþïïïOOOþþþ²²²LLLÆÆÆ���...
�þïOþ²LÆ�.370c�ÐÏdFairÚJaffeeJÑ"ÃØ´�*

²L�´÷*²L§þï´6��!�é�§
�þïâ´�Ï�!ýé
�"�þï�.�þï�.��*/£ã
²L$1�y¢"�þï�.
�nØïÄuÐL§§é�§ÝþNy3ëê�OEâ�ØäJp§ü�

½|��þï�.�õ½|��þï�.�uÐ"3A^�¡,�þï�.
�A^A�H9
l�*�÷*�¤k+�"XNÄå½|!)���½
|!&�½|§
�õ��´�¤¬½|"8c§�þï�.�nØÚA
^ïÄ§3IS²LÆ.�?u%ÇuÐ�Ï§��3ü���?1"Ù

�´±Gourieroux!Ito���Léõ½|�þï�.�ïÄ§±d5©Û
½|�m�pÄÑ�A§l
ò��÷*²L¯K�����þïXÚ�
±ïÄ¶Ù�´±Portes!Winter!David!Yeo���L�'u¥
Oy
²L�A^ïÄ"

5.8.1 ���þþþïïïOOOþþþ²²²LLLÆÆÆÄÄÄ������...
1. Ä��.
�ÄI¦Úø�½|��.�b½½|?u�þïG�"�þï�.

�'§�þï�.�t
I¦þÚø�þÑ�u¢S�´þ�b½"�ó
�§�þï¿�X½|�´´±ØU�n½|�d�?1§¦�,
	ï
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öÚø�öØU�´�¿	ïÚ�¿ø��þ"��IO�b½´¢S�
�´þd½|á"���û½(Clower(1965))§ù¿�X¢S�´þ�uI
¦þÚø�þ���ö"

FairÚJaffee370c�JÑ
eãéá�§XÚµ

Dt = α1Pt +X1tβ1 + u1t (5.8.1)

St = α2Pt +X2tβ2 + u2t (5.8.2)

Qt = min(Dt, St) t = 1, · · · , T (5.8.3)

ùp§X1ÚX2©O�Lû½I¦Úø��	)Cþ�þ§DtÚSt�

XÚS)�I¦Úø�Cþ§Pt�XÚS)�d�Cþ"�Ï~¿Âe

�éá�§XÚØÓ�´§ùp�DtÚSt´ØU��*	�S)Cþ§
¡�d3Cþ§U��*	�´½|�¢S�´þQt"XJ½|�ø�
ÚI¦þï§=Dt = St§@o¢S�´þQtQ�LI¦§��Lø�§
=Qt = Dt = St"ÄK§XJ½|�øIØþï§=Dt 6= St§KQt =
min(Dt, St)"

�þï�.¥��§(6.4.4)§=Qt = min(Dt, St)¡�4�z^�§´
��5�§Ï
���.�����5�."

éN´òÄ��.í2��Å�§´��5��/µ
Dt = m1(Pt, X1t, β1) + u1t(6.5.1)*
St = m2(Pt, X2t, β2) + u2t(6.4.2)*

Qt = min(Dt, St) t = 1, · · · , T (5.8.4)

Ú�Å�§´Ãëê��/µ
Dt = m1(Pt, X1t) + u1t(6.5.1)**
St = m2(Pt, X2t) + u2t(6.4.2)**

Qt = min(Dt, St) t = 1, · · · , T (5.8.5)

2. ��q,�O

b�Ó��Å�§��Å6Ä�3ØÓ�m´ÕáÓ©Ù§ØÓ�Å
�§��Å6Ä��'"�é�.?1�O§���(J3u4�z^
�ÚDtÚSt´Ø���*	�d3Cþ"duDtÚStvk�����*	
�§Ï
ÒÃ{'�¦�*	����§ùÒ¦4�z^�ÏLDtÚSt�
*	�5=z¤�Ø�U"PDt¡St�VÇ�µ

λt = Pr ob(Dt < St)
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= Pr ob(u1t − u2t < X2tβ2 + α2Pt −X1tβ1 − α1Pt) (5.8.6)

±f(u1, u2)L«u1Úu2�éÜ�Ý¼ê§K

g(Dt, St) = Jf(Dt − α1Pt −X1tβ1, St − α2Pt −X2tβ2)

�DtÚ�éÜ�Ý¼ê"Ù¥J´d�§(5.7.1)Ú(5.7.2)¤(½�ä
�'1�ª�ýé�(J=1)"XJ*	�Qt´5gI¦­�þ§AkSt >
Dt = Qt�^��Ý¼êµ

h(Qt|Qt = Dt) = h(Qt|St > Dt)

=

∫ +∞

Qt

g(Qt, S)dS/λt (5.8.7)

Ón

h(Qt|Qt = St) = h(Qt|St < Dt)

=

∫ +∞

Qt

g(D,Qt)dD/(1− λt) (5.8.8)

dVÇØÚênÚO��£§kQ�Ã^��Ý¼êµ

h(Qt) = h(Qt|Qt = Dt)λt + h(Qt|Qt = St)(1− λt)

=

∫ +∞

Qt

g(Qt, S)dS +

∫ +∞

Qt

g(D,Qt)dD (5.8.9)

u´§Q����q,¼ê�µ

L =
∏

t

h(Qt)

=
∏

t

[

+∞∫
Qt

f(Qt − α1Pt −X1tβ1, S − α2Pt −X2tβ2)dS

+

+∞∫
Qt

f(D − α1Pt −X1tβ1, Qt − α2Pt −X2tβ2)dD] (5.8.10)



274 1ÊÙ ��5Oþ²LÆ�.

(6.4.11)ª� ¹ 
 � . � ¤ k ëê" ëê� � � q , � O�

¦(6.4.11)����ëê�O§�du¦éêq,¼ê���§=��

z

lnL =
∑

t

lnh(Qt) (5.8.11)

eb½u1,u2´�pÕá��ÅCþ§K

f(u1t, u2t) = f1(u1t)f2(u2t)

u´

g(Dt, St) = g1(Dt)g2(St)

Ù¥g1(Dt) = f1(Dt − α1Pt −X1tβ)Úg2(St) = f2(St − α2Pt −X2tβ2)"
¤±

h(Qt) = g1(Qt)

+∞∫
Qt

g2(S)dS + g2(Qt)

+∞∫
Qt

g1(D)dD (5.8.12)

éu�Å�§´��5��.§eb½u1,u2´�pÕá��ÅCþ§
Ó����éêq,¼êµ

lnL =
T∑

t=1

ln[g1(Qt)

∫ ∞

Qt

g2(S)dS+g2(Qt)

∫ ∞

Qt

g1(D)dD] (5.8.13)

Ù¥g1(Dt)Úg2(St)©O´DtÚSt��Ý¼ê"ef1(u1t)Úf2(u2t)©O

´u1tÚu2t��Ý¼ê§K

g1(Dt) = f1[Dt −m1(Pt, X1t, β1)]

g2(St) = f2[St −m2(Pt, X2t, β2)] (5.8.14)

éu�Å�§´Ãëê��.§éN´òÛÜ£8�g�A^uq,

�O"æ^ÛÜ�5£8§Äk§éü��Å�§31tÏÛÜ?1�5C
qµ

Di = (1, Pi − Pt, X1i −X1t)αt + v1i (5.8.15)

Si = (1, Pi − Pt, X2i −X2t)βt + v2i (5.8.16)
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b½v1i!v2i´�pÕáþ��"����ÅCþ§K

f(v1i, v2i) = f1(v1i)f2(v2i)

u´

g(Di, Si) = g1(Di)g2(Si)

Ù¥

g1(Di) = f1[Di − (1, Pi − Pt, X1i −X1t)αt]

g2(Si) = f2[Si − (1, Pi − Pt, X2i −X2t)βt]

�.�ÛÜéêq,¼ê�µ

lnL =
T∑

i=1

ln[g1(Qi)

∫ ∞

Qt

g2(S)dS+g2(Qi)

∫ ∞

Qi

g1(D)dD] (5.8.17)

�.�ÛÜØ�éêq,¼ê½Â�µ

ln L̃ =
T∑

i=1

ln[g̃1(Qi)

∫ ∞

Qt

g̃2(S)dS+g̃2(Qi)

∫ ∞

Qi

g̃1(D)dD]

Ù¥¼êg̃1(D)Úg̃2(S)®^Ø�¼ê?1
\�µ

g̃1(D) =
1√
2πσ2

1

exp

(
− [D − (1, Pi − Pt, X1i −X1t)αt]

2 ∗ kw1i

2σ2
1

)
(5.8.18)

g̃2(S) =
1√
2πσ2

2

exp

(
− [S − (1, Pi − Pt, X2i −X2t)βt]

2 ∗ kw2i

2σ2
2

)
(5.8.19)

Ù¥kw1i = Kh(Pi −Pt, X1i −X1t)Úkw2i = Kh(Pi −Pt, X2i −X2t)©O

´I¦�§Úø��§3tÏ�Ø�¼ê(ë�§3.4)"¦�(6.4.18)���§
Ò��ÛÜëê�αtÚβt�ÛÜØ���q,�O"

òÛÜ£8�g�A^u�þï�.AOk¿Â§Ï�ÛÜ�Ç�Û
ÜØ���q,�O�N
K�I¦Úø��Ï�éI¦Úø��K�§
Ý§Ï
dù
ÛÜ�Ç�Cz�¹��N²L$1��þïN�L§"
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5.8.2 ���þþþïïïOOOþþþ²²²LLLoooþþþ���...
Ä��.X^u÷*oþêâ§4�z^��UI�?1U?"Ï�

¤k÷*êâ§XÜ�½1�êâ§þAw¤´k���*½|�\o§
4��´{K3�*½|þ¤á§�3÷*½|þ§k�
�*½|�I
¦§k
�*½|�ø�§
�*½|¿©õ§�U��÷*½|���
I¦Ú��ø�¿�§dd¦�oþ�´�§ØUæ^4�{K"

1. oþ�´{K
Spenceroþ�´{K�oþI¦Úoþø��à|Üµ

Q = λD + (1− λ)S (5.8.20)

Ù¥λ���ëê"
Siebrandò�´­��½�µ

Q = [δ(D)−ρ + (1− δ)(S)−ρ]−
1
ρ (5.8.21)

ùpδÚ(1− δ)©OL«I¦Úø���­§ρ���5ëê"
XJ#N½|Ó��3��I¦Ú��ø�§Burkett(1988)ïÆ�V

­�´{Kµ

Q =
1

2
(D + S)− 1

2

√
(D − S)2 + 4γ2DS (5.8.22)

γΩ|œŒX”dø.V ø.”Φγ0ΛIΛU∆¨Tø.Æø.(lÑm'�.)��"
2. V­�.�ÛÜØ���q,�O

æ^ÛÜ�5£8§Äk§éI¦Úø��§3ÛÜ?1�5Cqµ

D ≈ (1, P − Pt, X1 −X1t)αt = D̃ (5.8.23)

S ≈ (1, P − Pt, X2 −X2t)βt = S̃ (5.8.24)

3�O�§Ø��A\?ÛÜ�5Cq��V­��´¼ê¥"Ï

kµ

ui = Qi − [
1

2
(D̃i + S̃i)−

1

2

√
(D̃i − S̃i)2 + 4γ2D̃iS̃i] (5.8.25)

Ù¥D̃iÚS̃i©O´(6.2.23)Ú(6.2.24)�oI¦Úoø��Cq¼ê"
b½�ÅCþuiÑlu��©Ù§KV­�.�ÛÜØ�¥%zéê

q,¼ê�µ

ln L̃c = −T
2

[1 + ln(2π)]− T

2
ln[

1

T

T∑
i=1

(u2
i ∗ kwi)] (5.8.26)
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Ù¥kwi = Kh(Pi − Pt, X1i −X1t, X2i −X2t)´ÄuI¦Úø�¤k)
ºCþ3ÛÜtÏ�Ø�¼ê31i�*	����"��z(5.8.26)§Ò�
�ÛÜëêαtÚβt��O"

5.8.3 ÁÁÁ~~~µµµ···III���¤¤¤¬¬¬½½½|||���þþþïïïOOOþþþ²²²LLL���...
1. �.�½
Äu¥
Oy²L�¤¬½|�PortesÚWinter�.£Ä��.�Ã

ëê�/¤§æ^V­�´{K"¥I�¤¬½|I¦Úø�¼ê�ÛÜ

�5Cq�µ

D̃ = AD
t + α1t(SAV 1− SAV 1t) + α2t(DYD −DYDt) + α3t(Y D1− Y D1t)

S̃ = AS
t + β1t(CT − CTt) + β2t(NMPX −NMPXt) + β3t(CZX − CZXt)

(5.8.25)
Ù¥AD

t ÚAS
t ©O´1t�*	:DÚS��O"αt´�ÇXê½´Dé

Au§�)ºCþSAV1!DYDÚYD1��AXê"aq/§βt´�ÇXê
½´SéAu§�)ºCþCT!NMPXÚCZX��AXê"CþLXeµ

D=oI¦

S=oø�
C=�<�¤
SAV1=c�Ï�<;O
DYD¸�<�|�Â\�Czþ
YD1¸c�Ï�<�|�Â\

CT¸�<�¤����ê�mª³
NMPX=(CT/NMPT)(NMP-NMPT)
NMP=I¬Â\

NMPT¸NMP����ê�mª³
CZX¸[(Z/NMP)-(ZT/NMPT)]*NMP
Z=3�½]�!)¤¤�Úú��¤�Ý]
ZT¸Z����ê�mª³
3�O�Ø��A\?V­��´¼ê¥"Ï
kµ

ui = Qi − [
1

2
(D̃i + S̃i)−

1

2

√
(D̃i − S̃i)2 + 4γ2D̃iS̃i] (5.8.27)

b½�ÅCþuiÑlu��©Ù"
2. �.�O
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V­�.�ÛÜØ�¥%zéêq,¼ê�µ

ln L̃c = −T
2

[1 + ln(2π)]− T

2
ln[

1

T

T∑
i=1

(u2
i ∗ kwi)] (5.8.28)

æ^KC�Ø�¼ê§�����dK = rT(½§�r=0.5"�p
�r�ò��ÛÜ£8�¦^�õ�*	:
¦�K�Ø��*	:�^u
£8"���r�ò�����*	:^uÛÜ£8
¦�O�Ã{Âñ"

��z(5.8.28)§��ÛÜëêαtÚβt��O"L5.8.1�Ñ
I¦Úø
�¼ê��ÇXê±9V­�´¼ê��ÞXê"êi´Xê3ØÓÏm

�²þ�§)Òp�êi´§�éA�IOØ�"
L5.8.1 I¦Úø�¼ê�k'Xê

α1 α2 α3 β1 β2 β3 γ
54-57 -0.847

(0.010)
0.701
(0.009)

1.018
(0.001)

1.113
(0.000)

0.736
(0.001)

-0.784
(0.002)

0.000
(0.000)

58-66 -0.749
(0.145)

0.742
(0.088)

1.025
(0.017)

1.091
(0.043)

0.690
(0.060)

-0.737
(0.055)

0.002
(0.005)

67-77 -0.878
(0.152)

0.614
(0.061)

1.003
(0.035)

0.968
(0.010)

0.876
(0.087)

-0.970
(0.113)

0.000
(0.000)

78-79 -0.613
(0.003)

0.603
(0.028)

0.974
(0.000)

0.941
(0.045)

0.813
(0.121)

-0.816
(0.220)

0.000
(0.000)

80-84 -0.253
(0.229)

0.567
(0.016)

0.918
(0.033)

0.982
(0.004)

1.025
(0.104)

-0.896
(0.039)

0.000
(0.000)

85-87 -0.044
(0.016)

0.484
(0.017)

0.909
(0.004)

0.992
(0.005)

1.185
(0.011)

-1.003
(0.028)

0.000
(0.000)

88-91 0.041
(0.006)

0.176
(0.001)

0.828
(0.001)

1.032
(0.001)

0.965
(0.004)

-0.449
(0.007)

0.000
(0.000)

54-79 -0.801
(0.152)

0.672
(0.089)

1.009
(0.028)

1.033
(0.075)

0.776
(0.094)

-0.836
(0.120)

-0.001
(0.003)

80-91 -0.084
(0.177)

0.403
(0.175)

0.884
(0.046)

1.003
(0.026)

1.049
(0.104)

-0.787
(0.257)

0.000
(0.000)

54-91 -0.575
(0.373)

0.587
(0.174)

0.970
(0.068)

1.023
(0.065)

0.862
(0.160)

-0.820
(0.173)

0.000
(0.003)

3L5.8.1§γ3¤k�ÏÑ�"§��I¦Ú��ø�Ø¬Ó��

3"Xê��Ä�þá3nØ��£−1 < α1 < −1/3, 0 < α2 < 1, α3 =
1, β1 > 0, β2 > 0Úβ3 < 0¤¥£PortesÚWinter[1980]¤";OéI¦��

AXêα1�ê�CzL²3U�m�c�;OéI¦�K�²wØÓ"ù
´duU�m�cÂ\�kó]§ó��c���ÏÀ)äé$§äkD

Ú*g�I1ª�u�e��;O",
§g1980c±�§�õ�û¬�



§5.8 �þïOþ²LÆ�. 279

¼�§Â\Y²�Jp§ÏÀ)ä�Op§e���Lk�3²Lþ�Ø

�6uI1"¤±§1980c�§;OØ2´û½�¤�­�Ï�"
Ä u V ­ � ´ � . § L5.8.2� Ñ 
 I ¦ ! ø � Ú � ´ þ � Û Ü

� � q , � O �D̂! ÚĈ9 Ù ý é � � I ¦ � O § � é � � I ¦ �
O(D̂ − Ĉ)/Ĉ%Ú�é��ø��O(Ŝ − Ĉ)/Ĉ%"“*”ÒL²ü�IOØ
�wÍ���I¦Ú��ø�"ýéþÑ±1952c�<¬1·��Oþ
ü "L5.8.2¥���I¦Ú��ø��a.�¥I²L�{¤��¬
Ü"1980cc�(J�PortesÚSantorum(1988)é¥
OyI[�¤¬ø
¦¤��ïÄ(JÄ���"l1957�1960c§��?$Ä�Ï
�«)
�Ü���~)�§Û­
]
�Ün��"Ï
§Ø=��?�8I

vk��§�
E¤�¤¬�á"",
§L5.8.2vk�N360c��@
Ïî­�g,/³Ó�±À1Ú¢Ô|G�ã�ÅÖ¤E¤��¤ö�q

""ù�U´�.�¯K§vkò¢Ô|GÅÖ��)ºCþ("êâ)"
31966c�1976c©z��·Ïm§��I¦Úø��Oþ�ÅÄ�N


ùãÄ��{¤"du�<�|�Â\O��ewE¤	ïå�eü"
370c��Ï§“�·”9�eü§)�¹ÄÜ©�±¡E§3vk�	�
½]�Ý]��¹e§I¬Â\4O"

L5.8.2 ÛÜ��q,�O�

5.8.4 ½½½|||²²²LLL^̂̂���eee������þþþïïïOOOþþþ²²²LLLÆÆÆ���...
1. �þïd�N��.
½|²L^�e�¤¬½|k��Ä��A�§=d�éø¦�k�

N!§��§ø¦ØåqK�d��$Ä"XJ�¤¬½|´�����
½|§d�éø¦�N!ò´¿©k��§ø¦Øå��û½
d��$
Ä§½|dd�5(�"©u70c�¥Ï§Ü�Æöâm©òd�N!�
§B\�þïXÚ�¥"

d�N��§�Ð��½/ª�∆Pt = r(Dt − St)§=ø�ÚI¦��
þïØåÚåd��$Ä"3XÚ¥\þù�N!�§, kµ

Dt = α1Pt +X1tβ1 + u1t

St = α2Pt +X2tβ2 + u2t

Qt = min(Dt, St)

∆Pt = r(Dt − St) (5.8.29)

XÚ�S)Cþ�Pt!Qt!DtÚSt§Ù¥DtÚStE,´ØU��*ÿ

�d3Cþ§XÚ�	)Cþ�X1ÚX2"
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c C Ĉ D̂ (D̂ − Ĉ)/Ĉ% (Ŝ − Ĉ)/Ĉ%
54 49.13 49.28 49.28 49.68 -0.40 0.00 0.81
55 53.42 52.89 52.89 53.58 -0.69 0.00 1.31
56 56.90 57.10 57.87 57.10 0.78 1.36 0.00
57 59.76 59.76 59.76 60.61 -0.85 0.00 1.42
58 62.11 61.89 63.79 61.89 1.90 3.07* 0.00
59 57.07 57.43 59.74 57.43 2.30 4.01* 0.00
60 53.77 54.23 54.23 60.44 -6.21 0.00 11.45*
61 50.04 51.42 51.42 61.31 -9.89 0.00 19.23*
62 52.69 50.29 50.29 63.72 -13.43 0.00 26.70*
63 59.54 60.29 60.29 66.15 -5.86 0.00 9.71*
64 64.71 65.05 65.05 69.46 -4.41 0.00 6.78*
65 72.39 71.98 72.10 71.98 0.12 0.17 0.00
66 77.47 77.10 79.43 77.10 2.33 3.02* 0.00
67 82.07 82.04 82.54 82.04 0.49 0.60* 0.00
68 81.42 81.44 84.50 81.44 3.05 3.75* 0.00
69 85.89 85.59 85.59 87.19 -1.60 0.00 1.87*
70 91.92 91.85 91.85 93.63 -1.78 0.00 1.94*
71 95.52 95.57 98.38 95.57 2.81 2.94* 0.00
72 100.65 100.62 10.62 101.32 -0.70 0.00 0.70*
73 108.42 108.10 108.10 108.10 0.00 0.00 0.00
74 110.50 110.77 111.72 110.77 0.95 0.86* 0.00
75 114.53 114.67 114.67 115.87 -1.20 0.00 1.05*
76 118.40 118.70 118.70 121.78 -3.08 0.00 2.59*
77 121.26 121.02 121.02 123.92 -2.90 0.00 2.40*
78 129.12 128.85 128.85 128.85 0.00 0.00 0.00
79 139.58 139.57 140.23 139.57 0.66 0.47* 0.00
80 154.72 154.77 154.77 158.14 -3.37 0.00 2.18*
81 167.52 167.52 167.52 172.34 -4.82 0.00 2.88*
82 178.72 178.97 178.97 185.09 -6.12 0.00 3.42*
83 193.74 194.54 194.54 201.20 -6.66 0.00 3.42*
84 217.82 218.82 218.82 221.45 -2.63 0.00 1.20*
85 249.94 248.39 248.39 248.39 0.00 0.00 0.00
86 264.48 266.97 269.12 266.97 2.15 0.81* 0.00
87 284.09 282.61 294.64 282.61 12.03 4.26* 0.00
88 308.49 309.06 309.06 317.54 -8.48 0.00 2.74*
89 310.61 309.74 309.74 326.12 -16.38 0.00 5.29*
90 322.24 322.07 322.07 329.87 -7.80 0.00 2.42*
91 353.58 353.57 376.39 353.57 22.82 6.45* 0.00
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Ï�3I¦�uø��§d�éuøI�N!�ÝØÓuø��uI
¦�d��N!�Ý"LaffontÚGarcia(1977)éN!�§�XeU?µ

∆Pt =

{
r1(Dt − St) Dt − St > 0
r2(Dt − St) Dt − St < 0

(5.8.30)

N!�§(5.8.29)Ú(5.8.30)��½´�«�{ü��¹§=d�$Ä
Éø¦K�
vkÙ§	)Ï�"

2. �.�O

(1)��q,�O

1974c§Amemiya�Ñ
XÚ(5.8.29)���q,�O({P�MLE)"
Óc§FairÚKelejian�Ñ
ù�XÚ�,	�«��q,�O"e¡

^Amemiya�{�Ñ
XÚ(5.8.29)���q,�O§éuXÚ(5.8.30)�
aq/?1
��ëê���q,�O"

PQt = Dt�§S)CþQtÚPt�éÜ�Ý¼ê�f1(Qt, Pt)¶aq

/§PQt = St�§S)CþQtÚPt�éÜ�Ý¼ê�f2(Qt, Pt)"
�Qt = Dt�§k

Qt = α1Pt +X1tβ1 + u1t

∆Pt = r(Dt − St) = r(Qt − α1Pt −X2tβ2 − u2t)

þãü��§§3�½
u1,u2�éÜ�Ý¼êg(u1, u2)±�§�±¦

Ñ

f1(Q,P ) = J1g(u1, u2)

ùpJ1´dþãü��§¤(½�ä�'1�ª�ýé�"Ón§
�Qt = St�§

Qt = α2Pt +X2tβ2 + u2t

∆Pt = r(Dt − St) = r(α1Pt +X1tβ1 + u2t −Qt)

Ïdkf2(Q,P ) = J2g(u1, u2)§Ù¥J2´dþãü��§¤(½�ä�
'1�ª�ýé�"EPλt = Pr ob(Dt < St)§KQt!Pt3^�∆Pt < 0�
^��Ý¼ê�µ

f1(Qt, Pt|∆P < 0) = f1(Qt, Pt|Dt < St) = f1(Qt, Pt)/λt

Ón

f2(Qt, Pt|∆P > 0) = f2(Qt, Pt|Dt < St) = f2(Qt, Pt)/1− λt
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aq(6.4.11)ª�í�§dAmemiya�Ñ�4�q,¼ê�µ

L =
∏

∆Pt<0

f1(Qt, Pt)
∏

∆Pt>0

f2(Qt, Pt) (5.8.31)

Tª�)
XÚ��Ü��ëê§ÏLéTª�éê�S�{¦4�

)§�±��XÚ��Ü��ëê�MLE"�´ª(5.8.31)EÄu^∆Pt�
ÎÒ5(½Qt�5
"

(2)ü�ã���¦�O

e¡�ÑXÚ(5.8.30)�ü�ã���¦�O£TSLS¤"
du�∆Pt > 0, Dt > St = Qt§�

Qt = α2Pt +X2tβ2 + u2t (5.8.32)


d�§∆Pt = r1(Dt − St)§k

Qt = Dt −
1

r1
∆Pt

u´Bk

Qt = α1Pt +X1tβ1 −
1

r1
∆Pt + u1t (5.8.33)

Ón§�∆Pt < 0, Qt@t < St,�

Qt = α1Pt +X1tβ12 + u1t (5.8.34)


d�§∆Pt = r2(Dt − St)§k

Qt = St +
1

r2
∆Pt = α2Pt +X2tβ2 −

1

r2
∆Pt + u2t (5.8.35)

½Â

Z1t =

{
∆P ∆P > 0
0 ∆P < 0

ò(5.8.33)Ú(5.8.34)�ª(Ü§Bk

Qt = α1Pt +X1tβ1 −
1

r1
Z1t + u1t (5.8.36)

aq/§½Â

Z2t =

{
∆P ∆P < 0
0 ∆P > 0
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ò(5.8.32)Ú(5.8.35)�ª(Üå5§Bk

Qt = α2Pt +X2tβ2 −
1

r2
Z2t + u2t (5.8.37)

±þãí�L§ØJwÑ§XÚ�4�z^�ÏL∆Pt�ÎÒ

=z §� N! � §�� ¿ =z " ù« =z �( J §¦XÚ =z�d
ª(5.8.36)Ú(5.8.37)|¤���éá�§XÚ§
�z��§´|^Qt�

Ü�&E"duPt´XÚ�S)Cþ§�E(Ptut) 6= 0§¤±E(Z1t, u1t) 6=
0, i = 1, 2"

dd�±��æ^TSLS�äNÚ½Xeµ
1��ãµ^�Ü*	�§©O�Pt, Z1t, Z2té¤k	)Cþ�OLS§

��Pt, Z1t, Z2t�[Ü�P̂t, Ẑ1t, Ẑ2t§òù
�O�(5.8.36)Ú(5.8.37)ª¥�
�AÜ©§ù�Ò��µ

Qt = α1P̂t +X1tβ1 −
1

r1
Ẑ1t + u1t (5.8.38)

Qt = α2P̂t +X2tβ2 −
1

r2
Ẑ2t + u2t (5.8.39)

1��ãµéþãü��§©O�OLS§dd
��ëê�Oþ´�

��Oþ"

5.8.5 õõõ½½½|||���þþþïïïOOOþþþ²²²LLLÆÆÆ���...
±T.Ito!C.Gourieroux!A.Monfort,!J.J.Laffont��k°!l70c�

�ÏÒm©éõ½|�þï�.?1ïÄ"õ½|�þïOþ²L�.�
��(�ª�(�{P§òd�PÚó]W��)ºCþ�þXÚZ���©
þ)µ

D1t = X1tα1 + µ1(Q2t − S∗2t) + u1t

S1t = Z1tβ1 + ω1(Q2t −D∗
2t) + v1t

Q1t = min(D1t, S1t)

D2t = X2tα2 + µ2(Q1t − S∗1t) + u1t

S2t = Z2tβ2 + ω2(Q1t −D∗
1t) + v2t
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Q2t = min(D2t, S2t) (5.8.40)

ù p §D1ÚS1© O L«û ¬½| � I ¦ � ø � §Q1�Ù � ´

þ§D2ÚS2©OL«NÄ½|�I¦�ø�§Q2�Ù�´þ§XÚZ�
)ºCþ§�)S)Cþ9Ù¢�§u1t, u2t, v1tÚv2t´þ��"!��k
�����ÅCþ"

D∗
1t = X1tα1

S∗1t = Z1tβ1

D∗
2t = X2tα2

S∗2t = Z2tβ2 (5.8.41)

d � §(5.8.40)½ Â �“k �”I ¦ Ú ø � � Ä � 
 Ù § ½
| � � å " � §(5.8.41)� L Ã � å � I ¦ Ú ø � § ¿ Ø �
Ä Ù § ½ | � Ä Ñ "Portes(1977)J Ñ , 	 � � . � ½ § =

òS∗2t,D
∗
2t,S

∗
1tÚD∗

1t^S2t,D2t,S1tÚD1t�O¦�Ù§½|�ÄÑdÙk�I
¦Úø�
Ø´Ã�åI¦Úø�5�L"ÃØ@�«�½§�ü½|Ñ
Ñ��§I¦Úø��1��§Ñ´�@�A½½|�'�	)Ï��{

ü¼ê§Ã�åÚk�I¦Úø���§=½|mÃÄÑ"
Ito(1980)ïÆT�.�d�N�Å��µ

∆P1t =

{
λ1(D1t − S1t) D1t > S1t

δ1(D1t − S1t) D1t < S1t

∆P2t =

{
λ2(D2t − S2t) D2t > S2t

δ2(D2t − S2t) D2t < S2t
(5.8.42)

Ù¥P1tÚP2t´ü�½|�*	�d�§∆Pit = Pi,t+1 − Pit½∆Pit =
Pi,t − Pit−1(i = 1, 2)§¦� � c d �´	)½ S)"Ito(1980)y ²


(5.8.40)Ú(5.8.42)�.�ëê�ÏLée�éá�§|A^ü�ã�
��¦{
�����Oµ

Q1t = X1tα1 − µ1Z2tβ2 + µ1Q2t − λ∗1d1t + (u1t − µ1v2t)

Q1t = Z1tβ1 − ω1X2tα2 + ω1Q2t + δ∗1s1t + (v1t − ω1u2t)

Q2t = X2tα2 − µ2Z1tβ1 + µ2Q1t − λ∗2d2t + (u2t − µ2v1t)
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Q2t = Z2tβ2 − ω2X1tα1 + ω2Q1t + δ∗2s2t + (v2t − ω2u1t) (5.8.43)

Ù¥λ∗i = 1/λi§δ∗i = 1/δi§�

dit =

{
∆Pit ∆Pit > 0
0

sit =

{
∆Pit ∆Pit < 0
0

i = 1, 2 (5.8.44)

3 1 � � ã § X JP1t, P2tv Ñ y

3X1t, X2t, Z1tÚZ2t¥ §Q1t, Q2t, d1t, d2t, s1tÚs2t^ 	 ) C

þX1t, X2t, Z1tÚZ2t? 1 £ 8 § � � [ Ü �Q̂1t, Q̂2t, d̂1t, d̂2t, ŝ1tÚŝ2t§
¿ 3 1 � � ãQ1t, Q2t, d1t, d2t, s1tÚs2t^ [ Ü � � O ¶ X JP1t, P2tÑ y

3X1t, X2t, Z1tÚZ2t¥§�∆Pit = Pi,t − Pit−1§¦�P1t, P2t´S)Cþ§
KP1t, P2t,Q1t, Q2t, d1t, d2t, s1tÚs2t^	)Cþ?1£8§��[Ü�§¿3
1��ã^[Ü��O�Cþ"

Ï~§3�þï�.¥§ü��pK��½|�I¦Úø�¼ê½´
ÉÙ§½|���I¦½´É��ø��K�"ù���Xe��.µ

Dit = Xitαi + µi(Qjt − S∗jt) + θi(Qjt −D∗
jt) + uit

Sit = Zitβi + ωi(Qjt − S∗jt) + φi(Qjt −D∗
jt) + vit (5.8.45)

Ù¥i, j = 1, 2�i 6= j"ù��.�ëê�ÏLe�éá�§|�ü�
ã���¦�O
�����Oµ

Qit = Xitαi − µiZjtβj − θiXjtαj + (µi + θi)Qjt

−λ∗i dit + [uit − (µi + θi)vjt]

Qit = Zitβi − ωiXjtαj − φiZjtβj + (ωi + φi)Qjt

+ δ∗i sit + [vit − (ωi + φi)ujt] (5.8.46)

Ù¥i, j = 1, 2�i 6= j"
�.(5.8.45)�3ü½|�.�¬¨�¬!��¨�¬Ú��¨��½

|��A^"��6uü½|�m�'X§éÄÑXêµi, θi, ωiÚφi�\�
å"~X§3NÄ¨û¬½|§�b½θiÚφiÑ�"§±�Nü�½|´
��¨�¬½|"
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éN´òü��pK�½|��þï�.í2�n��pK�½|�
�þï�.µ

Dit = Xitαi +
n∑

j=1

µij(Qjt − S∗jt) +
n∑

j=1

θij(Qjt −D∗
jt) + uit

Sit = Zitβi +
n∑

j=1

ωij(Qjt − S∗jt) +
n∑

j=1

φij(Qjt −D∗
jt) + vit

Qit = min(Dit, Sit)

∆Pit =

{
λi(Dit − Sit) Dit > Sit

δi(Dit − Sit) Dit < Sit
(5.8.47)

Ù¥i = 1, · · · , n�i 6= j"�.ëê�ÏLXeéá�§|�ü�ã�
��¦�O
�����Oµ

Qit = Xitαi −
n∑

j=1

µijZjtβj −
n∑

j=1

θijXjtαj +
n∑

j=1

(µij + θij)Qjt

−λ∗i dit + [uit −
n∑

j=1

(µij + θij)vjt]

Qit = Zitβi −
n∑

j=1

ωijXjtαj −
n∑

j=1

φijZjtβj +
n∑

j=1

(ωij + φij)Qjt

+ δ∗i sit + [vit −
n∑

j=1

(ωij + φij)ujt] (5.8.48)

Ù¥λ∗i , δ
∗
i , ditÚsitXc��½Â§i = 1, · · · , n�i 6= j"

� ü½| � . � � ¹ � � § � � â½| m � ² L ' X é Ä Ñ X

êµij, θij, ωijÚφij�\�å"

5.9 ���ÙÙÙggg���KKKÚÚÚnnnÜÜÜöööSSSKKK
���!!!ggg���KKK
în)��oé£5.1.1¤?1��5���¦�(J¬�é£5.1.2¤

?1ÊÏ���¦�(JØ��"3�o^�e§üö�Ó?
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ïÙGÃ�å`z¯K¦)���^�Ú��^�§ÙG`z¯K¦

)�ê�S�O��Ú½"
ð��5Oþ²L�.ëê�O��5���¦{Ú��q,{�Ä

��n�´�oºëê�O`zê�S�¦)�ëêÐ©�XÛÀJºë

ê�O�ìC���
XÛO�º
ñn)�k��5Úëê�A��5�­ÇÝþVg§�Ñ�é­Ç

áN
!ëêC���ëê�AáN
!RMSëê�A­ÇÚRMS�k­

Ç�O�Ú½"
òÝºÉ��!S��'Ú^�É���ëê��q,�O�{"X

Ûu��.��Å6Ä��3^�É��y�"
ón)2Â�ê©Ù��5�.�A^d�"
ô � Ñ � � 5 é á � § � . ëê� O � ¿ © & E 4 � q , {

£FIML¤�O�Ú½"
õ�ÑÃëê�þïOþ²LÆ�.(5.8.1)**!(5.8.2)**Ú(5.8.3)�Û

ÜØ���q,�O�O�Ú½"
���!!!nnnÜÜÜöööSSSKKK
gCÀJïÄé�§Â8��êâ§A^Oþ²LÆ^�§�¤ïá

��5Oþ²LÆ�.��L§§¿�Ñ�[ïÄ�w"
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111888ÙÙÙ ÄÄÄ���OOOþþþ²²²LLLÆÆÆ���...

70c�"80cÐ§±=IOþ²LÆ[D.F.Hendry��L§3Ø�
?��.Ú��nØ�Ä:þ§JÑ
Ä�Oþ²LÆ�.�nØ��
{"80c�"±5§3·Ik'ÆârÔþ§Ñy
�
0�“HendryÆ
�”�©Ù§éD.F.Hendry��L�'uOþ²LÆ�.nØ�ïÄ¤J
?1
0�§éTÆ��ï�nØ��ép�µd§$�@�´Oþ²
LÆ�.nØ��·"�´3Ü�§§¿vk�ú@���#�Æ�"
Ø+XÛµd§Hendry¤���Ä�ï�nØ§(¢äk�DÚ�²;ï

�nØØÓ�g´"�ÙÁã^Ï���ó§é§?1{ü�Vg50
�§ù�ÙÄ�Oþ²LÆ�.��{g´§
Ø¦nØþ���ÚêÆ
þ�î>"'u§�XÚnØ§k,��Öö��Ö5Ä�²LOþÆ6
£D.F.Hendry!�ùÍ§þ°<¬Ñ��§1998c4�¤�Ö"

6.1 ¯̄̄KKK���JJJÑÑÑ
�
�BÖöÆS�ÙSN§��m©§éDÚ�Oþ²LÆï�n

Ø�Ä�Oþ²LÆï�nØ?1�{ü�!,
´�Ø%�'�§´�
�7��"'u§���['�§ò3�Ù���!?1"

6.1.1 DDDÚÚÚ���OOOþþþ²²²LLLÆÆÆ���...ïïï���nnnØØØ

îÄ��½nØ

Oþ²LÆ�.�Ä�nØ/¤u40c�§�Ü©Ä:5ó�´d{

I��d²LïÄ�
¬�¤�"ÙÄ�nØ�±V)�±eA:µ
��â,«®²�3�²LnØ½ö®²JÑ�é²L1�5Æ�,

«)º�½�.�oN(�Ú�N(�§=�.´ïá3®k�²LnØ

Ú²L1�5Æb��Ä:�þ�¶
�Ú?VÇØg����.ïÄ��{ØÄ:§ÀJ�Åéá�5�

§|���.���/ª¶
��.�£O!ëê��O!�.�u�´Ì��Eâ¯K¶
�±�.é��êâ�[Ü`Ý��u��.�Ì�IO"
ï�.�½�{

289
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3�.�½��{þ§DÚ÷*Oþ²L�.²{
“l{ü�E
,”�“l���{ü”�=C"

�l{ü�E,

l40c��60c�§3Oþ²LÆ�.nØ�.��½þ§�N�Ì
l{ü�E,��K§Q±��{ü��.�å:§3ù�{ü��.¥

��¹Uì®k�²LnØÚ²L1�5Æb�
ÀJ��ê�@��Ì

��Cþ",�éT�.?1ëê�OÚu�§XJäk'�p�é��

êâ�[Ü`Ý§Òò§���ª�."XJ�.é��êâ�[Ü`Ý
'�$§K`²�.�)ºUåØ
§u´O\)ºCþ§2?1�O�
u�§����÷¿�[Ü`Ý��§�����'�E,��."zg

O\Cþ��âE,´®k�²LnØÚ²L1�5Æb�"3��O�

EâÿØu���¹e§l{ü�E,´�^�1ï��{"

¯K3u§[Ü`Ý¤����u�IO§ØÓ�ïÄöéuÓ��
ïÄé�§dué[Ü`Ý�IO�¦ØÓ§½ö3�½Ð©�.�C

þÀJØÓ§½ö3O\Cþ�CþÀJØÓ§Ñ�±��ØÓ��ª�
."

�l���{ü

�XO�Eâ�uÐ§�
60!70c�§�.��O®²é�B
§
Cþõ�:½ö��:ÙO�ó�þ®²vk«O"<�±,�«g´�
½�.§=m©�ïá������.§ò�â®k�²LnØÚ²L1
�5Æb�
@�é�)ºCþäkK��CþÑ��)ºCþ§Ø+§

��K�´ÄwÍ",�3�.��OL§¥ÅìGØØwÍ�Cþ§�
�����'�{ü��."

�l{ü�E,�ï�g´�'�§l���{ü´��é��?
Ú"ØÓ�ïÄöéuÓ��ïÄé�§XJ¦�é²LnØÚ²L1�
5Æb��n)´�Ó�§ATäkÓ��å:§@o������.�

AT´�Ó�"

ðµd

DÚOþ²LÆ�.��½nØ´3Oþ²LÆ�.�uÐL§¥Å

ì/¤�§�L5q4�/íÄ
Oþ²LÆ�.�uÐ"y3­.�I
Ãê�÷*Oþ²L�.§Ñ´3T�½nØ���eïáå5�"cÙ

´æ^l���{ü�ï�g´§3é�§Ýþ�Ø
ï�L§¥�Ì*
5"

�´§ù«�½nØ´±,«Q½�²LnØÚ²L1�5Æb��
Ä:�§@oéuÓ��ïÄé�§ØÓ�ïÄö��énØb�n)Ø

Ó§E,�±ïáØÓ��.",	§lA^��¡w§Uìù«�½n
Øïá��.§�Uå�u�nØ��^§ØUl¥uynØ"
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6.1.2 ÄÄÄ���OOOþþþ²²²LLLÆÆÆ—HendryÆÆÆ���ïïï���nnnØØØ{{{000
DÚ�Oþ²LÆ3ïá�.�õæ^nØk��å»§=Äklk

��²LnØÑu�½(��.§2dêâ�O�.¤�¹�ëê"ù«

ï�å»ék��²LnØäkér��65"�d�éá�´ÚOÆ[

¤æ^�êâk��å»§ò£ãêâA���ï��Ì�OK§¦�.
é��êâäkér��65"
Hendry¤���Ä�ï�nØ§òþã
�öoN§�O$^²LnØÚ²LêâJø�&E§òï�L§@�´
@£�ÌSì?�L§"

Hendryï�nØ@�§ï�L§AT´Äkïá��U
�Lêâ
)¤L§(DGP, Data Generation Process)�g£8©Ù¢��.(ADL,
Autoregressive Distributed Lag)§,�ÅÚ{z§�����¹Cþm�
Ï­½'X�{ü��."

êâ)¤L§(DGP)´¤kCþéÜVÇ©Ù���L�ª"=

T∏
t=1

D(xt |xt−1; θ )

Ù¥xt�t��¤kCþ*ÿ��þ§D�VÇ�Ý¼ê§θ´VÇ�Ý
¼êD���ëê�þ"ï�ö¤'%�ëêψ´θ�¼ê"ùp�“¤kC

þ”¿Ø´?¿ÀJ�§E,I�k��²LnØ���"
éDGP3�X�b�e?1�z?n§=����g£8©Ù¢��

.(ADL)µ

yt = β0 +

q∑
i=0

δizt−i +

p∑
i=1

γiyt−i + εt εt∗N(0, σ2)

TADL´dDGP�z
5�§XJzÚ�zÑk�§='u<�'
5�ëêψÃ&E��§@o§�±Cq/�LDGP§�Ò´`§U

JøDGP¤UJø�'uëêψ�&E"ùÒ´Ï~¤`�“l���{

ü”�“��”§´ïá�.�å:"w,§ù�å:§�c¡¤ù�DÚï

�nØ�“��”�å:äké���É§§�õ/�6uêâÚêâ)¤
L§"

éADL¥�¹�Cþ?1ü�Ú��u�§?1ÅÚ£8GØ²wØ

wÍ�Cþ§¿ò{z���.�¤Ø�?��.�/ª§=��
�¹
Cþm�Ï­½'X�{ü��."

duæ^
ØÓ�ï�g´§�.�µdOK±9é�.¥Ñy�y

��)ºÑØÓuDÚ��."

6.1.3 üüü:::`̀̀²²²

�
©Ù�Ñ§“l���{ü”´HendryÆ�ï�nØ�Ä�:§Ù
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¢Ø,"Xþ¤`§�XO�Eâ�uÐ§DÚ�ï�nØ�®²â»


“l{ü�E,”�åP§rþ
“l���{ü”��´"HendryÆ�ï

�nØ�DÚ�ï�nØ�«O3u“��”�å:ØÓ"
�k�
©Ù�Ñ§HendryÆ�ï�nØ´êâk�§
DÚ�ï�

nØ´²LnØb�k�"Xdn)HendryÆ�ï�nØ�´¡¡�§§

¿ØüØnØb��k��^§
´ò3DÚ�ï�nØ¥��À�êâ
��^âÑÑ5"

6.2 ©©©ÙÙÙ¢¢¢������...
� X þ ! J 9 � §Hendryï � n Ø @�§ ï � L § A T´Ä

k ï á � � U 
 � Lêâ)¤ L §(DGP)� g £ 8 © Ù ¢ � �
.(ADL,Autoregressive Distributed Lag)§ , � Å Ú � z § � � � � �

¹ Cþ m� Ï­½ 'X �{ ü �� ." ¤± § �! òé ©Ù ¢ ��
.(DLM,Distributed Lag Models)?1���[�0�"¢Sþ§©Ù¢

��.�´�a�.(��²;�Oþ²LÆ¯K"

6.2.1 ²²²LLL©©©ÛÛÛ¥¥¥���©©©ÙÙÙ¢¢¢���¯̄̄KKK
3²L©Û¥<�uy§�
²LCþ§§��ê�´dg��¢�

þ½öÙ§Cþ�¢�þ¤û½�§Ly3Oþ²L�.¥§)ºCþ¥

²~�¹,
¢�Cþ"
î±Ý]¼ê�~
©Û¥ I � Ý ]¯K u y § � c � Ý ] � Ø 
 � û u � c

�Â\ £ = I S)� o � ¤	§ d u Ý ] � ë Y 5 § § �É�
c1�!2�!3�!. . .�ÏÝ]��K�§®²mó��8o´�UY
e��"
z��Ï�Ý]�q�ûuz��Ï�Â\§¤±�±ïáX

e'uÝ]�Oþ²LÆ�§µ

It = α+ β0Yt + β1Yt−1 + β2Yt−2 + · · ·+ µt 6.2.1

Ù¥IL«Ý]�§YL«IS)�o�"
ï±�½]��§�~
©Û¥IÝ\¦^��½]�uy§�cÝ\¦^��½]�düÜ

©�¤§�´c�cÝ\¦^��½]��Ø�¢��êþ§�´#/¤
¿Ý\¦^�Ü©"duÝ]��¢§�cÝ]¿Ø�Ü/¤�cÝ\¦
^��½]�§
,c/¤¿Ý\¦^��½]��Ø
�ûu�c�Ý
]	§�É�c1�!2�!3�!. . .�ÏÝ]��K�"¤±�±ïáX

e'u�½]��Oþ²LÆ�§µ

Kt = α+ β0Kt−1 + β1It−1 + β2It−2 + · · ·+ µt 6.2.2
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Ù¥IL«Ý]�§KL«�½]��"
ð±�¤¼ê�~
�ln5ýÏnØb�ÑuïáÜnýÏ��¤¼ê�.
n5ýÏnØ@�§<��±é�ÏCþ?1ýÏ§,��â�ÏC

þ�ýÏ�é(JCþ?1ýÿ"u´§3�¤¼êïÄ¥§b�1tÏ�
�¤Ct´Â\ýÏ�Y e

t �¼ê§=

Ct = α+ β Y e
t (6.2.1)

L«�¤öUÂ\ýÏû½gC��¤OyÚ¢y�¤"
Â\ýÏ

�Y e
t ´yÏ¢SÂ\�c�ÏýÏÂ\�\�Úµ

Y e
t = (1− λ)Yt + λY e

t−1

= (1− λ)(Yt + λYt−1 + λ 2Yt−2 + · · · )

�\(6.5.1)��µ

Ct = α+ β(1− λ)(Yt + λYt−1 + λ 2Yt−2 + · · · )

Ct−1 = α+ β(1− λ)(Yt−1 + λYt−2 + λ 2Yt−3 + · · · )

Ct − λCt−1 = α (1− λ ) + β (1− λ )Yt

u´�±òÜnýÏ��¤¼ê�.�Oþ/�L«�µ

Ct = α (1− λ ) + λCt−1 + β (1− λ )Yt + µt t = 1, 2, · · · , T (6.2.2)

�l·AýÏnØb�Ñuïá·AýÏ��¤¼ê�.
·AýÏnØ@�§<��±�â�ÏCþ�¢S�é(JCþ?1

ýÏ§�´¢Sþ  �Ø�ýÏ�(J§ÒI�é(JCþ�ýÏ�?
1N�"u´§3�¤¼êïÄ¥§b�1tÏ��¤ýÏ�Ce

t´Â\�
¼ê§=

Ce
t = α+ β Yt (6.2.3)

L«�¤öUÂ\û½gC��¤ýÏ"
du««�Ï§¢S�¤
��¤ýÏ��m�3Xe'Xµ

Ct − Ct−1 = λ (Ce
t − Ct−1)
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λN`X”T˘

Ce
t =

1

λ
Ct +

λ− 1

λ
Ct−1

�\(6.4.4) =�¦��¤¼ê�.§ÙOþ/��µ

Ct = λα+ (1− λ )Ct−1 + λβ Yt + µt t = 1, 2, · · · , T (6.2.4)

þã£6.2.1¤!£6.2.2¤!£6.2.4¤Ú£6.2.6¤¤«��.Ñáu©
Ù¢��."

6.2.2 õõõ���ªªª©©©ÙÙÙ¢¢¢������...
îõ�ª©Ù¢��.9Ùëê�O

3£6.2.1¤ª�©Ù¢��.¥§�§m>��¹	))ºCþ9Ù

¢�þ"éuk�¢��Ý��/§Ù��/ª�µ

yt = α+

p∑
i=0

βixt−i + µt (6.2.5)

T�.¥)ºCþ��ÅØ��Ø�'§�±��A^OLS�Oë

ê"�´§��w,�¯K´)ºCþ�m�3��5§
��5¯K�
�����J´ëê�Oþ��¿Â§ØU�«x���¢�þé�)º
Cþ�K�"¤±7LÏ¦,	��O�{"

3���¹e§βi�±L«�µ

βi = α0 + α1i+ α2i
2 + · · ·+ αqi

q (q < p) (6.2.6)

=òz�ëê^��õ�ªL«§u´ò(6.4.6)¤«�©Ù¢��
.¡�õ�ª©Ù¢��.§�¡�Almon©Ù¢��."ò(6.4.7)�
\(6.4.6)§��

yt = α+ α0

p∑
i=0

xt−i + α1

p∑
i=1

ixt−i + α2

p∑
i=1

i2xt−i + · · ·+ αq

p∑
i=1

iqxt−i + µt

Cþ���kµ

yt = α+ α0z0t + α1z1t + α2z2t + · · ·+ αqzqt + µt (6.2.7)
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é(6.4.8)��A^OLS�Oëê§��α̂, α̂0, α̂1, · · · , α̂q§,�ÏL§

��(6.4.6) ¥ëê�m�'XO�β̂0, β̂1, β̂2, · · · , β̂p,¢yé��.��O"
= 

β̂0

β̂1

β̂2

β̂3
...

β̂p


=



1 0 0 · · · 0
1 1 1 · · · 1
1 2 4 · · · 2q

1 3 9 · · · 3q

...
1 p p2 · · · pq


·



α̂0

α̂1

α̂2

α̂3
...
α̂q


(6.2.8)

�¤Ý
/ª�µ

B̂ = HÂ (6.2.9)

ïõ�ª�ê�û½
'u�.(6.4.6)�¢��ê�ÀJ§�õ�´��²��ä"�
ï

ÄïÆ§Äké(6.4.6)?1OLS½öGLS�O§�âCþ�wÍ5u�±

(½¢���ê"
���.(6.4.6)�¢��ê®²��§(6.4.7)¥q�ÀJòé�O(J

�)K�"ÀJ��{´l���U��p�q∗m©§XJvk'uq∗�
Ù§&E§Ø��q∗ = p§Åg~1?1Á�"�EXeÚOþµ

F =
[(e′e |q)− (e′e |q∗)]/(q∗ − q)

(e′e |q∗)/(n− q∗ − 1)
(6.2.10)

Ù¥n���Nþ§e′e |qÚe′e |q ∗©O��õ�ª��ê�qÚq∗��
í�²�Ú"�±y²§FÚOþÑlgdÝ�(q∗ − q, n − q∗ − 1)�F©
Ù"3�½wÍ5Y²elF©ÙL¥���.�§XJO����FÚ
Oþ�u�.�§K�É'uq��b�§I�2?1q−1��OÚu�¶
XJO����FÚOþ�u�.�§Káý'uq��b�§
�É®²
ÏLu��q + 1�õ�ª��ê"l�*þw§XJO����FÚOþ
'��§K¿�Xe′e |q'��Cue′e |q ∗§=´`õ�ª��ê�q��(
J�����q∗�Ã��O§�,�±����q�"

6.2.3 AAAÛÛÛ©©©ÙÙÙ¢¢¢������...
îAÛ©Ù¢��.
3~(6.5.1)��¤¼ê�.¥��µ

Ct = α+ β(1− λ)(Yt + λYt−1 + λ 2Yt−2 + · · · ) (6.2.11)
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=�¤´d�ÏÚ�¢�Ï�Â\¤û½§�´�¢�ÏÂ\é�Ï

�¤�K��­´�5��§ù´²L)¹¥���~£"¡(6.4.12)ª�
�.�AÛ©Ù¢��."

AÛ©Ù¢��.���/ª�µ

yt = α+ β

∞∑
i=0

(1− λ )λixt−i + µt |λ | < 1 (6.2.12)

=�.�ëê�µ

βi = β (1− λ )λi (6.2.13)

Ú\¢��fLµ

Lxt = xt−1, L(Lxt) = L2xt = xt−2, L(L(Lxt)) = L3xt = xt−3, · · ·

ò(6.4.13)L«�µ

yt = α+ βB(L)xt + µt

Ù¥

B(L) = (1− λ )(1 + λL+ λ 2L2 + · · · ) =
1− λ

1− λL

Ï��|λ | < 1��3µ

q∑
i=0

λ i =
1− λ q+1

1− λ

∞∑
i=0

λ i =
1

1− λ

¤±kµ

β (1− λ )
∞∑
i=0

λ i = β

ȳ = α+ β x̄ (6.2.14)

ïAÛ©Ù¢��.�,�«L«
�X~(6.5.1)��¤¼ê�.�±L«�

Ct = α (1− λ ) + λCt−1 + β (1− λ )Yt + µt t = 1, 2, · · · , T

��§AÛ©Ù¢��.���/ª(6.4.13)�±L«�Xe/ªµ
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yt = α (1− λ ) + λ yt−1 + β (1− λ )xt + µt t = 1, 2, · · · , T (6.2.15)

¢SA^¥�AÛ©Ù¢��.Ñæ^ù«/ª"
ïAÛ©Ù¢��.��O

XJ(6.4.16)¥��ÅØ��÷vÄ�b�§=Ø�3É��ÚS��

'§¿��)ºCþØ�'§�±é�B/æ^OLS�O�.§����
.¥ëêα , β , λ��Oþ"

�´¢S�AÛ©Ù¢��.¥��ÅØ��  Ø÷vÄ�b�"
�±(6.5.1)��¤¼ê�.�~§ò�ÅØ��Ú\�.§kµ

Ct = α+ β(1− λ)(Yt + λYt−1 + λ 2Yt−2 + · · · ) + µt

Ct−1 = α+ β(1− λ)(Yt−1 + λYt−2 + λ 2Yt−3 + · · · ) + µt−1

Ct − λCt−1 = α (1− λ ) + β (1− λ )Yt + µt − λµt−1

��µ

Ct = α (1−λ )+λCt−1 +β (1−λ )Yt +µt−λµt−1 t = 1, 2, · · · , T (6.2.16)

w,§�.(6.4.17)��ÅØ��εt = µt − λµt−1Q�)ºCþCt−1�

'§q�3S��'5£Ì�´��g�'¤"
�
�Ñ�ÅØ���)ºCþCt−1�'�¯K§Ï~æ^óäCþ

�{�O�."3ù��.¥§²~ÀJYt−1��Ct−1�óäCþ"
�
Ó��Ñ�ÅØ���S��'§Ï~æ^óäCþ{Ú2Â�

©{(Ü��O�{"Ú½Xeµ
1�Ú§æ^óäCþ�{�O�.§��í��OþS�ε̂t"
1�Ú§�Oε̂t = ρε̂t−1 + νt§���ÅØ����'Xê��O

þρ̂t"
1nÚ§�O2Â�©�.µ

(Ct− ρ̂ Ct−1) = α (1−λ )(1− ρ̂)+λ (Ct−1− ρ̂ Ct−2)+β (1−λ )(Yt− ρ̂ Yt−1)+νt

���.�ëê�Oþ"
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6.2.4 ggg£££888©©©ÙÙÙ¢¢¢������...
AÛ©Ù¢��.�`:´¢��­ÅìP~§�¦�.�êâk�

Ð���5¶õ�ª©Ù¢��.�`:´¢�©Ù��ª'�(¹"
¤±§�´A^��ÊH�üa©Ù¢��."�´§§���3�g
�":§~Xõ�ª©Ù¢��.7LÀJ�.�¢��êÚõ�ª�
�ê§
AÛ©Ù¢��.�¢�©Ù�ª"�(¹5"3�5�ïÄ
¥§<��åuò�ö(Üå5§u´Jorgenson(1966)JÑ
Ün¢�
�.£Rational Lag Model¤§3�õ�|Ü�¡�g£8©Ù¢��.
£ARDL½ADL, Autoregressive Distributed Lag Model¤"

îg£8©Ù¢��.
g£8©Ù¢��.´ù��Ñ�"�Xe��./ªµ

yt = u+
B(L)

C(L)
xt + µt (6.2.17)

Ù¥B(L)ÚC(L)´¢��fõ�ª§�ö�'U
�)�«©Ù¢�
�ª"ò(6.4.18)�¤µ

C(L)yt = α+B(L)xt + C(L)µt (6.2.18)

~X§�B(L)ÚC(L)´�gõ�ª�§(6.4.19)=�µ

yt = u(1− γ1 − γ2) + β0xt + β1xt−1 + β2xt−2

+ γ1yt−1 + γ2yt−2 + µt − γ1µt−1 − γ2µt−2

3(6.4.19)¥§ytÚµt��\
�Ó�¢�(�§ù¿Ø´7L�§�

Ø´¤F"�"§��±äk�g�(¹�¢�(�"u´�.�±�
¤µ

C(L)yt = α+B(L)xt +D(L)µt (6.2.19)

ù´<�¤ÙG�ARMAX�.§§��«AÏ�¹Ò´�Ö1�Ù
0��ARMA�."3ARMA�.¥§�Ñy	)Cþ"�?�Ú§XJ
3�.¥k1�±þ�	)Cþ§z�	)CþÑ�3k��¢��§�.
�±��µ

yt = α+ γ1yt−1 + γ2yt−2 + · · ·+ γpyt−p + B′Xt

+ µt − θ1µt−1 − θ2µt−2 − · · · − θqµt−q t = 1, 2, · · · , T (6.2.20)

ùÒ´(p, q)�g£8©Ù¢��.���L�ª§3�Ù¥A^�=

´ùa�."
ïg£8©Ù¢��.���5���¦�O
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XJ�.(6.4.21)¥Ø�3£Ä²þ�§K�±æ^OLS�OT�5£
8�.�ëê

φ = (α, γ1, γ2, · · · , β1, β2, · · · , βk)

�.�)ºCþ´µ

Zt = (1, yt−1, yt−2, · · · , yt−p,X
′
t)
′

Ù¥Xt�±�¹¢��"OLS�OþÑlìC��©Ù§ÙìC��
�Ý
�µ

Asy.V ar(φ̂) =
1

T − p
p limσ2

µ

(
Z′Z

T − p

)
�ÅØ������µ

σ2
µ = p lim

1

T − p

T∑
t=p+1

µ̂2

��.¥�3£Ä²þ�§�5OLS�Oò´���5�O"d�A
Tæ^��5���¦�O"XJ�ÅØ��Ñl��©Ù§��5��
�¦�O�Óu��q,�O§Ù�Oþò´��5�Oþ§¿ÑlìC
��©Ù"

Greene(1997)JÑXe��OL§"é

S(α, γ, β, φ) = S(φ) =
T∑

t=1

µ2
t

��z§æ^Gauss-NewtonS��{§S�L§�µ

φ̂s+1 = φ̂s − (G′
sGs)

−1G′
sµ̂s (6.2.21)

Ù¥Gs´í�'uëê��ê�(T − p− q)× (1 + p+ k + q)�Ý
"
Ù��deªO���µ

∂ µt

∂ α
= 1− θ1

(
∂ µt−1

∂ α

)
− · · · − θq

(
∂ µt−q

∂ α

)
∂ µt

∂ γi

= yt−i − θ1

(
∂ µt−1

∂ γi

)
− · · · − θq

(
∂ µt−q

∂ γi

)
i = 1, 2, · · · , p

∂ µt

∂ βi

= xjt − θ1

(
∂ µt−1

∂ βj

)
− · · · − θq

(
∂ µt−q

∂ βj

)
j = 1, 2, · · · , k
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∂ µt

∂ θl

= µt−l − θ1

(
∂ µt−1

∂ θl

)
− · · · − θq

(
∂ µt−q

∂ θl

)
l = 1, 2, · · · , q

ù´�|�©�§§3�Ñµt�Ð���±4í¦)"^Ý
/ªL

«�µ

Gα,t =

(
∂ µt−s

∂ α

)
s = 1, · · · , q(1× q)

Gγ,t =

(
∂ µt−s

∂ γ

)
s = 1, · · · , q(p× q)

Gβ,t =

(
∂ µt−s

∂ β

)
s = 1, · · · , q(k × q)

Gθ,t =

(
∂ µt−s

∂ θ

)
s = 1, · · · , q(q × q)

u´§Gs�1t1´µ

g(t)
s =

( (
∂ µt

∂ α

) (
∂ µt

∂ γ′

) (
∂ µt

∂ β′

) (
∂ µt

∂ θ′

) )
Ù¥

∂ µt

∂ α
= 1−Gα,tθ

∂ µt

∂ γ
= ylags −Gγ,tθ

∂ µt

∂ β
= xt −Gβ,tθ

∂ µt

∂ θ
= µlags −Gθ,tθ

' u Ð © � � ( ½ " � ± æ ^ ó ä C þ { � �φ =
(α, γ1, γ2, · · · , β1, β2, · · · , βk)�Oþ�Ð©�§,�éí�?1g£8�
O§��(θ1, θ2, · · · , θq)�Oþ�Ð©�"

����Oþ�µ

σ̂2
µ =

1

T − p− 1− k − q

T∑
t=p+q+1

µ̂2
t (6.2.22)

Ù¥

µ̂t = yt − α̂− γ̂1yt−1 − γ̂2yt−2 − · · · − γ̂pyt−p − B̂′Xt

+ θ̂1µ̂t−1 + θ̂2µ̂t−2 + · · ·+ θ̂qµ̂t−q t = 1, 2, · · · , T
(6.2.23)
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6.2.5 ���þþþggg£££888���...
òARMA�.*Ð��|Cþ��/§=

yt = α+ ∆1yt−1 + · · ·+ ∆pyt−p + µt + Θ1µt−1 + · · ·+ Θqµt−q (6.2.24)

Ù¥

yt =


y1t

y2t
...
yMt

 yt−1 =


y1t−1

y2t−1
...
yMt−1

 · · · yt−p =


y1t−p

y2t−p
...
yMt−p



∆1 =


δ111 δ112 · · · δ11M

δ121 δ122 · · · δ12M
...
δ1M1 δ1M2 · · · δ1MM

 · · · ∆p =


δp11 δp12 · · · δp1M

δp21 δp22 · · · δp2M
...
δpM1 δpM2 · · · δpMM



α =


α1

α2
...
αM

 µt =


µ1t

µ2t
...
µMt

 µt−1 =


µ1t−1

µ2t−1
...
µMt−1

 · · · µt−q =


µ1t−q

µ2t−q
...
µMt−q



Θ1 =


ϕ111 ϕ112 · · · ϕ11M

ϕ121 ϕ122 · · · ϕ12M
...
ϕ1M1 ϕ1M2 · · · ϕ1MM

 · · · Θq =


ϕq11 ϕq12 · · · ϕq1M

ϕq21 ϕq22 · · · ϕq2M
...
ϕqM1 ϕqM2 · · · ϕqMM


¡(6.2.24)��þg£8£Ä²þ�."3¢SA^¥§²~A^vk

£Ä²þ��{ü/ª§=

yt = α+ ∆1yt−1 + · · ·+ ∆pyt−p + µt (6.2.25)

¡(6.2.25)��þg£8�."
�þg£8�.kü�­�A^"�´^uGrangeru�§,�´^u

£ãóÀ�A¼ê"ùpØ�0�§Öö��ÖÙ§k'��Ö"
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6.3 lllêêêâââ)))¤¤¤LLL§§§���ggg£££888©©©ÙÙÙ¢¢¢������...

Ä�Oþ²L�.�å:´�Nêâ)¤L§£DGP, Data Genera-
tion Process¤�g£8©Ù¢��.£ADL¤§@o§lDGP�ADL§
¤�Ä�Oþ²L�.nØ�{���­�Ü©"

6.3.1 êêêâââ)))¤¤¤LLL§§§(DGP)

êâ)¤L§§�¶gÂ§´£ã®²���Cþ*ÿ�´XÛ)¤
�"ù´����z�Vg"�±^¤kCþ£�)S)CþÚ	)C

þ¤*ÿ��éÜVÇ�Ý¼ê5L«"�xt´t�Ï¤kCþ*ÿ��

þ§^Xt−1L«l11�Ï�1t − 1�Ï¤kCþ*ÿ�Ý
§=Xt−1 =
(xt−1, xt−2, · · · , x1)

′§@o*ÿ�xt�éÜVÇ�Ý¼ê§=DGP§�±L

«�µ

T∏
t=1

D(xt |Xt−1 ; Θ) (6.3.1)

Ù¥Θ´VÇ�Ý¼êD���ëê�þ"(6.5.1)�¿Â´�§xt�u
ÐCz��6ug��{¤Xt−1§
�Ù§Ï�Ã'"

XJxt�±©�S)CþytÚ	)Cþzt§Xt−1��Xe�A©)µ

Xt−1 = (Yt−1 : Zt−1)

Yt−1 = (yt−1, yt−2, · · · , y1)
′

Zt−1 = (zt−1, zt−2, · · · , z1)
′

K(6.5.1)�éÜVÇ�Ý¼ê�±©)�ytézt�^��ÝDy|z �zt�
>S�ÝDz�¦Èµ

D(xt |Xt−1 ; Θ) = Dy|z (yt |zt,Yt−1,Zt−1;λ 1 ) ·Dz(zt |Yt−1,Zt−1;λ 2 ) (6.3.2)

Ù ¥λ 1Úλ 2© O�^ � � Ý Ú > S � Ý � ëê� þ §´d´é
ÜVÇ�Ý¼êD����ëê�þΘ©)
5"XJΘ¥�)n�ë

ê§λ 1Úλ 2¥©O�)n1Ú�ëê§KAkn = n1 + n2"
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6.3.2 fff			)))555!!!rrr			)))555ÚÚÚ���			)))555
3(6.4.2)¥§XJU
ò	)Cþzt�>S�ÝDzÜn/��§K�

±¦�£ãêâ)¤L§�éÜVÇ�Ý¼ê{z"Ù^�´	)C

þztäkf	)5"
îf	)5�^�

f	)5 � V g dRichardu1980cÄk J Ñ § � 5 dEngle� <

u1983c?1
XÚ�½Â"
3Oþ²L©Û¥§<�  ¿Ø'5¤k�ëêΘ§
�'5§�

��f8Ψ§¿�3Ψ¥�)�ëêê8k ≤ n1§Ï�ù
ëê£ã
S)
Cþyt��'é�Cþ�m�'X"f8Ψ�¡�'5ëê"lùp�Ñ
��­�^�µXJU
ò	)Cþzt�>S�ÝDzl(6.4.2)¥Ün/�
�§@oΨAT=�λ 1�¼ê
�λ 2Ã'"=

Ψ = g(λ 1) (6.3.3)

ùÒ�¤ztäkf	)5�11�^�"
3÷v^�(6.4.4)��¹e§XJλ 1éλ 2�3,«��5§@oE,

ØUò	)Cþzt�>S�ÝDzl(6.4.2)¥Ün/��"u´ÚÑ
ztä
kf	)5�12�^�§=λ 1�λ 2�pÃ'"T^�¢Sþ´éë

êλ 1�λ 2�f�mΛ1�Λ2�,«�å§�¦Tü|ëê�f�m�È÷

vµ

Λ1 × Λ2 = {(λ 1, λ 2) : λ 1 ∈ Λ1λ 2 ∈ Λ2} (6.3.4)

=Tü|ëê´5gü�f�m�È�m�§
Ø´5gTÈ�m�
?¿��åf�m"
�§?ÛáuΛ1�λ 1Ñ�±Ú?ÛáuΛ2�λ 2óÜ
�ÑéÜ©Ù�ëê8"Ï�/ù§ëêf8λ 1�λ 2�mØ¹?Ûª8�
�å"

� d § � ± � Ñ ' u f 	 ) 5 � î � � ½ Â µ X J ^
�(6.4.4)Ú(6.4.5)¤á§zt=�'5ëêΨ�f	)Cþ"T½ÂL²§
Cþ�f	)57L´�éu�½�'5ëê
ó�"

du^�(6.4.4)Ú(6.4.5)äý
'5ëêΨ��½öm���uλ 2��
U5§Ïd�y
'uzt�>S�ÝDz�&Eéu�O'5ëêΨ�Ã'
5§¤±zt�f	)5´l(6.4.2)¥Ün/��zt�>S�ÝDz�¿�^
�"

f	)5Ø´Cþ���5�§´�éu'5ëê
ó�"e¡ÏL
��~f;�`²ù�'X"éu��{ü�÷ ø¦�.µ{

pt = α0 + α1qt + µt µt ∼ N(0, σ2
µ)

qt = β0 + β1pt−1 + εt εt ∼ N(0, σ2
ε)

E(µtεt) = 0 ∀t, s
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I¦�§�ëê8�µλ 1 = (α0, α1, σ
2
µ)¶ø��§�ëê8�µλ 2 =

(β0, β1, σ
2
ε)"qt´Ä´f	)5CþºXJ'5ëê�I¦�5§=d��

I¦þ�m�'X§�±^1/α1CqL«£�,§1/α1L«�´ýéCz
þ�m�'X§I¦�5´�éCzþ�m�'X¤§w,�´λ 1�f
8§qt´f	)5Cþ"XJ'5ëê�XÚ�­½5§=I�òø��
§�\I¦�§§��

pt = α0 + α1β0 + α1β1pt−1 + νt

L«�µ

pt = γ + ρ pt−1 + νt

d²LnØ��§ëêρ�NXÚ�­½5§�k�|ρ| < 1�§�.X

ÚÂñu��þïd�"w,d��'5ëêØ=I�α1 ∈ {λ 1}§
�I
�β1 ∈ {λ 2}§¤±qtØ´f	)5Cþ"

ïr	)5�^�

�	)5k'�VgØ
f	)5	§�kr	)5Ú�	)5"f

	)5=�éu|^�.?1'5ëê�ÚOíä��/§r	)5´�

éu|^�.?1ýÿ��/§�	)5K´�éu|^�.?1�ü©
Û��/"

�*/w§XJ�|^(6.4.2)?1ýÿ¿U
Ün/��zt�>S�

ÝDz§=kzt�f	)5´Ø
�§�7L�½ztØÉYt−1��"K�§
ùÒ´zt�r	)5"u´�±�ÑXe½Âµ3zt�'5ëêΨ�f	)
Cþ�Ä:þ§XJeã^�µ

Dz(zt |Xt−1 ;λ 2) = Dz(zt

∣∣Z1
t−1,X0 ;λ 2) (6.3.5)

¤á§Kzt�'5ëêΨ�r	)Cþ"
ð�	)5^�

XJ�|^(6.4.2)?1�ü�[¿U
Ün/��zt�>S�ÝDz§
=kzt�f	)5´Ø
�"3f	)5^�¥§^��ÝDy|z �>S�

ÝDz©Ù�ëê�m��pCzÊÃ'áuS)CþytÚ	)CþztéÜ
©ÙNX�S�5�"�uzt�>S�ÝDz�ëê8λ 23,«NX	Ï�

�^eu)
CÄ§´Ä¬¦�Dy|z �ëê8λ 1���CÄ�¯K§f	

)5^�¿vk�u£�"ùÒI�3λ 2k�Uu)NX	CÄ�cJ
e§éλ 1Úλ 2�m�'X�Ñ�\²(���"u´JÑ
�	)5^�

¯K"
�Ω�éêâ)¤L§(6.5.1)��1Zý8§¿�CΘ ∈ Ω�U
Ú

åΘCÄ��aZý8§Ù¥��)y¢¥��«�üZý"=�ÄCΘ�
��f8Cλ 2§==�Ä��é>S�ÝDz�ëê8λ 2�)K���a�
1Zý§w,Cλ 2���å
¤�9��üZý�a."
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y3�ÑXe½ÂµXJλ 1�Õá�f8Cλ 2�~ê§K¡λ 1éuá
uf8Cλ 2��üZýäk|C5"é²w§λ 1éu�üZý�|C5´
d^��.£^��ÝDy|z ¤íä(��.£^u?1�ü�[��.¤
���Ä�^�"XJ���.�ëê²Øå?Û	ÜZý�K�§Òé
J¡��(��."

�d§�±�Ñ�	)5^��µ3zt�'5ëêΨ�f	)Cþ�
Ä:þ§XJλ 1éuáuf8Cλ 2��üZýäk|C5§Kzt�'5ë

êΨ��	)Cþ"
3þã½Â¥uy§�	)5´±f	)5�Ä:§¿vk±r	)

5�Ä:"=´`�	)5�¹f	)5§�Ø�¹r	)5"l�*þ

w§XJ^��.¥�)ºCþäkr	)5§@o���Cþ£S)C

þ¤�¢��é§vkK�",
§Nõ�üZý´�?�â���Cþ
�¢�&E
�½�"ù`²§äkr	)5�)ºCþ��ØA�ÀJ
�¢��üZý��	)Cþ"

'uf	)5!r	)5Ú�	)5�u�§Öö�ë�5Ä�²L

OþÆ6£D.F.Hendry!�ù§þ°<¬Ñ��§1998c¤"3�õ��

¹e§´�âé²L1��n)�Ñ�ä"

6.3.3 ���zzz

�znØ´Ä�Oþ²LÆ�.nØ�­�|¤Ü©"d(6.5.1) ½
ö(6.4.2)L«�êâ)¤L§²L�z§����A^Oþ²LÆ�.å

:�g£8©Ù¢��.§�k3�zL§¥vk'u'5ëê�&E�

�§g£8©Ù¢��.âU�Lêâ)¤L§"dd���z3nØþ

�­�5"�´§3¢Sï�¥§<�  ��lg£8©Ù¢��.m
©§¿Ø¢S/?1êâ)¤L§��z§¤±§3ùp�é§��{ü

�Vg50�"éÄ�Oþ²LÆ�.nØk,��Öö�±ë�5Ä�
²LOþÆ6�Ö"

î^�z—©Ù��z
þãòxt©�S)CþytÚ	)Cþzt§¿ò(6.5.1)�éÜVÇ�Ý

¼êL«�ytézt�^��ÝDy|z �zt�>S�ÝDz�¦È�L§§¡�
^�Ïf©)L§§�¡�^��z½^�z"­��´3TL§¥¦
�^�(6.4.4)Ú(6.4.5)¤á§=zt�'5ëêΨ�f	)Cþ"u´�±

l(6.4.2)¥Ün/��zt�>S�ÝDz§¦�£ãêâ)¤L§�éÜV
Ç�Ý¼ê{z�ytézt�^��Ýµ

Dy|z (yt |zt,Yt−1,Zt−1;λ 1 ) (6.3.6)

ï#)z—Ø����z
�(6.4.7)�^�Ï"�µ
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ut = E(yt |zt,Yt−1,Zt−1;λ 1 )

2�εt = yt − ut (6.3.7)
¡εt�#)Ø�"3(6.3.7)ü>§'u&E8(Zt : Yt−1)¦^�Ï"§

��µ

E(εt |Zt,Yt−1 ) = E(yt |Zt,Yt−1 )− ut = 0 (6.3.7)

w,§XJþã^�z´Ün�§T#)Ø�AT´xC("
ð~êz—ëê��z
î�ù§éuz�êâ*ÿ:Ñ�3�|ëê§(6.4.7)AT��µ

Dy|z (yt |zt,Yt−1,Zt−1;λ 1t ) (6.3.8)

�´§XJêâ)¤L§�©Ù�Xz�*ÿ:
UC§¤�Ñ�A
^�.�ëêØäk~ê5"¤±§3��êâ��mS�êâ�§I�

éëê�\�màg5�å"ù´êâ)¤L§�A^�.� �'��

Ú"��.�ëêäk~ê5�§k

λ 1t = λ 1 ∀t; λ 1 ∈ Λ1 (6.3.9)

~êzL§´ÏLCþ�ÀJ5¢y�"�X3§2.2¥¤0��§C

ëê�.�±ÏLÚ\�üCþ¦�C�~ëê�."�,ùpÚ\�C

þATäk�	)5"
ñ��z—¢����z
é(6.4.7)¥�¢��?1¢����§��µ

Dy|z (yt |zt,Yt−1,Zt−1;λ 1 ) = Dy|z (yt

∣∣zt,Y
t−p
t−1,Z

t−q
t−1;λ 1 ) (6.3.10)

ù��zL§Ün5�^�´d(6.3.7)���#)Ø�

εt = yt − E(yt

∣∣zt,Y
t−p
t−1,Z

t−q
t−1;λ 1 ) (6.3.11)

´xC("
ò�5z—¼ê/ª��z
XJ�z��êâ)¤L§(6.4.11)Ñl��©Ù§KytÄuzt�^�

�.B´�5�"Ïd§3ëê÷v~ê5^�e§¼ê/ª��z�3
Ï¦�5�.���©Ù�Ú�"

äN/§¼ê/ª��z��uéCþytÚzt�,«¼ê=�§=

y∗t = h(yt) z∗t = g(zt)

¦�=���^�©ÙCqÑlÓ����©Ù§=
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Dy|z (yt

∣∣zt,Y
t−p
t−1,Z

t−q
t−1;λ 1 ) = Dy∗|z∗ (y∗t

∣∣z∗t ,Y∗t−p
t−1 ,Z

∗t−q
t−1 ; γ ) ∼

app
N(ηt, σ

2)(6.3.12)

labeleq : 060316(6.3.13)

3(6.3.13)¤á�^�e§y∗t Äuz∗t �^��.B´�5�"

6.3.4 ggg£££888©©©ÙÙÙ¢¢¢������...ÚÚÚêêêâââ)))¤¤¤LLL§§§

êâ)¤L§²Lþã�z�§��§�û)�.§XJz�Ú�z
Ñ´k��§=vk'u'5ëê�&E��§@oTû)�.�L
ê
â)¤L§"

|^¢��fL5L«û)�.µ

A(L)y∗t = B(L)z∗t + εt εt ∼
app
Nn1(0,Σε) (6.3.14)

Ù¥A(L)ÚB(L)´�ê�pÚq�õ�ªÝ
"��§�z���û)
�.¢Sþ´�þg£8©Ù¢��."
�§Ø��Ø´
)�§
´
�.û)�§Ù½Â�µ

εt = A(L)y∗t −B(L)z∗t (6.3.15)

u´§(6.4.13)��.Ò¤��Lêâ)¤L§�Ä�Oþ²LÆ�.
�å:"3�¡��.'�¥§�òéT�.9ÙØ���5�?1?
Ø"

�Xc¡®²�E`²�§3¢Sï��§��±g£8©Ù¢��
.�å:§¿Ø?Øþã�zL§"@o§XÛâU�y¤ÀJ�ADL�
.÷vþã�z��¦Qº'u�5z§æ^²;�.��{?n¶'
u��z§e!��{ü0�¶'u~êz§�õ�´�«b�¶'u#
)z§Ì���CþÀJ§¦�Uòé�)ºCþäkK��CþÀ\�
.¶'u^�z§=Cþ'uëê�f	)5§Ì���é²L1��n
)\±(½"

6.4 lllggg£££888©©©ÙÙÙ¢¢¢������...���ØØØ���???������...

Ä�Oþ²LÆ�.���/ª´§2.5¥0��Ø�?��.§@o

l�Nêâ)¤L§�g£8©Ù¢��.�Ø�?��.§¤�Ä��
.�Ì�EâSN"
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6.4.1 ggg£££888©©©ÙÙÙ¢¢¢������...������êêê���ûûû½½½
l§6.3®²��§²Lk���z§êâ)¤L§�±L«�g£8

©Ù¢��."¤±§3¢SïáÄ�Oþ²LÆ�.�§Ò±g£8©
Ù¢��.��å:"

g£8©Ù¢��.¥Cþ�ÀJ§E,I�l²LnØÚé²L1
�5Æ�@£Ñu§<�Ø¬�ØATòÎÃ'X�CþÀ\�."�´
3ù:þ§Ny
Ä�Oþ²LÆ�.lØmnØ��"

�Nêâ)¤L§�g£8©Ù¢��.���L�ª�µ

yt = β0 +

q∑
i=0

δizt−i +

p∑
i=1

γiyt−i + εt εt∗N(0, σ2) (6.4.1)

n Ø þ ù § û ½ � . ¥ C þ ¢ � � � � �ê(p, q)� � â´Ø�
�{εt}��#)L§§½ö¡�#)Ø�§#)Ø�Ø
7L´xC(
	§�äkÙ§­�5�"

�´§3¢S¥§<��õ�´l²�Ñu�ä�ê(p, q)"~X§X

Jæ^G!êâ§@o¢��ê���u4¶XJæ^cÝêâ§@o¢

��ê���u1"XJyL«�¤§zL«Â\§@o(p, q) = (2, 2)��Ü
·§Ï��¤�N�'�N´¶XJyL«Ý]§zL«Â\§@o(p, q)A
T'�p§Ï�Ý]�N�'�(J§mó��8éJÊe5§
��

���8äk'���ï�Ï"3¢�¥§��±m©�½���¢�
�ê§,�é(6.5.1)æ^OLS£8§�âCþ�wÍ5u�(½ÀJ��
ê"

6.4.2 ������zzzCCC���
3(½
�.¥Cþ¢�����ê�§é���.�\,«C�§

¦)ºCþ�mCq��"
e¡±{ü�5�.�~§`²��C�L§"�k�5�.µ

yt = β′ Zt + εt (6.4.2)

�H�?¿��®��(k × k)��ÛÉÝ
§÷vH−1H = I§γ��

�®��(k × 1)��þ"Äkl(6.4.2)ü>~�γ′ Ztµ��µ

yt − γ ′Zi = (β − γ)′Zt + εt (6.4.3)

,�§C�(6.4.3)�µ

(yt − γ′ Zt) = {(β − γ)′H−1}HZt + εt (6.4.4)
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=

y∗t = β∗′Z∗
t + εt (6.4.5)

Ù¥§β∗ = H−1(β − γ) §y∗t = (yt − γ′ Zt)§Z∗
t = HZt§¢Sþ´é

�©�.(6.4.2)?1
2ëêz§E,k�Óê8�ëê!�Óê8�£
8�Ú�Ó�Ø��"�u´Äk�O(6.4.2)��β̂,��Ñβ̂∗§�´��
�OC����.(6.4.5)��β̂∗§´Ã¤¢�"Ï�

β̂∗ = (Z∗′Z∗)−1Z∗′y∗ = (H′Z′ZH)−1H′Z′(y − γ′Z)

= H−1(Z′Z)−1Z′(y − γ′Z) = H−1(β̂ − γ)
(6.4.6)

l(6.4.2)�(6.4.5)�L§§Ò´��C��L§"
²L��C���.�)ºCþ´Cq���§T�.k��wÍ�

`:´§3�.{z�L§¥§��KXê�O���Cþ½ö�KwÍ

5��Cþ�§3ê�þÚÚOþ§A�ØUC�{Cþ�Xê�O�"
ù�:®²3�Ö§3.2¥Ü©£8�O¥��y²"¤±Äké�.?1
��C�§,�2é�.?1{z§AT´�^�(�ï�´�"

éu��¢S�g£8©Ù¢��.?1��C�§'�´ÀJÜ·
�HÝ
"ù¿�N´�¯�"¤±3®²���Ä��.¥§��Ñò

��C�L§�Ú\Ø�?�Å�(Üå5§����)ºCþäkCq

��5�Ø�?��."

6.4.3 ������uuu���

3�Ö§2.5¥§®²0�
��nØ"��nØ´Ä�Oþ²LÆ�
.�nØÄ:§�´duCþ�m�U�3���'X§â�Uòg£8
©Ù¢��.C��äkØ�?�Å��Ø�?��."

3§2.5¥®²0�
ü��DFu�ÚADFu�§±9u�ü�Ó�ü

�Cþ�m´Ä�3���EGu�£EngleÚGrangeru1987cJÑüÚu

�{¤"ùpX­0�õ­��u�§=u�õ�äkÓ�ü�Cþ�m

´Ä�3��'X"
��±^EGu�{u�õ�äkÓ�ü�Cþ�m´Ä�3��'

X"3Ù1��ã§I��ONõ�5�.?1OLS�O§A^éØ�
B"Johansenu1988c§±9�Juselius�åu1990cJÑ
�«^�þg
£8�.?1u���{§Ï~¡�Johansenu�§½JJu�§´�«?
1õ­��u���Ð�{"

îJJu���n
§2.5¥(6.2.27)¤«�vk£Ä²þ���þg£8�.L«�µ

yt = α+ Π1yt−1 + · · ·+ Πpyt−p + µt (6.4.7)
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Ù¥

yt =


y1t

y2t
...
yMt

 yt−1 =


y1t−1

y2t−1
...
yMt−1

 · · · yt−p =


y1t−p

y2t−p
...
yMt−p



Π1 =


π111 π112 · · · π11M

π121 π122 · · · π12M
...
π1M1 π1M2 · · · π1MM

 · · · Πp =


πp11 πp12 · · · πp1M

πp21 πp22 · · · πp2M
...
πpM1 πpM2 · · · πpMM



α =


α1

α2
...
αM

 µt =


µ1t

µ2t
...
µMt


�
{B§U��µ

yt = α+

p∑
j=1

Πjyt−j + µt (6.4.8)

XJytL«M�I(1)L§�¤��þ§é(6.4.8)?1�©C��±��
eªL«��.µ

∆yt =

p∑
j=1

Γj∆yt−j + Πyt−1 + εt (6.4.9)

d uI(1)L § ² L � © C � ò C ¤I(0)L § § =(6.4.9)¥
�∆yt!∆yt−j(j = 1, 2, · · · , p)Ñ´I(0)C þ � ¤ � � þ § @ o �

kΠyt−1´I(0)C þ � ¤ � � þ § =y1 t−1, y2 t−1, · · · , yM t−1� m ä k �
�'X§âU�y#)Ø�´²­L§"

XJR(Π) = M§w,�ky1 t−1, y2 t−1, · · · , yM t−1Ñ´I(0)Cþ§âU
�y#)Ø�´²­L§"
ù�®��yt�I(1)L§�gñ"¤±7,

�3R(Π) < M"
XJR(Π) = 0§¿�XΠ = 0§Ïd(6.4.9)==´��©�§§��Ñ

´I(0)Cþ§ØI�?Øy1 t−1, y2 t−1, · · · , yM t−1�m´Ääk��'X"
XJR(Π) = r (0 < r < M)§L«�3r���|Ü§Ù{M − r�'

XE�I(1)'X"3ù«�¹e§Π�±©)¤ü�(M × r)�Ý
αÚβ�
¦Èµ
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Π = αβ′ (6.4.10)

Ù¥R(α) = r§R(β ) = r"ò(6.4.10)�\(6.4.9)§��µ

∆yt =

p∑
j=1

Γj∆yt−j + αβ′ yt−1 + εt (6.4.11)

Tª�¦β′ yt−1���I(0)�þ§Ùz�1Ñ´��I(0)|ÜCþ§
=z�1¤L«�y1 t−1, y2 t−1, · · · , yM t−1��5|ÜÑ´�«��/ª"
¤±Ý
β′û½
y1 t−1, y2 t−1, · · · , yM t−1�m���þ��ê�/ª"¤

±β′¡����þÝ
§r�XÚ¥���þ��ê"Ý
α�z�1αj´
Ñy31j��§¥�r���|Ü��|�­§�¡�N�ëêÝ
"�
,N´uy§αÚβ¿Ø´���"

u´§òyt¥���u�C¤éÝ
Π�©Û¯K"ùÒ´JJu��
Ä��n"

ïJJu��ý�ó�
Johansenu1988cJÑ�u��{7L?1XeÚ½�ý�ó�µ
1�Úµ^OLS©O�O

∆yt =

p∑
j=1

Γj∆yt−j + µt (6.4.12)

¥�z���§§O�í�§��í�Ý
S0§���(M × T )�Ý

"

1�Úµ^OLS©O�O

yt−1 =

p∑
j=1

Γj∆yt−j + µt (6.4.13)

¥�z���§§O�í�§��í�Ý
S1§����(M × T )�
Ý
"

1nÚµ�Eþãí�Ý
�ÈÝ
µ

R00 = T−1S0S
′
0 R01 = T−1S0S

′
1

R10 = T−1S1S
′
0 R11 = T−1S1S

′
1 (6.4.14)

1oÚµO�R10R
−1
00 R01'uR11�kSA��ÚA��þ"A��

=�A��§ ∣∣λR11 −R10R
−1
00 R01

∣∣ = 0 (6.4.15)
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�)§1 ≥ λ 1 ≥ · · · ≥ λ r ≥ · · · ≥ λM ≥ 0§�¤é�Ý
Λ¶éA�
A��þ�¤�Ý
�B§Kk

R11BΛ = R10R
−1
00 R01B (6.4.16)

Ù¥Bdeª�5zµ

B′R11B = I

1ÊÚµ�½q,¼ê"�ΠÃ�å�§(6.4.15)�M�A��Ñ�

3§Ùéêq,¼ê�6uµ

− 1

2
T

M∑
i=1

ln(1− λ i) (6.4.17)

��R(Π) = r (0 < r < M)�§éêq,¼ê´r����A���¼
êµ

− 1

2
T

r∑
i=1

ln(1− λ i) (6.4.18)

ðJJu���—A��;,u�

XJr����A���Ñ
���þ§éÙ{M − r����|Ü5
`§λ r+1, · · · , λMAT�0"u´�"b��µHrµkM − r�ü �§=

kr���'X"�Jb��Ã�å"
u�ÚOþ�µ

η (M − r) = −T
M∑

i=r+1

ln(1− λ i) r = 0, 1, 2, · · · ,M − 1 (6.4.19)

ÑlJohansen©Ù"�r = 0, 1, 2, · · · ,M − 1��±���X�ÚOþ
�µη (M), η (M − 1), · · · , η(1)"

�gu�ù�X�ÚOþ�wÍ5"
�η (M)ØwÍ�£=η (M)��u,wÍ5Y²e�Johansen©Ù�

.�¤§ØáýH0£=Øáýr=0¤§`²k0����þ£=Ø�3�
�'X¤¶�η (M)wÍ�£η (M)��u,wÍ5Y²e�Johansen©
Ù�.�¤§áýH0
�ÉH1§d���k1����þ§7L�Xu

�η (M − 1)�wÍ5"
�η (M−1)ØwÍ�£=η (M−1)��u,wÍ5Y²e�Johansen©

Ù�.�¤§ØáýH1£=Øáýr=1¤§`²k1����þ£=�

31«��'X¤¶�η (M − 1)wÍ�£η (M − 1)��u,wÍ5Y²e
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�Johansen©Ù�.�¤§áýH1
�ÉH2§d���k2����þ§
7L�Xu�η (M − 2)�wÍ5"

. . . §��u�e�§��Ñy1��ØwÍ�η (M − r)��§`²�

3r����þ"ùr����þÒ´éAu���r�A���²L�5z
�A��þ"

(6.4.19)�u�ÚOþ�¡�A��;,ÚOþ§u´þãu��¡�
A��;,u�"A��;,u��.��L6.4.1"

ñJJu���—��A��u�

,	��aq�u��"b��µHrµkM − r�ü �§=kr��
�'X"�Jb��kM − r − 1�ü �"u�ÚOþ�Äu���A�

�{λ r}�µ

ς(r − 1) = −T ln(1− λ r) (6.4.20)

TÚOþ�¡���A��ÚOþ"u´Tu��¡���A��u

�"
u � l e þ ? 1 § =Äk u � Ú O þς (0)" X J Ú O þς (0)Ø

w Í § =ς (0)� � u , w Í 5 Y ² e �Johansen© Ù � . � § K Ø á
ýH0£=Øáýr=0¤§`²k0����þ£=Ø�3��'X¤¶XJ
ÚOþς (0)wÍ§=ς (0)��u,wÍ5Y²e�Johansen©Ù�.�§
Káýk0����þ�H0§�É��k1����þ��Jb�§7L�
Xu�ς (1)�wÍ5"

XJÚOþς (1)ØwÍ§=ς (1)��u,wÍ5Y²e�Johansen©
Ù�.�§KØáýH0£=Øáýr=1¤§`²k1����þ¶XJÚO

þς (1)wÍ§=ς (1)��u,wÍ5Y²e�Johansen©Ù�.�§Ká
ýk1����þ�H0§�É��k2����þ��Jb�§7L�Xu

�ς (2)�wÍ5"
. . . §��u�e�§��Ñy1��ØwÍ�ς (r − 1)��§`²�

3£r¨1¤����þ§áý��kr����þ��Jb�"ù£r¨1¤
����þÒ´éAu���£r¨1¤�A���²L�5z�A��

þ"
��A��u��.��L6.4.1"5¿�.��À��M!rk'"~

X§XJM=2§=Cþê�2¶T=40"¦���ü�A��£Uìl��
��^Sü�¤�µλ 0 = 0.50, λ 1 = 0.10"d(6.4.20)¦Ñ���ÚOþ
�µ

ς (0) = −40 ln(1− 0.50) = 27.73
ς (1) = −40 ln(1− 0.10) = 4.21

Äk u � Ú O þς (0)§ d�A T À J é A uM¨0=2� � .
�14.595£ � ½ w Í 5 Y ²�95%¤ " Ï�27.73¿14.595§ ¤ ± Ú O

þς (0)wÍ§Káýk0����þ�H0§�É��k1����þ�
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� J b�§ 7 L � X u �ς (1)� w Í 5 " À J é A uM¨1=1� � .
�8.083£�½wÍ5Y²�95%¤§Ï�4.21¡8.083§L«ÚOþς (1)Ø
wÍ§KØáýH0£=Øáýr=1¤§`²k1����þ"

XJM=3§=Cþê�3§K3?1ÚOþς (0)wÍ5u��§ATÀ
JéAuM¨0=3��.�21.279£�½wÍ5Y²�95%¤"

L6.4.1dJohansenÚJuseliusu1990cO���"
L6.4.1 Johansen©Ù�.�L

Ú O

þ
50% 80% 90% 95% 97.5% 99% þ� ��

��A��

1 2.415 4.905 6.691 8.083 9.658 11.576 3.030 7.024
2 7.474 10.666 12.783 14.595 16.403 18.782 8.030 12.568
3 12.707 16.521 18.959 21.279 23.362 26.154 13.278 18.518
4 17.875 22.341 24.917 27.341 29.599 32.616 18.451 24.163
5 23.132 27.953 30.818 33.262 35.700 38.858 23.680 29.000

A��;,

ηα(1) 2.415 4.095 6.691 8.083 9.658 11.576 3.030 7.024
ηα(2) 9.335 13.038 15.583 17.844 19.611 21.962 9.879 18.017
ηα(3) 20.188 24.445 28.436 31.256 34.062 37.291 20.809 34.159
ηα(4) 34.873 41.623 45.248 48.419 51.801 55.551 35.475 56.880
ηα(5) 53.373 61.566 65.956 69.977 73.031 77.911 53.949 84.092

6.4.4 ���������ØØØ���???������...
Engle ÚGrangeru1987c3���Ø�?��.�mïá
Ó�"�

þg£8�.(6.4.8)�z��§Ñ´��g£8©Ù¢��.§XJyt¤

�¹�M�I(1)L§�3��'X§(6.4.11)

∆yt =

p∑
j=1

Γj∆yt−j + αβ′ yt−1 + εt

¥�z��§�#)Ø�Ñäk²­5"����NXkõ«L«/
ª§^Ø�?��.(ECM)L«´�c?nù«¯K�ÊH�{"=

∆yt =

p∑
j=1

Γj∆yt−j + θECMt−1 + εt (6.4.21)

Ù¥z��§Ñ´��Ø�?�.�§§�±GØ�
ØwÍ�¢�
�©�"Ø�?���NCþ�m�'X l�ÏþïG�éáÏCz�
K�§¤k��)ºCþ��©��N�CþáÏCzé���)ºCþ
�áÏCz�K�"
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�d§�¤
l�Nêâ)¤L§�g£8©Ù¢��.

yt = β0 +

q∑
i=0

δizt−i +

p∑
i=1

γiyt−i + εt εt∗N(0, σ2)

�;.�Ä�Oþ²LÆ�.—Ø�?��.

∆yt = β̃0 +

q∑
i=0

δ̃i∆zt−i +

p∑
i=1

γ̃i∆yt−i + α ecmt−1 + εt εt∗N(0, σ2) (6.4.22)

�C�"

6.5 ÄÄÄ���OOOþþþ²²²LLLÆÆÆ���...���²²²;;;OOOþþþ²²²LLLÆÆÆ���...
���'''���

�Ù�1�!�!n!o!Ú1�Ù1Ê!“��nØÚØ�?��
.”�å§0�
Ä�Oþ²LÆ�.nØ�{�Ì�VgÚg´"3�

!¥§òlï�å:!é�
­�Vg�)ºÚ�.�µdOK�A��
¡§éÄ�Oþ²LÆ�.Ú²;Oþ²LÆ�.?1Vg5�'�"

6.5.1 '''uuuïïï���ååå:::���'''���
±ü�§�.�~§²;Oþ²LÆ�.�å:´Xe�nØ�.µ

yi = f(Xi,B, µi) i = 1, 2, · · · , n 6.5.1

Ù¥y��)ºCþ§X´�¹k�Cþ�)ºCþ�þ§B���O

ëê�þ§µ��ÅØ��"éu�5�.§Ù/ª�µ

yi = XiB + µi i = 1, 2, · · · , n 6.5.2

l§1.3¥®²��§ï�ö�Ì�?Ö´ÀJCþ!(½Cþ�m�
'X/ª§
Ì��â´²LnØÚé¤ïÄ�²Lé�1�5Æ�@

£"�Ò´`§´±nØ���ïá���.å:�nØ�."

Ä�Oþ²LÆ�.�å:´Xe/ª��Nêâ)¤L§�g£

8©Ù¢��.µ

yt = β0 +

q∑
i=0

δizt−i +

p∑
i=1

γiyt−i + εt εt∗N(0, σ2) (6.5.1)
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¦+g£8©Ù¢��.¥Cþ�ÀJ§E,I�l²LnØÚé²
L1�5Æ�@£Ñu§Ny
Ä�Oþ²LÆ�.lØmnØ��¶�
´§du§7L�Nêâ)¤L§§¤±êâ3Tå:�.ïá¥��^
´Ã{�À�"

�ö�'�§²;Oþ²LÆ�.±nØ���§ØÓ�ï�ö§d
ué²LnØ�n)ØÓ§éuÓ��é�§�±ïáØÓ���å:�
nØ�.¶
Ä��.´lêâ)¤L§Ñu§²L�z�������
g£8©Ù¢��.§@oØÓ�ï�ö§éuÓ��ïÄé�§AT�
��Ó���å:�nØ�."

6.5.2 '''uuu���...)))ººº���'''���
�²;Oþ²LÆ�.�'�§Ä��.é�.¥Nõ¯Kk#�)

º"
î'uCþ�)º
²;Oþ²LÆ�.òCþ©�üaµS)CþÚ	)Cþ£3ü�

§�.¥�)ºCþÚ�)ºCþ¤§S)Cþ´�ÅCþ§
	)Cþ
K´(½5Cþ"

Ä�Oþ²LÆ�.@�¤kCþÑ´�ÅCþ§§��Óäk��
éÜ©Ù§=êâ)¤L§"=¦�éu'5ëê
ó´	)Cþ§E,

´�ÅCþ"
ï'uØ���)º
²;Oþ²LÆ�.@�§�ÅØ��´d�.¥vk�¹�Ï�é

�)ºCþ�K�!�.�½Ø�!��*ÿØ��SN|¤�§¿b½
§Ñl��©Ù"3�O�.�§�I�éØ��Ñ�
b�§ù
b�
¿Ø�NØ��5�§éJ�÷v"

Ä�Oþ²LÆ�.@�Ø�´í�Ñ5�"d�znØ��§Ø�
´�.��XÚ©þ§�u�.(6.5.1)�>�CþL§~�m>�XÚ©
þ"Ïd§§�©Ù´dCþ�©ÙÚXÚ�©Ùû½�§§äk�ûÐ
5�´d�zL§û½�§Ø´�Bb��"

ð'u	)5Vg�)º
²;Oþ²LÆ�.@�§	)5�Vg´ýé�£éu®²(½�

�.XÚ
ó¤§´Cþ���5�"	)Cþ´dXÚ	�Ï�û½
�§�éXÚ�)K�§
��ØÉXÚ�K�"

Ä�Oþ²LÆ�.@�	)5�Vg´�é�§¿Ø´Cþ���
5�"éu®²(½��.XÚ
ó§�.�	)Cþò�X'5ëê�
Cz
Cz"

ñ'uõ­��5�?n�ª
²;Oþ²LÆ�.@�õ­��5´Cþ���m¤äk�5�§

Ï
?n��ªÑ´lCþÑu�"~X�KÜ©�)��5�Cþ§^
Cþ��©/ª�O�kCþ§^Ì©þ�O�kCþ§��"
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Ä�Oþ²LÆ�.@�õ­��5Ø´Cþ���m¤äk�5
�§
´dØ·��ëêzÚå�"Ïd§²L2ëêz§ò�.C��
Ø�?�.�.§�±¦�Cþ�mCq��§l
�Ø��5"

ò'uéCþêâ��mS�A5�­À§Ý
²;Oþ²LÆ�.éuCþêâ��mS�A5Ø?1ïÄ§N´

Ñy�£8y�"=ò¢SþvkK�'X�Cþ§duÑ´�mS�ê
â
�3êâþ��'5§��Ø/Ú\�.�¥"

Ä�Oþ²LÆ�.AO­ÀïÄCþêâ��mS�A5§@��

kCþ�m�3��'X§§��mâäk�Ï��pK�'X§�±k
�/;��£8y�"

ó'uénØ�.Ú²��.�Vg�n)
²;Oþ²LÆ�.�ÑnØ�.�²��.�m�«O§@��ö

´S3���"nØ�.£ã
ïÄé��nØ1�§ÏLÂ8��*ÿ

�§�O�.�u��.§��£ãïÄé�¢S1��²��.§�ö
7L´���"XJØ��§=²��.ØUÏLu�§K�?UnØ�
."

Ä�Oþ²LÆ�.²(�Ñ§nØ�.�²��.´ØÓ�ü�V
g"cöd²LnØ�½§£ã²L¹Ä¥��Ïþï'X¶�ö�ân
Ø�.Ú*ÿêâ�Ó�½Ú�O§£ã²L¹Ä�áÏ�þï5�"�
ö¿Ø�½´���"²��.ÏLÙ�Ïþï)�nØ�.u)éX"
Ï�Ä��.@�§²LnØ£ã�´nØCþ�m��Ïþï'X§

*ÿêâ  �nØCþ´Ø���§¤�N�´áÏ�þï1�"

6.5.3 '''uuu���...uuu������'''���

?Û�.§3?\A^�c§7LÏLu�"²;Oþ²LÆ�.�
Ä�Oþ²LÆ�.3�.u��nØ�¢��¡Ñ�3����É"

î'u�.u����g�

²;Oþ²LÆ�.@�§z��.Ñ�U´�(�§Ï
�I�é
�.�A�5�?1u�§XJù
u�ÏL§K�Éù��."¤±3
²;Oþ²LÆ�.�A^¢�¥§²~Ñyù��y�µÓ��ïÄé
�§ØÓ�ïÄö§�âØÓ�²LnØïá�.§��Ñ(¡�.ÏL

u�§nØ��
y¢§
ù
nØ%´ØÓ�§$�´�pgñ�"


Ä�Oþ²LÆ�.K@�§¤k�.Ñ�U´�Ø�§Ï
7L
²Lî���¡�u�§Hendry�<ÒQ²�2rN§“u�§u�§2
u�"”�d§JÑ
NõOK§�¦�m©Òïá��ÏL¤ku�!
÷v¤kOK�“¬Ü5”�.§±d�Ä:?1{z"u´§éuÓ��
ïÄé�§¦+kØÓ�ïÄö§�´3ïá��.¥U
�¡�“¬Ü
5”�.��U´��"

ï'u�.u��OK
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²;Oþ²LÆ�.@�§��¤õ��.§7LéÐ/[Ü��*
ÿ�"¤±§[Ü`Ý¤��­��u�OK"'uù��¡§Öö®²
éÙG
§Ø2Kã"

Ä�Oþ²LÆ�.K@�§[Ü`Ý¿Ø´�^Ð�OK"Ï�O
\�õ�“)º”Cþ§o´�±����p�[Ü`Ý§
�,
¢Sþ

´“�£8”��.§��±kép�[Ü`Ý"Ä��.JÑ
Xe�.
u�OKµ

��N5OK
Ä�Oþ²LÆ�.@�§��÷¿��.7L�N¤klÓ�êâ

)¤L§�z
5��."Ï�¤k�.Ñ´êâ)¤L§��«{z§
3lêâ)¤L§��ª�.��zL§¥§¬�)�«ØÓ��.§�
´XJT�ª�.�zÚ�zÑ´k��§=vk'u'5ëê�&E�

�§@o§AT�N�zL§¥�z���.§���Nêâ)¤L§"
�và5OK
Ä�Oþ²LÆ�.@�§��÷¿��.7Lä�êâ�và5"

=|^�.O��êâS�ŷt�¢SS�yt�m��AT´Ñlþ��0 �
��©Ù��ÅØ�"ù´d#)z��¦Ú#)Ø��5�¤û½�"

�ÏJ5OK
Ä�Oþ²LÆ�.@�§��÷¿��.7L�¹²(�²L1�

þ�ÏJ'X"Ï�êâ)¤L§´¤kCþéÜVÇ©Ù���L�

ª§¤±²L�z��ª�.Ø
�¹Cþy�	§�AT�¹Cþ8Z§

Z´S�ytêâL§�^�Ú�Ï"

�ëêØC5OK
Ä�Oþ²LÆ�.@�§��÷¿��.7Lä�ëê�ØC5"

ùQ´�.�±^uýÿÚ�ü©Û�7�^�§�´�.�zL§¤A
T�y�"

��Ïþï�§�nØ���5OK
�,Ä�Oþ²LÆ�.@�nØ�.�²��.´ØÓ�ü�V

g§�´§§�@�²��.ÏLÙ�Ïþï)�nØ�.u)éX"ù
Ò´`§�Ïþï�§�²LnØ�mATäk��5§XJ�3õ«n
Ø§��7L�,�«nØ�±��"

�éù
OK§�O
�A�u��{Ú�A�A^^�§3�
;
����Ö¥kXÚ�0�"~X§�âvà5OK¤�¦�é�.í�
�u�§´7L?1���u�"Ù¥Ì��´í����5u�§¦^
�ÚOþ´£ã��5� �Ý�n�ÝÚOþSKµ

SK =
1

T − 1

T∑
t=1

(yt − ȳ)/(
1

T − 1

T∑
t=1

(yt − ȳ)2)1.5

Ú£ã��5�¸Ý�o�ÝÚOþEKµ
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EK = [
1

T − 1

T∑
t=1

(yt − ȳ)4/(
1

T − 1

T∑
t=1

(yt − ȳ)2)2]−3

dd�¤u���5�ÚOþµ

χ2 =
(T − k)

6
(SK2 +

1

4
EK2)

Ù¥k��.¥Cþ�ê8"3��b�e§TÚOþÑlgdÝ
�k�χ2©Ù"�½wÍ5Y²§���.�§XJO����ÚOþ�

�u�.�§�É��©Ù�b�"
;�^uÄ�Oþ²LÆ�.�O�u��^��kPC-GIVE6.09

ÙU?��§~XPC-GIVE9.0!PC-FIML£^uéáÄ��.��O¤
�"PC-GIVE´dD.F.HendryuÐ�Oþ²LÆ^��§Ø
äk���
Oþ²LÆ�.Ú�mS�©Û�.��O�u�õU	§��Ä��.
��O�u��O
;�õU"~X§3T^�¥§þãu�í���5
�ÚOþ��±�gÄO�¶XJ^T^��O�Ïþï�§§^u?1
�§wÍ5u��WALDu�ÚOþ�U
�gÄO�"

6.6 ���ÙÙÙggg���KKKÚÚÚnnnÜÜÜöööSSSKKK
ggg���KKK
î²;Oþ²LÆ�.Ä��½nØÚ�½�{��:"
ïÄ�Oþ²LÆ�.Ä��½nØÚ�½�{��:"
ð¢S²LïÄ¥©Ù¢��.�ÊH5"
ñõ�ª©Ù¢��.¥“õ�ª”�¹Â´�oº�O¥�Ì�¯K

9XÛ)ûº
òAÛ©Ù¢��.��o��æ^óäCþ{Ú2Â�©{�(Ü

��{?1�OºÙÌ�Ú½´�oº
óg£8©Ù¢��.���/ª9Ì�`:´�oº
ô�þg£8�.L�ª�¹Â"
õêâ)¤L§�¹Â9L�ª´�oº
ö3Ä�Oþ²LÆ�.¥Cþ	)5�¿Â�²;Oþ²LÆ�.

k�oØÓº
÷'uf	)5�^�"
ø�zL§�Ì�SNÚ8�´�oº3¢SïáÄ�Oþ²LÆ�

.�XÛ�y�zL§�k�5º
ùõ­��u�JJ�{�Ä��nÚó�Ú½"
úØ�?��.�/ª!²LÆþ�¿Â±9ÙÌ�`:"
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üÄ�Oþ²LÆ�.�²;Oþ²LÆ�.3�.)ºÚ�.u�

�¡�Ì�«O"
���!!!nnnÜÜÜöööSSSKKK
îïá��¹kõ­��'X�¢SÄ�Oþ²LÆ�."�)µ
��.Cþ�ÀJ¶
�Cþ¢��ê�(½¶
�Cþ�ü�u�¶
�õ­��u�

��Ïþï�§��O¶
�Ø�?��.��O¶
�|^�.?1²L©Û"
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A.1 {{{000
Gauss´�«p?O�Å�ó§S§·^u)ûêÆÚÝ
��¡�

¯K§�±^5)ûõ«êÆÚOþ²L�."§´õõU�§�´�Ù

¦�Oþ²LÆA^§SXSHAZAMÚTSP�'§ÆSå5�é�(J"
3ÐÆ�§�Ð´kÆS5GAUSS: A beginner’s guide6§3$^��±

ë�3��Ï"
Gausss´�«ékAÚ��ó§S§§�z��Cþ´Ý
"§U�

�Ý
���ÚSN§¿U?1Ý
$�"3Nõ²LÆÚOþ²LÆï
Ä¥§I�?1¹kÝ
�O�§Gauss´�«�~k��óä"

ÝÝÝ


���ööö���`̀̀²²²

Gauss§ S � z � 1 (å�7 L ^ © Ò“¶”"Gauss§ S ¥ � L �

ªµC=A+B� ¹ Â´µ X JA�BÑ´� �ê§ = ü � Ý 
 £1×1Ý

¤§@oC�´��üê�Ý
��u§��Ú"XJAÚB´äk
Ó � � Ý � 1 � þ § KC��Ó � � Ý � 1 � þ § � z � � � � �
uAÚB¥�A���Ú"XJAÚBÑ´3×4Ý
§KC�´§�z��
��uAÚB�A���Ú"ÎÒ“+”�LÝ
�\{§XJAÚB���
Ø��§KGaussòÑyJ«§Xµ

: error G0036 : matrices are not conformable
aq�5K·^u“—”Ú“*”�$�"
DDD������ééé
GAUSSéCþD���L�ª���/ª�Nõ�ó§S�Ó"Cþ

¶¡3�Ò�>§L�ª3m>"3GAUSS¥vk7�3D�ck^�
é`²Cþ"e��Cþ3c¡®D�,K#��òCXc¡��"XµA
ÚB Ñ´20x30�Ý
§�

C = A + B;
KC �´20x30�Ý
§§�SÜ��´A ÚB¥�A���Ú"X

JC®²�3§´��20x15�Ý
§K§ògÄ�20x30�Ý
�O"¤

±3GAUSS¥Ý
Cþ3��þ´Ø�½�§Ø�Ù§A^§S"
CCCþþþ¶¶¶¡¡¡
GAUSSØU«Oi1����§Ø�^VÚÒ�)"��Cþ�

321
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±��32 §�)i1!êiÚîm"1�� �7L´i1½îm"C

þPersonalDisposableIncome �personaldisposableincome´�Ó�"A^�
¶¡�CþN´�Ö§�k�´Ñ�"XJÑ\kØ§KGAUSSò�D�
��#�Cþ§
Ø´¤ID��Cþ"

===���ÚÚÚòòò´́́���111
GAUSSéÄ�?\��pÄ�¸§=$1I�£command mode¤"

?\�§U£��§GAUSSá=$1"���¹e§�I�?��
A^
§S"?�§S3?6I�§?Ð§S�§�\

run do it;
Ká=?\$1I�§$1§S§w«(J"XJ(JØ÷¿§�±

2?\?6I�§?U§S2$1"
www«««CCCþþþ
XJ�w,�Cþ��§�I�X§�¶¡"XJù�Cþ§S¥v

�½§Kw«µ
Undefined symbols: ...
GAUSS��Øw«Cþ�D�§Ø�¦^öI�"X¶eÑ\

C = A + B;
KØ¬ÑyC��§�XJÑ\

C;
½print C;
KGAUSS w«C��"XJ�wA + B�(J§Ñ\

A + B;
XJ��L�ªvk?Û�Ò§K�w���print�é"XJvk{

'��¦§GAUSSw«�ê�8 "
ïïïáááÝÝÝ




XJÝ
é�§�±��Ñ\"Xµ
a = 3;
b = {1 2 3};
c = {4 , 5 , 6};
d = {1 2 3 , 4 5 6};

ùp§a´��êi§b´��1x31�þ§c´��3x1��þ§d´�

�2x3Ý
"ù�§Ñ\

d;
KÑy

1.0000000 2.0000000 3.0000000
4.0000000 5.0000000 6.0000000
3GAUSS¥§^��©m�êi3Ó�1¶^ÏÒ©m�êi3ØÓ

�1¶¤kêi^�)Ò�)"
lllÝÝÝ


)))¤¤¤ÝÝÝ




���¹eïáÝ
�±^Ý
���$��{"Xµ
a = {1 2 3};
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b = {4 5 6};
c = a∼b;
print c;

K�
1.0000000 2.0000000 3.0000000 4.0000000 5.0000000 6.0000000

d = a|b;

print d;
K��
1.0000000 2.0000000 3.0000000
4.0000000 5.0000000 6.0000000
Ý
�±ÏLù«�{Ü¿§�7L��N"XØ�N§KkJ«"

Xµ
c = {a b};

½d = {a,b};
KJ«µ
(0): error G0008 : Syntax error
¦¦¦^̂̂ÝÝÝ


������ÜÜÜ©©©
XJ=^Ý
��Ü©§3Ý
¶¡�^¥)ÒL«§¥)ÒSL«

¤I��Ü©"Xµ
d[1,2];

w«µ
2.0000000

d[2,1];
w«µ
4.0000000

d[1,.];
w«µ
1.0000000 2.0000000 3.0000000

d[.,2];
w«
2.0000000
5.0000000

d[2, 2:3];
w«
5.0000000 6.0000000

d[2, 3:2];
w«
6.0000000 5.0000000
��±^Cþ�/ªL«"Xµ

z = {2,3};
d[2,z];
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w«
5.0000000 6.0000000

d[1:2, 2:3];
w«
2.0000000 3.0000000
5.0000000 6.0000000
©©©iiiLLL«««ªªª
GAUSSCþkü«µêiÚ©i"ïá��©iCþ�^VÚÒ�

)"Xµ
stg = ”This is a string”;
print stg;

w«��©iCþÝ
§Ý
¶¡c7LkÎÒ”$”"Xµ
x = {”ab” , ”cd”};
print $x;

w«µ
ab
cd
x = {”ab” ”cd”};
print $x;

w«ab cd
ÝÝÝ


ÚÚÚüüü���ööö���£££Matrix and Array Operations¤¤¤
Ý
ö���´Ý
�¦{¶
ü�ö�´�Ý
���m�$�"
ÝÝÝ


ööö���£££Matrix Operations¤¤¤
Ý
�=��I3Ý
�¶¡�mþ�\þ�§"Xµ

x = {1 2 3};
print x’;

w«
1.0000000
2.0000000
3.0000000
Ý
�\{^(+)Ò§~{^(-)Ò"XJA ´3x4Ý
§B´4x3Ý
§

K
C = A + B;
w«
(0) : error G0036 : matrices are not conformable
C = A + B’;
ò����#Ý
"
Ý
�¦{æ^(Ò(*)"ü�$�é��SÜ��7L��N§Ø


��Ý
´ü�Ý
"
üüü���$$$���£££Array Operations¤¤¤
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ü�ö���´���m�¦{!Ø{Ú¦�"3IO¦{ÎÒck
�:£.¤"Xµ
x = {1 2 3};
y = {4 5 6};
x.*y;

w«
4.0000000 10.000000 18.000000
éuØ{§Ó�¦^"Xµ
C = A ./ B;
éu¦�§�nÓ�"Xµ

x = {1 2 3};
x. 2;

w«
1.0000000 4.0000000 9.0000000
GAUSS�ü�ö��)¦{(.*)!Ø{(./)Ú¦�(. )"
ÝÝÝ


���ÜÜÜ666ÚÚÚ'''XXX$$$���

GAUSSk8«'X$�µ
¡ or LT :�u
¡= or LE : �u½�u
¿ or GT :�u
¿= or GE : �u½�u
== or EQ : �u
/= or NE : Ø�u
�uêi�©iCþm'�§ù
ÎÒ�A\þ”$”"
5¿µA==B L«A �uB¶A=B L«òB��D�A"cö´Ü6

'X§�ö´D��é"
�GAUSS?1'X$��§XJL�ª�(§Ù��1¶XJL�ª

Ø�(§Ù��0"Xµ
x = 1 ¡ 3;

w«
1.0000000

x = 1 ¿ 3;
w«
0.0000000
'X$�·^u���m�N�Ý
"éuü�Ý
����m�'

�§$�ÎÒ�7Lk”.”"evk”.”§K'�ü�Ý
¥�¤k��§
Ù(Jo´1½0"ek”.”§$�U�����m�'�(J����Ý

§3�(�/��1§3Ø�(�/��0"Xµ

A = {1 2, 3 4};
A ¿ 2;
w«0.0000000
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A .¿ 2;
w«
0.0000000 0.0000000
1.0000000 1.0000000
Ó�

A = {1 2, 3 4};
B = {3 1, 2 2};
A ¿ B;
w«
0.0000000
A .¿ B;
w«
0.0000000 1.0000000
1.0000000 1.0000000
²~¦^�Ü6$�kµ

not
and
or

XJÜ6$�ÎÒ�k”.”§(J´d1Ú0|¤�Ý
"0½1´Äuü
�Ý
����m�Ü6'X�'�§�(���1¶Ø�(���0"

���������111���ééé£££Controlling Execution Flow¤¤¤
� � � 1 � é £Controlling Execution Flow¤ � ) Ì � � é £Do

Loops ¤Ú^��é£If statements¤"
ÌÌÌ������ééé£££Do Loops¤¤¤
kü«Ì��éµdo while�éÚdo until�é"Ù«O3uµ3^�

÷v�§cöUY?1Ì�$1§
�ö´3^�Ø÷v�?1Ì�$
1"Ì��é±endo�é(å"

��do whileÌ�´3^�÷v�§�1Ì�"
Xµ

do while x ¡= 0.5;
.......

endo;
Ó�§��do untiÌ�­�^�Ø÷v§Ò�1Ì�"Xµ

do until x ¿ 0.5;
.......

endo;
3Ì��é¥§break Úcontinue^u��§S��1"e�þbreak

§§SòaÑÌ��1endoe¡�§S¶e�þcontinue§§Sòa�Ì
��m©§¿µ�do while Údo untilL�ª"e^�©ªØ÷v§§Sò

�EÌ��1"
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XJdo while (or do until) 3^�Ø÷v£÷v¤�§Ê��1Ì�´
é­��"ÄK§ò?\��Ã��Ì�§��'Å"

3Do Loop¥e�����±gÄO\�P�Cþ§m©?\��
�1§K§3Ì�§S¥ØäO\"ù«Cþ´é­��"Xµ
true = 1==1;
false = 1==0;

.....
done = false;
do while not done;

........
endo;

�,§k��½done�utrue"
^̂̂������ééé£££If Statements¤¤¤
XJ^�¤á§^��é�1(½�§S¶XJØ¤á§�1Ù§

§S"E,�
�^��é¹kelseif Úelse�é§�(Jo±endif�é(
å"Xµ
if x ¿ 0.5;

.......
elseif x ¿ 0;

.......
else;

.......
endif;

{ü�^��é�Ñ
elseifÜ©"Xµ
if x ¿ 0.5;

.......
else;

.......
endif;

�{ü�/ª�Ñ
else Ü©"Xµ
If x ¿ 0.5;
.......

endif;
­­­UUU£££Nesting¤¤¤
¤kù
���é#N­U§ù�§�«(�?u,�«(��¥"

Xµ
j = 1;
do until j ¿ n;
k = 1;
do while k ¡= n;
if x[j,k] ¿ 0.5;
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x[j,k] = 1.5;
endif;
k=k+1;
endo;
j=j+1;
endo;

êêêâââ���ÑÑÑ\\\ÚÚÚÑÑÑÑÑÑ£££Data Input and Output¤¤¤
êêêâââÑÑÑ\\\£££Data Input¤¤¤
�����{´3$1I�£command mode¤��Ñ\§ùé�þ

êâék^"Xµ
prices = {12.50 37.875 12.25};
assets = {”cash”, ”bonds”, ”stocks”};
holdings = {100 200,

300 400,
500 600};
éu�þêâ§�Ðïá��êâ©�§¿3?6I�Ñ\êâ"3

ù«©�¥§äkêi©��A�"z�1!��¥���©m"XJ
3��©�¥Ñ\30x7Ý
¥�z����§�¶�test.tx"�òêâÚ

\GAUSS�¸§�^�éµload x[30,7] = test.txt;
êêêâââÑÑÑÑÑÑ£££Data Output¤¤¤
�{ü��{´^print�é"Xµ

print x;
� � ^format� é 5 � � Ñ Ñ � ê â Ú Ý 
 � / ª "

3GAUSS¥ §printfmU ^ Ø Ó � /ªÑÑ Ý 
 � z � 1 ½ � " e I
���¶4þw«�¤k(J§�^�éµ
output file = [filename] [on or reset];

ùp[filename]�L��#�©�¶§§;�êâÑÑ(J"On´
�mù�©�"e©�®�3§§ò�m¿Ö¿¶eØ�3§§òï

á"Resetaquon§Ø�ïá��#©�"e®�3T©�§§ò»�¿

±T©�¶­ï#©�"
�ÏL��ÑÑ�§A\þ���éµ

output off;
Xµ

output file = test.out reset;
print x;
output off;

ò3©�¶�test.out�©�¥ÑÑ¶�x�Ý
"
ò(JÑÑ��<ÅéN´§Xµ

output file = lpt1 reset;
5¿µXJ3?6I��§S©�§3(å§S�A��éµend;
µµµddd111£££Comment Lines¤¤¤
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3§S¥�\µd1§´ék�Ï�"µd�3�éÎÒ(@)�m

½/* Ú*/�m"ÎÒS¤kSN§GAUSSÑ�Ñ"µd1�±�L�

1"üö�«OXeµ
/* This kind of
/* comment */

can be nested */
@ This kind of comment can not be nested @
õõõDDD������ééé
õD��é�õUXeµ

output1=functionName(input1);
{output1,output2,...}=functionName(input1,input2,...);
êêêâââ)))¤¤¤õõõUUU
e�õUéïá��#�Ý
k'"Xµ
Ones matrix

ones(2,4);
Zeros matrix

zeros(4,4);
Identity matrix

eye(3);
Uniform random numbers

rndu(6,3);
Normal random numbers

rndn(6,3);
Additive sequence

seqa(0,0.1,10);
Multiplicative sequence

seqm(2,2,10);
UC��®�3�Ý
���ØÓ�#Ý
§^reshapeõU"Xµ

x=seqa(1,1,5);
print x;
y=reshape(x,5,5);
print y;

ïá��NÝ
£sub-matrix¤§^selif ÚdelifõU"Xµ
x=rndn(100,4);
y=selif(x, x[.,1] .¿ 0.5);
print y;

Ó�

y=delif(x, x[.,1] .¡= 0.5);
print y;

Ù§k^�õU�kµ
vec
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òÝ
��C���þ
vech

òÝ
�en�Ü©C�����þ
xpnd

ò����þ*Ð���é¡Ý


submat
~���NÝ


diag
��Ý
�é���

diagrv
����Ý
�é���

ÝÝÝ


£££ãããõõõUUU
�£ã��Ý
§e�õUI�A^"
��Ý
�1�êþ

x=rndu(10,4);
rows(x);

��Ý
���êþ
cols(x);

��Ý
z�������

maxc(x);
��Ý
z�������

minc(x);
éÑ��Ý
������

maxc(maxc(x));
minc(minc(x));

�kNõõU§Xµ
x = {1, 2, 3};
y = sumc(x) + 10;
print y;
sumc´O���Ý
z���Ú

w«
16.000000
Xµ

x = {1 2 3, 4 5 6};
sumc(x);

w«
5.0000000
7.0000000
9.0000000
O���Ý
z���\OÚ§^cumsumcõU"Xµ

cumsumc(x);
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aq��kµ
prodc

O���Ý
z��¤k����þ
cumprodc

O���Ý
z��¤k���\O�þ
meanc

O���Ý
z���²þ�

median
O���Ý
z���¥ êc

stdc
O���Ý
z��IO �"
Ý
�üSõU£Matrix Sorting Functions¤

sortc
ò��Ý
¥z�1���Ul���üS¿�ÑÝ
"

sorthc
ò��Ý
¥z�1���Ul���üS¿�ÑÝ


ÄÄÄ������ÝÝÝ


OOO���

e�õU�Ä��Ý
O�k'
det

���
�1�ª
inv

���
�_


invpd
i��é¡!�½�
�_


corrx
O��'Ý


vcx
O���-���Ý


cond
��Ý
�^�ê

rank
��Ý
��

)))ûûû���555���§§§XXXÚÚÚ
eA���nxnÝ
§b´��nx1 (or nxn)Ý
§A*x = b,Kx�bÓ�

���"eA��àgÝ
§KX = A−1b"Xµ
a = { 6 8, -2 4};
b = (2, 1};
x = inv(a)*b;
print x;

eÝ
A´é¡�½�§$^GAUSSõUsolpd�±)Ñx"Xµ
a = {40 40,
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40 72}; @ a is symmetric positive definite @
b = {2, 1};
x = solpd(b,a);
print x;

ùp§XJA´nxkÝ
�n ¿= k§lA*x = b)Ñx�Óul(A’A)*x
= (A’*b)¥)Ñx"=µx = invpd(A’A)*(A’b) ^solpdõUXeµ
a = { 6 8, -2 4};
b = (2, 1};
x = solpd(a’b,a’a);
print x;

^GAUSS�Ø{”/”�¦ÑA*x = b����¦�Y"
x = b/a;
print x;
solpd�,��õU´¦Ñé¡�½Ý
�_
§§�Óuinvpd"
x = solpd(eye(2),a’a);
print x;

AAA������ÚÚÚAAA������þþþ£££Characteristic Roots and Vectors¤¤¤
�½��
A§lA��§(A - lI) x = 0¦ÑxküÚµ
1�§)|A - lI| = 0¦ÑA��l¶1�§)(A - lI) x = 0¦ÑA��

þx"b½A´é¡Ý
§ü�GAUSSõU^uO�é¡Ý
�A��Ú
A��þ"
eigrs

O�é¡Ý
�A��"
eigrs2

O�é¡Ý
�A��ÚA��þ"Xµ
a = { 41 -23, -23 13}; @ a is real and symmetric @
r = eigrs(a);

{r, v} = eigrs2(a);
print r∼v;

5¿eigrs2kü��§��´A����þ§��´A��þ�Ý
"
(J�3�Ò��>§^�)Ò�)"A�����^å´��êiÝ


�^�ê§ù´�����¦£8�.õ���5�I�"
-X´£8�êâÝ
§X�^�êO�Xeµ
/* assuming the data matrix X is available ... */

xx = X’X; @ xx is real symmetric @
r = eigrs(xx); @ eigenvalues of xx @
cn = sqrt(maxc(r)./minc(r)); @ condition number of X @
print cn;

�GAUSS �3�õUcond�'§Ó�(J´:
print cond(x);

vk�Ñ§�ék^�õUkµ
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pdfn IO��VÇ�Ý¼ê
cdfn ��©Ù�È©-$�Ü©
cdftc t-©Ù�cdf{�

cdffc F-©Ù�cdf{�

cdfchic chi-square©Ù�cdf{�

gradp ��¼ê��)�ê
hessp ��¼ê��)�ê
intsimp��¼ê^Simpson�{�È©
ols ���¦£8
eqsolve )û��5�§XÚ
sqpsolve ^ëY�g5y�{)û��55y¯K

±þù
õU3GAUSS3��Ï¥Ñ�±é�"
ggg½½½ÂÂÂõõõUUU
GAUSS���`³´¦^ö�±|^g½ÂõU5JpT�ó§S�

Uå"3GAUSS¥küag½ÂõUµü�éõU�^fn�é§õ�éõ
U�^�|GAUSS�é"�Ð´ïá��#�§Sã±�ò5¦^"ãá

§S^proc�é"ü�é�)���é§
õ�é�)õ��é"���

�g½Â�ãá§S�Ð§�±�\library¥§ù�¦^ö�GAUSS©�

�ò5A^"
üüü���éééõõõUUU±fn ½Â§Ù��©�¶§�9�Cþ3)Ò¥§õU�

SN3�Ò�m>"Xµ
fn value(p, q) = p’*q;

ù�¼êkü�CþpÚq§Ù(J�U���êi!�þÚÝ
"�
,§?1Ý
¦{ª§pÚq7L��N"���E,�õ�éãá§SU
u�pÚq�Ý
��§¿^=�§¦�(J"

5¿µùp�CþÚ(J�¶¡Ñ´î��ÛÜCþ§=^uù�Û
Ü"3��§S¥§7Lk��é^ù�Cþ"Xµ
cost = value(price,quantity);

GAUSS¥���ãããááá§§§SSS´¦^ö�g½ÂõU§§õu�1§��
E,"GAUSS¥�3�õUÚ¦^ög½Â�õUþ�A^Tãá§S"
§S¥k�ÛCþÚÛÜCþ"��GAUSSãá§S�Ä�(JXeµ

Proc�éµ½Âãá§S
local �éµ½ÂÛÜCþ

ãá§S�ÌN
retp�éµaÑãá§S
endp �éµ(åãá§S

§S¥�±Ø���localÚretp�é§�ØU­U"
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A.2 '''uuu333GAUSS§§§SSS¥¥¥AAA^̂̂444���qqq,,,{{{���OOO

���`̀̀²²²

3GAUSS§S¥A^4�q,{�O�.§7I3GAUSS§S¥

C\^��NLOPT(non-linear optimization package for GAUSS 3.2)"3
²L+nÆ��O�ÅÅ�p�O�ÅþÑ®²3GAUSS§S¥C\


nloptÚlsqü^��"
A^4�q,{�O�.§3?�§S�§1�17L´�éµ

use nlopt;
�X§A´êâÑ\�éÚ$1(JÑÑ�é"êâÑ\�é��´

��la�½c��,�©�©���Ö\"(JÑÑ�����ÑÑ�a�

½c�,��©�"
�X´½Â{�¼êÚJacobian¼ê"5¿µ½Â�§I�^�Û

ÜCþ§z��ÛÜCþ=^êâÝ
���¶g½Â�ãá§SA
±endp(å"

�X´reset�é"dunlopt´±�5S��/ª§�T�é7Ø�
�"

�X´é�O��¦�é"ù�^�nlopt�õU�é"e¡äN`²

Xeµ
Table 1. Global Control Variables in NLOPT
———————————————————————————————

———————————————————
Variable Description Default
———————————————————————————————

———————————————————
method MAXIMIZE and MINIMIZE method: 0

0 = Steepest-ascent (descent) method
1 = Quasi-Newton BFGS update method
2 = Quasi-Newton DFP update method
3 = Greenstadt method
4 = Newton-Raphson method
5 = Quadratic hill-climbing method
6 = Modified quadratic hill-climbing method
NLSQ estimation method:
0 = Gauss-Newton method
1 = Gauss-Newton BFGS update method
2 = Gauss-Newton DFP update method
3 = Levenberg-Marquardt method
4 = Newton-Raphson method
MAXLIK estimation method:
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0 = Berndt-Hall-Hall-Hausman (BHHH) method
1 = Quasi-Newton BFGS update method
2 = Quasi-Newton DFP update method
3 = Greenstadt method
4 = Newton-Raphson method
5 = Quadratic hill-climbing method
6 = Modified quadratic hill-climbing method
search Line search option 0

0 = bi-directional line search
1 = linear line search
2 = quadratic line search
iter Maximum number of iterations 1
tol Tolerance 0.001
conv Convergence criteria: 0

0 = Convergence in function value only
1 = Convergence in function value and solution
2 = Convergence in function value, solution, and gradient
All convergence criteria are checked with tol
dn Divisor for variance and covariance matrix 0

Used in NLSQ estimation methods only
0 = Divisor N-K is used
1 = Divisor N is used
vcov Report Variance-Covariance matrix 0
riter Iteration limit for R-value 10

Used in quadratic hill-climbing methods only
�X§A^D��éD�Cþ�Ð©�",	§3§S¥Ak�¦4

�q,�O��éµ
call maxlik(. . . );

§S�(åA±�éµ
end;
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Data File : CJX.TXT
YEAR X L1 L2 K1 K2
1929 189.8 173.3 44.151 87.8 888.9
1930 172.1 165.4 41.898 87.8 904.0
1931 159.1 158.2 36.948 84.0 900.2
1932 135.6 141.7 35.686 78.3 883.6
1933 132.0 141.6 35.533 76.6 851.4
1934 141.8 148.0 37.854 76.0 823.7
1935 153.9 154.4 39.014 77.7 805.3
1936 171.5 163.5 40.765 79.1 800.4
1937 183.0 172.0 42.484 80.0 805.5
1938 173.2 161.5 40.039 77.6 817.6
1939 188.5 168.6 41.443 81.4 809.8
1940 205.5 176.5 43.149 87.0 814.1
1941 236.0 192.4 46.576 96.2 830.3
1942 257.8 205.1 49.010 104.4 857.9
1943 277.5 210.1 49.695 110.0 851.4
1944 291.1 208.8 48.668 107.8 834.6
1945 284.5 202.1 47.136 102.1 819.3
1946 274.0 213.4 49.950 97.2 812.3
1947 279.9 223.6 52.350 105.9 851.3
1948 297.6 228.2 53.336 113.0 888.3
1949 297.7 221.3 51.469 114.9 934.6
1950 328.9 228.8 52.972 124.1 964.6
1951 351.4 239.0 55.101 134.5 1021.4
1952 360.4 241.7 55.385 139.7 1068.5
1953 378.9 245.2 56.226 147.4 1100.3
1954 375.8 237.4 54.387 148.9 1134.6
1955 406.7 245.9 55.718 158.6 1163.2
1956 416.3 251.6 56.770 167.1 1213.9
1957 422.8 251.5 56.809 171.9 1255.5
1958 418.4 245.1 55.023 173.1 1287.9
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1959 445.7 254.9 56.215 182.5 1305.8
1960 457.3 259.6 56.743 189.0 1341.4
1961 466.3 258.1 56.211 194.1 1373.9
1962 495.3 264.6 57.078 202.3 1399.1
1963 515.5 268.5 57.540 205.4 1436.7
1964 544.1 275.4 58.508 215.9 1477.8
1965 579.2 285.3 60.055 225.0 1524.4
1966 615.6 297.4 62.130 236.2 1582.2
1967 631.1 305.0 63.162 247.9 1645.3
AAA^̂̂lsq^̂̂���

A^lsq^��OC-D)�¼ê§?��§S�µ
/*
** estimating a C-D Production Function
** using lsq package
*/
use lsq;
output file = a:\lesson1.out reset;
load data[40,6] = a:\cjx.txt;
year = data[2:40,1];
X = ln(data[2:40,2]);
L = ln(data[2:40,3]);
K = ln(data[2:40,5]);
names = {”X”,”L”,”K”};
call reset;
call estimate(X,L∼K,names);
end;
A^���¦{��{$1�(J�µ
Least Squares Estimation
————————
Dependent Variable = X
Estimation Range = 1 39
Number of Observations = 39
Mean of Dependent Variable = 5.6874
Standard Error of Dependent Variable = 0.46096
R-Square = 0.99463 R-Square Adjusted = 0.99433
Standard Error of the Estimate = 0.034714
Log-Likelihood Function Value = 77.286
Log Ammemiya Prediction Criterion (APC) = -6.6471
Log Akaike Information Criterion (AIC) = -6.6474
Log Schwarz Bayesian Information Criterion (BIC) = -6.5195
Sum of Squares SS DF MSS F Prob¿F
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Explained 8.0310 2 4.0155 3332.2 1.3921E-041
Residual 0.043382 36 0.0012051
Total 8.0744 38 0.21248
Variable Estimated Standard t-Ratio Prob Partial
Name Coefficient Error 36 DF ¿|t| Regression
L 1.4508 0.083228 17.431 3.9260E-019 0.89407
K 0.38381 0.048018 7.9930 1.7130E-009 0.63960
CONSTANT -3.9377 0.23700 -16.615 1.8332E-018 0.88464
�O��.�µ

ln(X) = -3.94 + 1.45 ln(L) + 0.38 ln(K)

AAA^̂̂NLOPT^̂̂���

A^NLOPT^�?��§S�µ
/*
** Estimating a C-DProduction Function
** Using NLOPT Package: MAXLIK
*/

use nlopt;
output file = a:\lesson2.out reset;
load data[40,6]=a:\cjx.txt;
proc ces(data,b); @ residual function @
local l,k,q;
l=data[.,3];
k=data[.,5];
q=data[.,2];
retp(ln(q)-b[1]-b[2]*ln(l)-b[3]*ln(k));
endp;
proc jcf(data,b); @ jacobian function @
local e,n;
e=ces(data,b);
n=rows(e);
retp(ones(n,1));
endp;
call reset;

iter=100;
tol=1.0e-5;
conv=1;
vcov=1;

b0={-4.0,1.5,0.5};
method=5;



§A.3 GAUSSA^¢~ 339

jacob=&jcf;
call maxlik(&ces,data,b0);
end;

A^4�q,{�O�(J�µ
Iterations = 100 Evaluations = 98960
Sum of Squares = 2.1225
Log Likelihood = 1.9685
Gradient of Log Likelihood =
7.1791 -811.43 -787.83
Parameter Variance
0.30446 -0.023743
0.96346 -0.083277
0.043801 -0.083436
Asymptotic Variance-Covaraiance Matrix
-0.023743 0.045731 -0.045773
0.045731 -0.083277 0.083356
-0.045773 0.083356 -0.083436
^̂̂���������¦¦¦{{{ÚÚÚ444���qqq,,,{{{���OOOCES)))���¼¼¼êêê
^���¦{Ú4�q,{�OCES)�¼ê�§S
/*
** Estimating a CES Production Function
** Using NLOPT Package: NLSQ and MAXLIK
*/

use nlopt;
load x[30,3]=a:\judge.txt;
proc ces(data,b); @ residual function @
local l,k,q;
l=data[.,1];
k=data[.,2];
q=data[.,3];
retp(ln(q)-b[1]-b[4]*ln(b[2]*l b[3]+(1-b[2])*k b[3]));
endp;
proc jcf(data,b); @ jacobian function @
local e,n;
e=ces(data,b);
n=rows(e);
retp(ones(n,1));
endp;
call reset;

iter=100;
tol=1.0e-5;
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conv=1;
vcov=1;
method=0;

b0={1.0,0.5,-1.0,-1.0};
call nlsq(&ces,x,b0);

method=5;
jacob=&jcf;

call maxlik(&ces,x,b0);
end;
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